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Preface

It does not matter how slowly you go as long as you do not stop.

Confucius

In human life, we constantly receive a lot of information from the world around us.
We have to make decisions based on them, so we have to process and combine them.
One way to combine information is to aggregate it (from a mathematical point of
view). The data to be aggregated in each case may vary due to different types of
information, from quantitative to qualitative information. Therefore, they should be
processed in such a way that the data aggregated gave the expected results. These
processes have been accompanying man for a very long time. The arithmetic mean
was used as early as the time of the Babylonians.

However, a detailed study of aggregation functions in general and their formal-
ization and classification is quite more recent, and has experienced a rapid growth
from 1970’s to nowadays.

Recently, many researchers have studied aggregation functions, and these oper-
ations have become an indispensable tool in many applications, from mathematics
to the social sciences. For this reason, there is a lot of interest in aggregation func-
tions and most of the known results on this topic have been summarized in several
monographs entirely devoted to aggregation functions from both a theoretical and
application point of view.

In addition, we can find tons of types of aggregation functions to choose from,
depending on the area in which we want to use them. One of the possible divisions
of aggregation is the division into conjunctive, disjunctive, average and mixed or
hybrid aggregations. In this book we will take a look at uninorms, which are hybrid
aggregations and show their main properties and some applications.

The key part of the monograph is the description of the original classification
algorithms based on uninorms.

The described algorithms may be applied in decision support systems, for exam-
ple, in medicine or other disciplines.

The book presents the main classes of uninorms presented by various authors.
Some of the approaches have been supplemented and in some cases more intuitive
approaches have been proposed.
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In Chapter 1, some background information about aggregation, negation, or tri-
angular norm and triangular conorm is provided, followed by basic information such
as structure and some properties.

As it turns out, the only continuous uninorms are triangular norms and conorms.
Therefore, various continuity weaknesses have been considered. The first one, lead-
ing to the class Znin and %max, presents uninorms continuous on the boundary ex-
cluding the neutral element of the uninorm.

Another class of uninorms are representable uninorms. These are operations that
are continuous beyond the two points (0, 1) and (1,0). They can be represented in
several ways: as isomorphic with addition in the set of real numbers, as isomorphic
with multiplication in the set of nonnegativ real numbers, as strictly increasing.

The next step is to present the construction of ordinal sums in the Clifford sense
[47]. This idea was used to construct t-norms and t-conorms, including the charac-
terization of continuous t-norms and t-conorms. It was also used for the construc-
tion of uninorm (cf. [81, 82]), but a milestone in the application of this construction
was the paper by Mesiarovd-Zemankova, who resigned from ordering the indexes
of intervals or subsets by the order corresponding to their elements. This approach
allowed the characterization of several classes of uninorms and is also used to char-
acterize many other classes of operations.

Next, uninorms continuous inside the unit square are shown. These uninorms can
be represented as the ordinal sum of two continuous t-norms and a representable
uninorm, or two continuous t-conorms and a representable uninorm.

Another type of uninorms are idempotent uninorms and locally internal uninorms
on some subset of the unit square. They are described by a separating function that
separates the minimum from the maximum. Moreover, the properties of the separat-
ing function have been described in such a way that it can be easily constructed.

All of the above considerations contributed in some way to the characterization of
uninorms whose underlying t-norms and t-conorms are continuous. And so, in turn,
we have a description of this class using points of discontinuity of a uninorm, set
valued function, ordinal sum, and separating functions that separate the minimum
and maximum from other values.

The next two sections present the general idea of describing two classes: uni-
norms that are locally internal to the boundary and uninorms that are not locally in-
ternal to the boundary. All possible values that the uninorm can take on the boundary
are described in these sections and some conclusions are presented.

At the end of our theoretical considerations, the relationships between the indi-
vidual classes were presented. As it turns out, they exhaust the set of all uninorms.

Part IT consists of two threads. The first concerns the more theoretical application
of uninorms to the construction of inverted fuzzy implications.

As shown in the papers [248, 249, 246], among the typical examples of fuzzy
implications, there is the problem of inversibility over the entire unit square. Since
the implication family forms a lattice, one way to solve the problem is to find the
largest or smallest implication due to the inverse implication in a given subset (the
partition depends on the selected family of implications) and combine them to ob-
tain the optimal implication. In Chapter 4 we will show that the (UN)-implication
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is invertible with respect to the antecedent as well as the conclusion, assuming that
the uninorm is representable, and that the family of (UN)-implications form an or-
dered family with respect to the parameter e, with a fixed generator of a uninorm.
Thus, we can more easily choose the appropriate implication for the problem under
consideration.

The second thread concerns the application of uninorms to the construction of
multiclassifiers.

And so on in Chapter 6 we want to present the concept of uncertainty area of
classifiers and an algorithm that uses uninorms to minimize the area of uncertainty
in the prediction of new objects by complex classifiers (cf. [84]).

As it is easy to see, for the close neighborhood of the threshold parameter ¢
very small differences in the classification weight can lead to opposing decisions.
In addition, for objects whose classification weight was in the neighborhood of the
threshold parameter, we make the most often classification errors. In order to avoid
the incorrect classification, we propose to introduce an uncertainty area, which if the
classifier returns the classification weight from the certain neighborhood of a thresh-
old, will lead to abstain from the decision.

Furthermore, when classifying objects, we can construct different classifiers. We
suggest aggregation of values obtained by the individual classifiers using uninorms.
As a result, we build a new compound classifier, which additionally reduces the
measure of uncertainty area, and thus increases the coverage (i.e. the number of
classified objects) of the entire test data.

Another way to improve the quality of the multiclassifier is the method for select-
ing classifiers to build a multiclassifier. When classifying objects, we can construct
different classifiers. Sometimes we get many classifiers that classify an object based
on various premises (attributes) or different sources. Often the decisions obtained
differ for some elements. Therefore a new classifier is being built that takes into ac-
count the weight of individual classifiers. Many of them are of low quality. Among
others things, for this reason, in general, it gives better results than individual classi-
fiers. The use of all classifiers (especially those of low quality) does not always give
satisfactory results. However, the use of all classifiers and their later aggregation is
sometimes very expensive. Therefore, we present a method that allows to eliminate
some classifiers while increasing the quality of classification. Our approach is char-
acterized by, compared to the majority of existing ones, that classifiers are not only
aggregated, but dynamically selected when testing a particular test object. The pur-
pose of this selection is to improve the global quality of the classification and it is
based on the raw results of the test object classification by all aggregated classifiers
or based on certain selection parameters learned from training data. This approach
is based on the paper [23].

In Chapter 8, we will create models to detect phishing e-mails. Prediction of
phishing e-mails can be based on two sources of information: e-mail content and
links in e-mails. Although the links appear in the body of the e-mail, both of these
sources of information are usually treated separately and require the development
of special methods of their analysis. So, the analysis of datasets containing e-mails
content and datasets containing links from e-mails results in two classifiers. The first
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one is able to classify the content of an e-mail by predicting phishing content. The
second one allows to predict whether any link in the message is a phishing link. If,
when classifying a specific e-mail, both of the above classifiers match, the situation
is clear. However, if they do not match, then we need to propose a method for re-
solving the conflict between these classifiers. This method can be based on various
approaches. In this chapter, we propose a method based on the aggregation of the
classification weights of both classifiers, using the methods of the fuzzy set theory.
Both of the above-mentioned classifiers, together with the established method of
resolving conflicts between them, can be treated as a complex classifier for recog-
nizing phishing. Therefore, the use of an optimally selected method of resolving the
above-mentioned conflict is of key importance for the effectiveness of the complex
classifier.

The presented results may be useful not only for the community working on
fuzzy sets and their extensions, but also for researches and practitioners dealing with
the problems of classifiers and Petri Nets. It can serve as a brief introduction into the
theory of uninorms as aggregation functions and application in classification prob-
lems. It can also be used as supplementary reading for the students of mathematics
and computer science.

I would like to thank Professors that helped me in better understanding the
essence and nuances of fuzzy sets theory, its extensions, and applications. Namely,
these are the following persons (listed in the alphabetical order): Michat Baczyski,
Jan G. Bazan, Humberto Bustince, J6zef Drewniak, Janusz Kacprzyk, Martin Kalina,
Radko Mesiar and Zbigniew Suraj. I am also grateful to my colleagues from Poland
and abroad with whom I cooperated working on scientific problems. Especially,
I would like to thank my colleagues from the University of Rzeszéw, notably
Urszula Bentkowska, Anna Krél, Zofia Matusiewicz, Barbara Pekala, Ewa Rak,
with whom we discussed scientific problems for many hours at seminars. Finally,
I would like to express my deepest gratitude to my family and friends.

Rzeszow, Pawet Drygas
August 2023
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A fuzzy set is a class of objects with a continuum of grades
of membership. Such a set is characterized by a membership
(characteristic) function which assigns to each object a grade
of membership ranging between zero and one. The notions of
inclusion, union, intersection, complement, relation, convexity,
etc., are extended to such sets, and various properties of these
notions in the context of fuzzy sets are established.

L.A. Zadeh

Uninorms are a special kind of aggregation functions that generalise both t-norms
and t-conorms. They appeared for the first time in [107] and [268] (although the
very related operators called Dombi’s operators were already studied in [70], com-
pensatory operators considered in [141] and idempotent operations were considered
by Czogata and Drewniak in [52]) with the idea of allowing certain kind of aggrega-
tion operators combining the maximum and the minimum, depending on an element
ec0,1].

The idea of uninorms was deeper studied in [102], where the structure of such op-
erators was analysed and two first classes of uninorms were introduced: uninorms in
W min (given by minimum on A(e) = [0,¢e) X (e,1]U (e, 1] x [0,¢e)), and Zmax (given
by maximum on A(e)), and representable uninorms %, (extremely related with
Dombi’s operators introduced in [70], see also [71]). After this, some other classes
of uninorms were introduced and characterized. In this part, we would like to present
the known classes of uninorms and their characterizations, referring to the literature
wherever possible and supplementing them with new characterizations of the re-
maining classes.

So we start from a more intuitive case - the unit interval, to end up on an arbitrary
bounded lattice.






Chapter 1
Uninorms on the unit interval

Mathematics is written for mathematicians.

N. Copernicus

Uninorms are a hybrid operations build with the use of t-norms, t-conorms, and
means. Therefore, we will first discuss the operations mentioned above and other
functions used later, and then we will proceed to the characterization of certain
classes of uninorms.

1.1 Algebraic properties of operations

In this part, we will present some selected properties of operations that will be used
later in the book.

Definition 1.1 ([103, 143]). The operation F : [0, 1]> — [0, 1] is:

associative s v F(x,F(y,2)) = F(F(x,y),z2) (1.1)
x,y,2€[0,1]
idempotent & Y F(x,x)=x (1.2)
x€[0,1]
increasing & V[O | (x<y) = (F(x,2) <F(»2), F(z,x) < F(z,y))
x,),2€(0,
(1.3)
stict increasing < V[O | (x<y) = (F(x,2) < F(y,2), F(z,x) < F(z,y))
x3,z€[0,
1.4
commutative &V F(x,y) =F(y,x) (1.5)
x,y€[0,1]

We say that operation F has:
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idempotent element & [E(l) : F(s,s)=s, (1.6)
s€|0,

neutral element < 3 v F(e,x) =F(x,e) =x, (1.7)
e€[0,1] x€[0,1]

zero element & 3 Y F(z,x) =F(x,2) =z (1.8)
2€[0,1] x€[0,1]

Definition 1.2 ([103, 143]). Let F : [0, 1]*> — [0, 1] be binary operation.
The n-th power of x € [0, 1] is defined as follows:

. X ifn=1,
.xF = 1 .
F(xf " ,x) otherwise.

Definition 1.3 (cf. [103]). Let F : [0,1]> — [0, 1] be increasing associative binary
operation with neutral element e € [0,1]. We say that operation F fulfill Archime-
dean property if:

v (x,y<e:>EI x"<y),
1 neN

€(0,1)
Sy>e= 3 X">y|.
)(xy ¢ neN y)

x,y€(0,
v
e (0,

X,y 1

Definition 1.4 ([103, 143]). Let F : [0, 1]*> — [0, 1] be associative, increasing binary
operation with zero element z € [0, 1].

* An element x € (0,1) is called a nilpotent element of F if there exists some
n € N such that x}, = 0.

* An element x € (0, 1) is called a zero divisor of F if there exists some y € (0, 1)
such that F(x,y) = z.

e F is called a nilpotent operation if all elements are nilpotent.

e F is called a positive operation if it has no zero divisors.

Definition 1.5 ([103]). Let (X, F) be a lattice ordered semigroup.
(X, F) is called negatively ordered semigroup if F(x,y) <xAy forall x,y € X.
(X, F) is called positively ordered semigroup if F(x,y) > xVy forall x,y € X.

1.2 Aggregation operators
Firstly, we recall definition of an aggregation function. More details can be found in
[37, 114, 214, 27, 36]

Definition 1.6 (cf. [35]). A function A : [0,1]" — [0,1], n € N, n > 2, which is in-
creasing in each variable, i.e.

(Vlgignsi < li) éA(S], ) SA(l‘h...,tn), (1.9)
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for all sy,...,8,,1,...,t, € [0,1] is called an aggregation function (aggregation op-
erator) if A(0,...,0) =0, A(1,...,1) = 1.

Definition 1.7 ([35]). Let n > 2. A: R” — R is a mean (average function) if it is
increasing and idempotent, i.e.

vsA,teR" (Vlgkgnsk < tk) éA(Sl,...,S,,) SA(tl,...Jn),

and
VierA(t,...,1) =t.

Lemma 1.1. For every mean A we have

Vi € R" min 1 <A(11,...,t,) < max #. (1.10)
1<k<n 1<k<n
From the above lemma we see that the mean can be restricted to any interval.
Our domain of interest is the interval [0, 1]. In this case, the mean is the aggregation
function.

Example 1.1. Let n = 2. The basic aggregation operations are:
e arithmetic mean n
XTy
A(xvy):Tv xvyeRv

e geometric mean
G(xvy) =V, XY € R+a

e harmonic mean

H(x7y): ) x7y€]R+a

1
5

==

e  projections
Pi(x,y)=x, x,y€R,
PZ(xvy):yv Xv)’GR-

Example 1.2. Let ¢ : [0,1] — [0, 1] be an increasing bijection and 7,w € [0, 1]". We

remind here two important examples of aggregation function:

* the quasi-arithmetic mean (cf. [2])

n

Al ) =97 (Y 9l0).

k=1

* the generalized weighted average (cf. [35])

Aty ty) = (p’l(zn‘, wi@(tk)).
k=1

where Y7 wi = 1.
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¢ the median function

Yint1)/2 if n is odd,
med(ty,....,t;) = {},(:/lzﬂ)(/n/zw

> if n is even.

where (y1,...,yn), Y1 = Y2 > ... > y, is a sequence of arguments (¢1,...,#,) or-
dered decreasingly.

1.3 Fuzzy negations

Now, let us recall the notion of a fuzzy negation

Definition 1.8 ([17], p. 13). A function N : [0, 1] — [0, 1] is called a fuzzy negation
if it is decreasing and
N(©0)=1, N(1)=0. (1.11)

A fuzzy negation N is called strict if, in addition, N is strictly decreasing and con-
tinuous.
A fuzzy negation N is called strong if it is an involution, i.e.,

N(N(x))=x, x€][0,1].

Example 1.3 ([17], p. 14-15). The least and the greatest fuzzy negations are of the

form
1, if x=0 1 ifx<d
No(x)_{o, if x>0 Nl(")_{o, ifx=1"

Continuous negations
Nk(x)=1-x% xe[0,1],

Nr(x)=1—+x, x€e]0,1].

Standard (classical) negation proposed by Zadeh in 1965 is the function
Ng(x) =1—x for x € [0,1].

Sugeno class of negation

1—x
N (x) = e A€ (—1,0).

Yager class of negation
N"(x) = (1—x")%, we(0,0).

Theorem 1.1 ([17]). If a function N : [0,1] — [0, 1] is decreasing and involutive,
then it also satisfies (1.11) and it is continuous. Moreover, N is a bijection.
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Corollary 1.1. Every strong negation is strict.

Theorem 1.2 ([17]). Every continuous fuzzy negation N has the unique fixed point,
ie., there exists e € (0,1) such that N(e) = e.

Theorem 1.3 ([17]). If ¢ : [0,1] — [0,1] is increasing bijection and N is a fuzzy
(strict, strong) negation, then Ny (where No(x) = @~ 1(N(9(x)))) is also a fuzzy
(strict, strong) negation.

Theorem 1.4 ([17]). For a function N : [0,1] — [0, 1] the following statements are
equivalent:

(i) N is a strong negation.
(ii) There exists increasing bijection @ such that

N(x) = (P_l(l - (p(x)),x € [Oa 1}

(iii) There exists a strictly increasing, continuous function g : [0, 1] — [0,e0) such that
g(0) =0and
N(x) =g ((1) —gx)),x € [0,1].

(iv) There exists a strictly decreasing, continuous function f : [0,1] — [0,0) such that
Ff(1)=0and
N(x) =71 (£(0) = f(x)).x €[0,1].

Example 1.4. The negations Nk and N from the Example 1.3 are strict negations,
while the negations Ng, N* and N¥ are additionally strong negations.
Let a € (0,1). Operation N, given by

(1 =-bx+1lifx<a
Ny(x) = { 54X+ 14, otherwise

a

is strong negation (see Figure 1.1).

1.4 Triangular norms

Triangular norms were originally introduced by Menger [194], when generalizing
the triangle inequality from the classical metric spaces to the probabilistic metric
spaces. Schweizer and Sklar [237] redefined axioms of triangular norms into the
form used today. From the viewpoint of fuzzy logic, the triangular norms are suitable
candidates for the generalization of the classical binary conjunction into a fuzzy
intersection (see Klir and Yuan [145] or Gottwald [113]). The following definitions
and results, with proofs, can be found in the monograph by Klement et al. [143].
First we start with basic definitions and some properties of triangular norms.
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i

Fig. 1.1 Negation N, /4 from Example 1.4

Definition 1.9 ([143]). Operation T : [0,1]> — [0,1] is called a triangular norm
(t-norm for short) if it is commutative, associative, increasing with respect to both
variables and has the neutral element e = 1.

Definition 1.10 ([129]). Operation T is called a triangular subnorm if it is commu-
tative, associative, increasing with respect to both variables and fulfils the condition
T < min.

Example 1.5 ([143]). These are the basic triangular norms:

Ty (x,y) = min(x,y), x,y € [0,1], (minimum)

Tp(x,y) =x-y, x,y€0,1], (product)

Tp(x,y) = max(x+y—l 0), x,ye€l0,1], (Eukasiewicz)
ifx=y=0,

T (x,y) = . y (Hamacher)

" +} o otherwise, o
Te(x,y) = 57w yﬂy x,y € [0,1], (Einstein)
if =1

Tp(x,y) = min(x.y) i max{x,y) ’ (drastic)

0 otherwise,
0 if <1
Tom (x,y) = txry =t (nilpotent-minimum)

min(x,y) otherwise.

Certainly every triangular norms are triangular subnorms. Operations
Ti(x,y) =0, x,y€[0,1],

TZ(xvy) = %x'ya x,yG [O’l]

are triangular subnorms, but not triangular norms.
Remark 1.1. We have the following order between basic t-norms:

Ip<T <Tg <Tp<Ty <Ty.

These operations may be used to construct new triangular norms.
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Lemma 1.2. A continuous t-norm is an Archimedean t-norm if T (x,x) < x for all
xe (0,1).

Example 1.6. Tp, Ty, Tg, are strictly increasing, continuous and Archimedean t-norms.
T is continuous, nilpotent and Archimedean t-norm.
Ty is the only idempotent t-norm.

Archimedean t-norms have representations using additive generators as well as
using isomorphism with basic t-norms.

Theorem 1.5 (cf. [143]). Operation T is a continuous Archimedean t-norm if and
only if it is isomorphic either to Tp or to Ty.

Theorem 1.6 (cf. [143]). Operation T is a continuous Archimedean t-norm if and
only if T has a continuous additive generator, i.e. , there exists a continuous, strictly
decreasing function t : [0,1] — [0,00] with t(1) = 0, which is uniquely determined
up to a positive multiplicative constant, such that for all (x,y) € [0,1]*> we have
T(x,y) =tV (t(x) +1(y)). The function t is called the additive generator of t-norm
T.

In above theorem f (=1) denotes the pseudo-inverse of f. In this case we can
assume that (=1 (x) = £~ (min(f(0),x)). For more details the reader can see [143].

Using the above descriptions we can characterize all continuous t-norms. For
this, however, we need an ordinal sum construction, which we will provide in Sec-
tion 1.8. There we will also present the characterization of all continuous t-norms
(see Theorem 1.19).

1.5 Triangular conorms

Definition 1.11 ([143]). Operation S : [0, 1]? — [0, 1] is called a triangular conorm
(t-conorm for short) if it is commutative, associative, increasing with respect to both
variables and has the neutral element e = 0.

Definition 1.12 ([129]). Operation S is called a triangular superconorm if it is com-
mutative, associative, increasing with respect to both variables and fulfils the condi-
tion S > max.

Theorem 1.7 ([143]). A function S : [0,1]> — [0,1] is a t-conorm if and only if there
exists a t-norm T such that for all (x,y) € [0, 1]> we have S(x,y) =1—T(1—x,1—y).
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Example 1.7 ([143]). These are the basic triangular conorms:

Sm(x,y) = max(x,y), x,y€][0,1], (maximum)

S (x,y)=x+y—xy, x,ye€l0,1], (probabilistic sum)

Sr(x,y) = max(x+y, 1), x,yel0,1], (Lukasiewicz triangular norm)
ifx=y=1,

Su(x,y) = x+y 2xy otherwise, (Hamacher)

(xay) = l+xy’ X,y € [07 1]7 (Einstein)

max(x,y) if min(x,y) =0,

Sp(x,y) = (drastic)

1 otherwise.

Remark 1.2. We have the following order between basic t-conorms:
Sy <Suy <Sp<Sp <8 <Sp.

Lemma 1.3. A continuous t-conorm is an Archimedean t-norm if S(x,x) > x for all
€(0,1).

Example 1.8. Sp, Sy, Sg are strictly increasing, continuous, Archimedean t-conorms.
Sy, is continuous, nilpotent and Archimedean t-conorm.
Sy s the only idempotent t-conorm.

Archimedean t-conorms have representations using additive generators as well
as using isomorphism with the basic t-conorms.

Theorem 1.8 (cf. [143]). Operation S is a continuous Archimedean t-conorm if and
only if it is isomorphic either to Sp or to St.

Theorem 1.9 (cf. [143]). Operation S is a continuous Archimedean t-conorm if
and only if S has a continuous additive generator, i.e. , there exists a continuous,
strictly increasing function s : [0,1] — [0,e0] with s(0) = 0, which is uniquely de-
termined up to a positive multiplicative constant, such that for all (x,y) € [0,1]* we
have S(x,y) = s'=V(s(x) + s(y)). The function s is called the additive generator of
t-conorm S.

In the above theorem £V denotes the pseudo-inverse of f. In this case we can
assume that f(=1) (x) = £~ (mm(f(l ),x)). For more details the reader can see [143].

Using the above descriptions we can characterize all continuous t-conorms. For
this, however, we need an ordinal sum construction, which we will provide in Sec-
tion 1.8. There we will also present the characterization of all continuous t-conorms
(see Theorem 1.21).

1.6 Notion of uninorms

Let us start with the definition of uninorms on the unit interval.
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Definition 1.13 ([268]). Operation U : [0,1]> — [0, 1] is called a uninorm if it is
commutative, associative, increasing and has the neutral element e € [0, 1]. The set
of all uninorm will be denoted by % .

Remark 1.3 (c¢f. [268]). If a uninorm U has the neutral element e = 1 then it is
a triangular norm.
If a uninorm U has the neutral element e = 1 then it is a triangular conorm.

In the case e € (0,1) we say that uninorm U is a proper uninorm composed by
using a triangular norm and a triangular conorm.

Theorem 1.10 ([268, 102]). Let U be a uninorm with neutral element e € (0,1).
Then there exists a t-norm T and a t-conorm S such that U on [0,e]*>Ule, 1) is given
by
T(%,2 ] €[0,¢)?,
U(.x, ): e (e e) e y—e l:f(xﬂy) [ 78]2 (112)
€+(1—€)S(m,§) lf(x7y)€[evl] .

We will often denote the underlying t-norm used in the construction of the uni-
norm by 7y and the t-conorm by Sy to emphasize their relationship to the uninorm.
Moreover, when the underlying t-norm and t-conorm are known, we will denote the
uninorm by Ur g ..

Lemma 1.4 (cf. [102]). If operation U : [0,1]*> — [0, 1] is increasing and has the
neutral element e € (0,1), then

min <U <max in A(e) = [0,e) x (e,1]U (e, 1] x [0,e).

Furthermore, if U is associative, then U(0,1),U(1,0) € {0,1}.

min<U <max SU

Ty min<U <max

0 e 1

Fig. 1.2 The structure of uninorm

If U is a uninorm, then in the first case (U(0,1) = 0) we call it a conjunctive
uninorm and if it gives the appropriate form of uninorm we will denote by U¢, and
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in the second case (U (0, 1) = 1) a disjunctive uninorm and if it gives the appropriate
form of uninorm we will denote by U?.

Example 1.9. Using the orders for t-norms and t-conorms (see Remark 1.1 and 1.2)
and boundary values on A(e) we can define the following uninorms

0 if x,y€[0,e),
Ue(x,y) =  max(x,y) if x,y € [e, 1],
min(x,y) elsewhere,

min(x,y) if X,y € [0,6],
Ue(x,y) =<1 if x,y € (e, 1],
max(x,y) elsewhere.

Moreover,
U <U<U,

for arbitrary uninorm U. Hence, the uninorm U, is called the least uninorm and the
uninorm U, is called the greatest uninorm.

Theorem 1.11 (cf. [52]). If a uninorm is continuous then e =0 or e = 1.

Theorem 1.12. Let U be a uninorm with the neutral element e € (0,1). If the un-
derlying t-norm is continuous in (1,1) and the underlying t-conorm is continuous
in (0,0) then uninorm U is continuous in (e, e).

Proof. Since Ty is continuous in (1,1) and Sy is continuous in (0,0), and since U
is commutative, we only have to check that for two monotone sequences {a;, }eN
and {b,}nen with lim,,ea, = ¢ = lim, b, and a, < e, b, > e for n € N we
have lim, . U(ay,b,) = e. However, monotonicity gives us the following a, =
Ul(ap,e) <U(an,by) <U(e,b,) = b, and thus e < lim, o U(ay,b,) <e. O

Recall that there are no continuous uninorms with neutral element e € (0, 1), and
then continuity in some subset of [0, 12 has been considered in order to define some
classes of uninorms. Below, we will present the previously mentioned classes of
uninorms.

1.7 Uninorms in %y,;, and %max

According to the Lemma 1.4, the extreme values on A(e) are min and max. The
following theorem determines when this is the only possibility.

Theorem 1.13 ([268]). Let U be a uninorm with neutral element e € (0,1) and both
Sunctions fi(x) =U(x,1) and fo(x) =U(x,0) (x € [0, 1]) are continuous except per-
haps at the point x = e. Then U is given by one of the following forms.
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(i) IFU(0,1) =0, then

eTU(’;f, %) if (x,y) € [073]2’
Uly)=qet(I-e)Su(i=5.1=5) if (xy) € [e,1)%, (1.13)
min(x,y) otherwise.
(ii) IfU(0,1) = 1, then
eTU(f, %) if (x,y) € [076]2’
Ux,y)=qe+(1—e)Su(i=5,7=5) if (x,y) € [e, 1%, (1.14)
max(x,y) otherwise.

Denote %min the class of uninorms having form (1.13) and %ax the class of uni-
norms with form (1.14).

Example 1.10. Let U be a uninorm such that 7 and § are Lukasiewicz t-norm and
t-conorm. Then U is given by one of the following form:

max (0, min(x+y—e, 1)) if (x,y) € [0,e]>U[e, 1]?,
min(x,y) otherwise,
max(0,min(x+y—e, 1)) if (x,y) € [0,e]>U[e, 1]?,
max(x,y) otherwise.

i) UPP, (x,y) = {

i) Py (x,y) = {

Fig. 1.3 Uninorms with e = 0.5 and Lukasiewicz underlying t-norm and t-conorm from class %nin
and Zmax
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1.8 Ordinal sum of uninorms

At first the theorem about the ordinal sum was given for semigroups which has the
same kind of order (see Climescu [48], Clifford [47] and Jenei [130]).

Theorem 1.14 ([47]). Let (X, F), (Y,G) be semigroups, X NY = 0 and H be given
by

F(x,y) if x,y€X,
G(x,y) if x,y€Y,

H(x,y) = 1.15
(x.7) X ifxeX,yey, ( )
y ifxeY, yeX.
Then (XUY,H) is a semigroup and it is called an ordinal sum of semigroups (X, F)
and (Y,G).
Let K be given by

F(xy) if x,y€X,
G(x,y) if x,y€Y,
y ifxeX,yey,
by if xeY, yeX.

(1.16)

Then (X UY,K) is a semigroup and it is called a dual ordinal sum of semigroups

(X,F) and (Y,G).

Y X G Y Y G
X F y X F x
X Y X Y

Fig. 1.4 Sums (1.15) of semigroups (X,F), (Y, G) and its dual version given by (1.16)

Theorem 1.15 ([47]). Let A # O be a totally ordered set and {G;}cp with G, =
(Xi,#;) be a family of semigroups. Assume that for all t,s € A with t < s the sets
X; and X; are either disjoint or that X; N Xy = {x; s}, where Xt.5 1S both the neutral
element of G, and the annihilator of Gy and where for each r € A witht <r < s we
have X, = {x, 5}. Put X = U;es X; and define the binary operation * on X by
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xky if (x,y) € Xi x X,
X¥y=1<Xx if (x,y)eX;xX;andt <s,
y if (x,y)€X;xX;andt>s.

Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for
eacht € A the semigroup G, is commutative.

Theorem 1.16 ([47]). Let (X,F;<), (Y,G;<) be disjoint linearly ordered semi-
groups, and H be given by

F(x,y) if x,y€X,

G(x,y) if x,y€Y,
H(x,y) = X if xeX,yey,

y ifxeY, yeX.

The semigroup (X UY,H) is negatively ordered, if and only if semigroups (X,F),
(Y,G) are negatively ordered.

This theorem has been applied to the construction of the ordinal sum of t-norm
(see Theorem 1.18). A different approach can be found in [73], where uninorm
constructions were considered, first noting that uninorms of the family %, and
Umax (see Theorem 1.13) are the ordinal sums of t-norm and t-conorm.

Theorem 1.17 ([73]). Let (X,F,<), (Y,G,<) be ordered semigroups and H be
given by

F(x,y) if x,y€X,

G(x,y) if x,y€Y,
H(x,y) = X ifxeX, yey,

y ifxeY, yeX.

(X UY,H) is an ordered semigroup if and only if (X, F, <) is negatively ordered.

1.8.1 Construction of t-norms

Theorem 1.18 (cf. [130]). Let {[a, br] }kes be a countable family of nonoverlap-
ping, closed, proper subintervals of [0,1]. Let T be an operation in [0,1] defined
by

Ty = | B+ e a) T (5250 3% ) if wye(abd,
’ min(x,y) otherwise,

where Ty are triangular subnorms. Moreover, we assume that the operation T have
neutral element e = 1, if by = a; and T; is with zero divisors, or by = 1. Then T is
a triangular norm.
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Operation given by (1.17) is called the ordinal sum of {([ak,bx],Tk)} ke and
each Ty, is called a summand.

Example 1.11. Operation

0 if x,y€(0,3],
T()C,y): zxy—X—Y+1 lf x7y€(%71}7
min(x,y) otherwise,

is an ordinal sum of operations 71 = 0 and 7, = Tp where a; =0, by = ay = %,
by =1.

In this example we can see, that operation 7, has no zero divisors and interval
(3,1] is closed with respect to operation 7', but interval [}, 1] is not closed with
respect to operation 7.

Operation T; has zero divisors and [0, %} is closed with respect to operation 7.

Example 1.12. Operation

0 if x,y€(0,3],
T(x,y)z max(eryfl,%) lf x,yE(%,l],
min(x,y) otherwise,

is built by using (1.17), where 71 = 0 and 7, = T;, but it is non-associative,
because 77 has no neutral element and 7; has zero divisors, e.g., for x = %,

y=z= %’ T(%’T(%a%)) = T(%?%) =0, T(T(%’%)’%) = T(%’%) - % Therefore
T(T(x,y),2) #T(x,T(2)).

Using the above construction we can characterize all continuous t-norms.

Theorem 1.19 ([143], Theorem 5.11). For an operation T : [0,1]> — [0, 1] the fol-
lowing items are equivalent:

(i) T is a continuous t-norm.
(ii) T is uniquely representable as an ordinal sum of continuous Archimedean
t-norms.

Remark 1.4. Note that in the construction (1.17) we obtain the t-norm Tj; when .7
is the empty set.

1.8.2 Construction of t-conorms

Theorem 1.20 (cf. [130]). Ler {[ax,b] }re.s be a countable family of nonoverlap-
ping, closed, proper subintervals of [0,1]. Let S be an operation in [0,1] defined
by
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b bj- P
min T;

LIJA ajp .........

by by~

bi=ai 1 7E bi=ai 1 . A

T;

a; - S — a; - " /i

0 a; bi by aj b, 1 0 a; bi by a;j bj 1

J
Fig. 1.5 The structure of continuous t-norm (left) and its diagonal (right)

x—ap  y—ay

S(.x,y) _ {ak+ (bk_ak)Sk (bk_ak7bk_ak) lf x?_y 6 [ak7bk)7 (].]8)

| max (x,y) otherwise,

where Sy are triangular superconorms. Moreover, we assume that the operation Sy
have neutral element e = 0, if a;, = b; and S, is with zero divisors, or a = 0. Then S
is a triangular conorm.

Operation given by (1.18) is called the ordinal sum of {([ax,bk],Sk) }re.sr and
each Sy is called a summand.
Using the above construction we can characterize all continuous t-conorms.

Theorem 1.21 ([143]). For an operation S : [0,1]> — [0, 1] the following items are
equivalent:

(i) S is a continuous t-conorm.
(ii) S is uniquely representable as an ordinal sum of continuous Archimedean
t-conorms.

Remark 1.5. Note that in the construction (1.18) we obtain the t-conorm S;; when
7 is the empty set.

1.8.3 Construction of uninorms

Theorem 1.22 (cf. [73]). Let ([0,s],F) be a negatively ordered, commutative semi-
group with the neutral element s, ([s,1],G) be an ordered, commutative semigroup
with the neutral element e € [s,1] and G(s,s) = s. Then the ordinal sum of F and G
is a uninorm with the neutral element e.

Another application of these results can be found in [78] and [81], which can be
described as an algorithm for constructing idempotent uninorms.
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+

0 s e 1
Fig. 1.6 The uninorm from Theorem 1.22

Let us take an interval [a, b] C [0, 1] and by isomorphism transform the semigroup
with the arbitrary order from [0, 1] to [a,b] (here we may take a uninorm). Then, let
us add a semigroup in the left or right side of interval [a, ] in the following way:

* If we add an interval [c,a) (in the left side), then we take the negatively ordered
semigroup F and use the ordinal sum construction (see (1.15)).

* If we add the interval (b, c] (in the right side), then we take the positively ordered
semigroup G and use the dual ordinal sum construction (see (1.16)).

¢ In this construction we may take open or close or left open or right open inter-
vals, but the set on which the operation is defined must be an interval or a point.

* We continue this construction until we obtain interval [0, 1].

V Gy

Fi A

P A

0 1

Fig. 1.7 Example of the uninorm constructed by using ordinal sum theorem

This type of ordinal sum has been considered in several papers and conference
papers (see [73, 81]). Each time assuming that the order in the set of indices is con-
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sistent with the order in the set [0, 1]. A different approach can be found in the works
of A. Mesiarova-Zemankova. This approach allowed, for example, to use of repre-
sentable uninorms as a summand and it is one giant leap for uninorms description.
First, we will present the basic notations that allow us to use the Theorem 1.15 with
regard to uninorms, as with t-norms (see Theorem 1.18)

Let e € (0,1) and let K be an index set which is finite or countably infinite,
{(ax,br) }rek be a disjoint family of open subintervals (which can be also empty)
of [0,e], such that Ugcg[ar, br] = [0,e], {(ck,dr) trex be a disjoint family of open
subintervals (which can be also empty) of [e, 1], such that Uy [ck, di] = [e, 1].

The isomorphism between uninorm Uy and the respective semigroup U‘”,’,f’bk il
on [ay, br) U{vi} U (c,dx] will be given by the transformation f: [0, 1] — [ag,by) U
{Vi} U (cx,dy] described by

(bk —ax)s +ar  ifxe[0,e),
fx)=4qw ifx=e,

dk—%dﬁfck)

= otherwise

forO<ap <bpr<e<cp <dp <1, Vg € [br,ck]. Then

U (v, y) = FU(F (), 171 ) (1.19)
1 1
di+ — \\
- . S
S;
Ci 4
e \6
b | T
T T
a; + \
e
0 Lii I;i e ;i aLi 1 0 e 1

Fig. 1.8 Isomorphism given by (1.19)

In the case that a; = by (cx = dy) the corresponding summand is isomorphic to
a t-conorm (t-norm). Note, that if Uy (x,y) = ¢; for some x # e, y # ¢ then [0,¢;) U
(ex, 1] is not closed under Uy and thus in order to preserve associativity vj has to be
an annihilator of U restricted to [by,ci]>.

In order to obtain the monotonicity of the resulting operation the order of sum-
mand have to be compatible with the standard order on [0,e] and reversed with

respect to the standard order on e, 1]. This approach distinguishes the construction



36 1 Uninorms on the unit interval

of ordinal sum of uninorms presented in [200] from the one presented earlier in
[268, 102, 73] and others, where an order consistent with the natural order and two
types of sums were used: ordinal sum and dual ordinal sum (see Theorem 1.22).

So, ky < ky forky,ky € K 1mphes bkl < ag,, dk2 < Cky» ie., [ak27dk2]2 - [bkl »Cky }2 C
[akl ydiy ]2'

Let us denote K. = {k € K : (ag,by) # 0} and K* = {k € K : (ct,dy) # 0} then
Bi = Urexlar: bi] \ Ureklar: bi) = {bi : k € K} \{ax 1k € K.}, C1 = Urek[cr, di] \
Ukex(ck,dk] = {cx : k € K} \ {dy : k € K*}. Since K is assumed to be countable
then every b € B; \ {e} is an accumulation point of {a; : k € K.} (c € C1 \ {e}).
Let us denote By = By \ {e}, C; = C; \ {e} and define functions g : B, — [e, 1],
h:Cy — [0,e], such that if for b € B, we have b = lim;_,.. ay, for k; € K., then

g(b) = limdy,. (1.20)

i—oo
Similarly, for ¢ € C; we have ¢ = lim; .. dy, for k; € K*, then

h(c) = limay,. (1.21)
[—o0
If g(b) ¢ C, for some b € B, (h(c) ¢ B, for some ¢ € () then the value of
U(b,g(b)) (U(c,h(c))) follows from the monotonicity of U. Therefore we have only
to consider the case when g(b) € G (h(c) € By).

Theorem 1.23 ([199]). Let e € [0,1] and let K be an index set which is finite or
countably infinite, {(ay,by) }rek be a disjoint family of open subintervals (which can
be also empty) of [0, €], such that ek |ax, br] = [0, e]. Similarly, let {(ck,dy) }rek be
a disjoint family of open subintervals (which can be also empty) of |e, 1], such that
Ukek[ck,di] = e, 1]. Let further these two families be anti-comonotone, i.e., by < a;
if and only if ¢, > d; for all i,k € K. We will denote K, = {k € K : (ax,by) # 0} and
K* = {k € K : (ck,di) # 0}. Let us assume that there are given a family of proper
uninorms {Uy }rek.rx+ on [0,1]%, a family of t-norms {Us}kek.\k+ on [0, 12 and
a family of t-conorms {Uy }reg\k, on [0, 1]2. Denote By = {b; : k € K} \ {ar : k €
K.}, and Cy ={cy: k€ K}\{dy : k€ K*} and let B={b € B; \ {e} : g(b) € C1}.
C={ceCi\{e}:h(c) € B}, where the functions g and h are given by (1.20) and
(1.21). Further assume a function n: B— BUC given for all b € B by

n(b) € {b,g(b)}.

Let the ordinal sum U°¢ = ({ay, by, cx,di,Uy) : k € K)¢ be given by
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y if x=e,
x ify=e,
(U™ % (x,y) if (x.3) € ([arbe) U (cx,dh]2, k€ KN K,
(Ug) ™% (x,y) if (x,y) € (la, b ) U (e di])?, k€ KA\ K,
U %% (xy) if (xy) € ([ar,br) U (ex, di])?, k € K*\ K.,
X lfye[bk,ck],xe[ak,dk]\[bk,ck},kEK*UK*,
y if x € [br,cil,y € |ag,di] \ [br,cr],k € K. UK*,
Ue(x y) — min(x’y) lf (xvy) € [b,C]z\((b,C)ZU{(b,C),(C,b)}),
’ where b € B,c = g(b),x+y <c+b,
max (x, y) if (x,y) € [b,c?\ ((b,c)> U{(b,c),(c,b)}),
where b € B,c =g(b),x+y>c+b,
n(b) if (xvy):(bac) or (X,y)Z(C,b),bEB,CZg(b),
min(x,y) if(x,y) € {b} x [b,c]U[b,c] x {b} and
be B\ (BU{e}), c=g(b),
max(x,y) if (x,y) € {c} x [b,c]U[b,c] x {c} and
ceCi\ (CU{e}), b=h(c),

where Vi = ¢ (Vi = by) if there exists an i € K such that by, = a;, ¢y, = d; and Uj is
disjunctive (conjunctive) and vy = n(by) if by € B, vy = by if by € Bi\ B, vy = ¢ if
ek € C1\C, and (Up)ye b js oiven by the formula (1.19), (Ug) % (Uy)%%) is
a linear transformation of Uy, to [ax, bi)? ([ck,di)?). Then U€ is a uninorm.

1.9 Representable uninorms

In Sections 1.4 and 1.5 Archimedean t-norms and t-conorms for which there is
an additive generator have been reminded. Here we present an analogous construc-
tion for uninorm.

Theorem 1.24 ([102, 98, 153]). Let U : [0,1]> — [0, 1] be a binary operation and
€ (0,1). The following statements are equivalent:

(i) U is a uninorm with the neutral element e that is strictly increasing on (0, 1)2
and continuous on [0,1]>\ {(0,1),(1,0)}.

(ii) There exists a strictly increasing bijection u : [0,1] — [—oo,+oo] with u(e) =0
such that for all (x,y) € [0,1]? it holds that

U(x,y) =u""(u(x) +u(y)), (1.22)

where in case of a conjunctive uninorm U, we adopt the convention (+o0) +
(—o0) = —oo, while in case of a disjunctive uninorm, we adopt the convention
(chem) o (—o0) = +oo.

(iii) Operation U is a uninorm with the neutral element e which is continuous on

[0, 12\ {(0,1),(1,0)}.
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(iv) U is a uninorm with the neutral element e where both Ty and Sy are strict and
there exist (xq,yo) € intA(e) such that min(xo,yo) < U (xo,y0) < max(xo,yo).

If representation (1.22) holds, then the function u is uniquely determined by U up
to a positive multiplicative constant, and it is called an additive generator of the
uninorm U.

The family of all uninorm described in Theorem 1.24 will be denoted by %,
and uninorms belonging to this family are called representable uninorms.

The underlying t-norm 7y and underlying t-conorm Sy for a representable uni-
norm U with additive generator u, are strict and have additive generator ¢ given by
t(x) = —u(ex), and s given by s(x) = u(e+ (1 —e)x).

Suppose now that the underlying t-norm 7 and t-conorm S of a uninorm with the
neutral element e € (0, 1), are strict t-norm and t-conorm with additive generators
t and s, respectively. We can construct a representable uninorm U with the neutral
element e such that its underlying t-norm and t-conorm are T and S. Indeed, define
a function u : [0, 1] — [—oo, 40| by

o= tE) ifxefoel, -
v {S(’f_i) if xe(e1]. (1.23)

The inverse of this function is given by

i (x) = {etl(—x) if x<e,

et(l—e)s ' (x) ifx>e.

Example 1.13 (cf. [143] Example 10.12). Let A € (0,00), u* : [0,1] — [—o0,00] be
defined by the formula

A
=1
u” (x) nT—

Then construction (1.22) leads to the uninorm

A Oorl lf(x,y)e{(O,l),(l,O)}
U (x,y) = Axy th .
W otherwise
In this case the neutral element of U is e = lﬁ, the underlying t-norm is the
Hamacher t-norm 7., and underlying t-conorm is the Hamacher t-conorm % IRE
2

Example 1.14. In the construction (1.23) we can use the additive generator of the
Hamacher family of t-norm and t-conorm with parameter A (for more detail see
[143] pp. 105-107, 322-323) and obtain the additive generator in the form

% ifA=0andx<e,

r=c if A=0ande < x,
up () =9 " e an

—ln%lfl>0andx§e7

1n%ifl>0amde<x
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with the inverse function

= ifA=0andx <0,
. )1%‘; if A =0and x>0,
u (=3 ke ifA>0andx <0,
Wif&>03ndx20.

If we fix for example A = 2 (the case when the underlying t-norm and t-conorm
are Einstein t-norm and t-conorm, respectively) and e = 0.5 then using formula
(1.22) we obtain the uninorm (see Figure 1.9, left part)

Ulx,y) = {1 . if (x,y) € {(0,1),(1,0)}

m otherwise

Fig. 1.9 Representable uninorms with e = 0.5 and the Hamacher underlying operators

Remark 1.6. Note that in Example 1.13 we obtain independent underlying t-norm
and t-conorm from family Hamacher operations. Only in the case A = 1 we obtain
dual operations (product t-norm and t-conorm). Moreover, the parameter A strictly
depends on the neutral element of uninorm. Whereas in Example 1.14 underlying
t-norm and t-conorm are dual. Thus, we can scale both the neutral element and the
quantity of the underlying operations (see Figure 1.9, right part).

Remark 1.7. In general, using t-norm and t-conorm generators to construct pseudo-
continuous uninorms does not always produce the desired results. For instance, tak-
ing the Lukasiewicz t-norm 77, and t-conorm Sy, together with their additive gener-
ators specified by #(x) = 1 —x and s(x) = x, and fixing the neutral element e = 0.5
we have (see Figure 1.10)
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U(x,y) = min(1,max(0,x+y—0.5)).

This operation is not associative, but increasing and with the neutral element e = 0.5.

In general, if we relax the condition #(0) = —oo, u(1) = +oo, the associativity
condition will no longer be satisfied (if #(0) < 0 and u(1) > 0) and if we relax the
strict monotonicity of u then the neutral element will be lost (see [200]).

Fig. 1.10 Operation with e = 0.5 using the Lukasiewicz underlying t-norm and t-conorm

1.10 Continuous uninorms in the open unit square

In the next theorem visualized in Figure 1.11 there is given the characterization of
uninorms which are continuous on the open unit square. We will denote the family of
all such uninorms by %,,;. In fact, the uninorms are continuous beyond the boundary
points in the interval [c¢,d] or [b, p].

Lemma 1.5 ([78]). If U is a uninorm with neutral element e € (0,1) continuous in
(0,1)? then Ty and Sy are continuous.

Theorem 1.25 ([124, 78]). If U is a uninorm with neutral element e € (0, 1) contin-
uous in (0,1)? then one of the following two cases holds:

1. There exists a € [0,¢[, ¢ € [0,d], two continuous t-norms Ty and T, and a repre-
sentable uninorm R such that U can be represented as
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chi(%,%) if x,y €10,c],
ct(a—o)(i=¢ =) if x,y € [c,d],
a+(1—a)R(=2 —) if x,y €la,l),

Ux,y) = 1 frar i if min(x,y) € (¢, 1] and max(x,y) =1,
lorc if (x,y) €{(c,1),(1,0)},
min(x,y) otherwise.
(1.24)

2. There exists b € (e, 1], p € [b, 1], two continuous t-conorms Sy and S, and a rep-
resentable uninorm R such that U can be represented as

bR(%7%) ifxaye ( 7b]a
b+(p—b)Si(5=%,23) if x,y € [b,p),
Ulx,y) = 4 PHI=P)S2(=5 =) if vy € [p.1], .
0 if max(x,y) € [0, p) and min(x,y) =0,
Oorp if (x,y) €{(p,0),(0,p)},
max(x,y) otherwise.
(1.25)
R 1
b D % -—-TaX--—-|---Max-----{ - Uﬁ},jnz 77777
min ' '
. Ulgay2 ) 777777777777777777777777777
njqin | miax
a E— L . e,
. Ul py j
(o Uﬁo*a 2= f-min--{ - min - mjax
0 c a e 1 0 e b p 1

Fig. 1.11 The uninorm which is continuous in the open unit square with a > 0 (left) and b < 1
(right)

1.11 Idempotent uninorms

In the paper [52] Czogata and Drewniak described some class of operations which
was later named idempotent uninorms. Next in [57, 72, 173, 174, 235] idempotent
uninorms were characterized, finally using the terminology of Id-symmetrical func-
tions. We will denote the family of all idempotent uninorms by %;;. Let us recall
some definitions about this topic, that can be found in [62].
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Definition 1.14 ([62]). Let g : [0, 1] — [0, 1] be any decreasing function and let G be
the graph of g, that is

G={(x,g(x)):xe0,1]}.
For any discontinuity point s of g, let us denote by s~ and s the corresponding one
sided limits, that are s~ = lim,_, ;- g(x) and s* = lim,_,+ g(x).
Then, we define the completed graph of g, as the set

Fy=GU{(0,y):y>g(0)}u{(1,y):y<g(1)}U{(s,y):s” <y<s'}

Definition 1.15 ([62]). A subset F of [0,1]? is said to be Id-symmetrical if for all
(x,y) € [0,1]? it holds that

(x,y) eF <= (yx)€EF.

The above definition expresses that a subset F of [0,1]? is symmetrical w.r.t.
the diagonal of the unit square. A similar notion of symmetry is introduced for
decreasing functions (see [62]) as follows.

Definition 1.16 ([62]). A decreasing function g : [0, 1] — [0, 1] is called Id-symmetrical
if its completed graph Fy is Id-symmetrical.

Definition 1.17. A uninorm U with the neutral element e € (0, 1) is called locally
internal in a region R C [0, 1)? if it satisfies U (x,y) € {x,y} for all (x,y) € R.

If R = [0,1]? then U is called locally internal. Let us denote by %, the family of
all locally internal uninorms.

Theorem 1.26 ([174]). Operation U is a locally internal uninorm if and only if it is
an idempotent uninorm.

Theorem 1.27 ([235]). Let e € (0,1). U is an idempotent uninorm with the neutral
element e if and only if there exists a decreasing, Id-symmetrical function g : [0,1] —
[0, 1] with the fixed point e such that U is given by

min(x,y) ify < g(x) ory=g(x) and x < g(g(x)),
U(x,y) = { max(x,y) ify>g(x) ory=g(x) and x > g(g(x)), (1.26)
xory ify=g(x) and x = g(g(x)),

being commutative on the set of points (x,g(x)) such that x = g*(x).

We can also characterize locally internal uninorms using ordinal sum construc-
tion.
For semigroups that are defined on singletons we will further use an operation

Id : {x}* — {x} given by Id(x,x) = x.

Theorem 1.28 ([198]). Let U : [0,1]?> — [0, 1] be an internal uninorm. Then (]0,1],U)
is an ordinal sum of singleton semigroups ({x},1d) for all x € [0,1].
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Theorem 1.29 ([200, 198]). Let P be an index set isomorphic with [0, 1] via the
isomorphism i : P — [0,1]. For all p € P we put X, = {x} ifi(p) = x. Let e € [0,1]
and let < be a linear order on P. Then the ordinal sum of {(X,,1d)},cp with the
linear order =< is an internal uninorm with the neutral element e if and only if the
following two conditions are fulfilled:

(i) p1 < p2 for all py, p> € P such that X, = {x1}, X,, = {x2}, x1 < x» and
x1, x2 € [0, €],

(ii) p1 < p2 for all py, p» € P such that X,, = {y1}, Xp, = {32}, y1 > y2 and
y1,)2 € [e, 1].

1.12 Locally internal uninorms on A(e)

A generalization of idempotent uninorms are locally internal uninorms on the subset
A(e) whose family we will denote by %,.4. Description of such uninorms can be
found in [52, 72, 79, 235]. Here, we will first give a general form of this type of
uninorm, and then we will characterize some classes of these uninorms.

Theorem 1.30. If U is a uninorm with the neutral element e € (0,1) and locally
internal in A(e) then there exists a decreasing function g : [0, 1] — [0, 1] with g(e) = e
which is Id-symmetrical, in such a way that U is given in the region A(e) by

min(x,y) iy <g(x) ory=g(x) and x < g(g(x)),
U(x,y) = { max(x,y) ify>g(x)ory=g(x)andx> g(g(x)), 1.27)
xory if'y = g(x) and x = g(g(x)).

From now on, the function g obtained in the previous theorem will be called the
associated function of the uninorm U. In order to characterize all locally internal
uninorms with the continuous underlying operations, we will first investigate how
can be described such a decreasing and Id-symmetrical function g in these cases.

1.12.1 Properties of g

First of all, note that the condition of symmetry is quite intuitive but difficult to
manage from a mathematical point of view. In this way, it was proved in [235] (see
also [76, 79]) the following equivalence.

Proposition 1.1 ([235]). Let g : [0,1] — [0, 1] be a decreasing function with the fixed
point e € (0,1). Then g is Id-symmetrical if and only if g satisfies the following two
conditions:

i) inf{y [ g(y) = g(x)} < g(g(x)) <sup{y|g(y) =g(x)}



44 1 Uninorms on the unit interval
ii) g is constant, say g(x) = s in the interval (p,q) with p < q, where
p=inf{x€[0,1] | g(x) = s} and g=sup{x€10,1] | g(x) = s},

if and only if, s € (0,1) is a discontinuity point of g or s € {0,1} and it is
satisfied that

sToifs <1, sT ifs>0,
p= and q= .
1 ifs=o.

Remark 1.8. Note that from condition (i) in the previous proposition, it is directly
derived that if g is strictly decreasing and continuous on an interval (a,b) C [0, 1]
then g((a,b)) = (c,d) C [0,1], g is also strictly decreasing and continuous on (c,d)
and g?(x) = g(g(x)) = x for all x € (a,b) U (c,d).

On the other hand, note that cases s € {0,1} in condition (i/) can be points of
discontinuity or not. In Figure 1.12, two examples of g functions are depicted.

q
qr P
Pr
e~ e
s
L L L L L
s e p q 5 e P 4q

Fig. 1.12 Examples of functions g with s € (0,1) (left) and s = O (right)

Now, let us note that all elements in the image of function g must be idempotent
elements of the uninorm U, by distinguishing some possible cases.

Proposition 1.2. Let U be a uninorm with the neutral element e € (0,1), locally
internal in A(e) and let g be its associated function. If g is strictly decreasing and
continuous on (a,b), then:

* g(x) is an idempotent element of U for all x € (a,b), and
* x is an idempotent element of U for all x € [a, D).

Proposition 1.3. Let U be a uninorm with the neutral element e € (0,1), locally
internal in A(e) and let g be its associated function. If g is constant, say g(x) = s in
the interval (a,b) witha =inf{x € [0,1] : g(x) = s} <b=sup{x € [0,1] : g(x) =5},
then s, a and b are idempotent elements of U.
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Remark 1.9. Note that in Proposition 1.3, when g is constant in an interval [a, b], the
extremal points must be idempotent, but the elements x € (a,b) may be idempotent
or not.

Proposition 1.4. Let U be a uninorm with the neutral element e € (0,1), locally
internal in A(e) and let g be its associated function. If x is a discontinuity point of g
then both x and g(x) are idempotent elements of U.

Joining all the propositions above we trivially obtain the following result, which
will be crucial in the later characterization theorems.

Theorem 1.31. Let U be a uninorm locally internal in A(e) such that Ty and Sy are
continuous. Then for all x € [0,1], g(x) is an idempotent element of U.

To finish this subsection, we prove some additional properties of function g, de-
pending on the structure of the continuous underlying operators of U. From the
classification theorem of continuous t-norms and t-conorms (see Theorem 1.19 and
Theorem 1.21), we know that if Ty and Sy are continuous they are given by ordinal
sums.

Before giving the characterization theorem in this general case let us note first
the following remark.

Remark 1.10. Let U be a uninorm with the neutral element e € (0,1) and the un-
derlying t-norm 7 and t-conorm S. Then the restriction of U to the square [0, e]?
is given by an ordinal sum of t-norms of the form ({(a;,b;,T;)),., if and only if T
is an ordinal sum of t-norms of the form T = (<
]2

a; b >) . Similarly, the re-
iel

e et

striction of U to the square [e, 1]* is given by an ordinal sum of t-conorms of the

form (<c i,dj,S j>)j ¢y if and only if S is an ordinal sum of t-conorms of the form
e

_([cize dize ¢
S= (< l—e’ 1—e 7SJ>>].EJ‘
In order to avoid the scaling mentioned in the previous remark, instead of dealing
with uninorm U with T and S given by concrete ordinal sums, we will equivalently

talk about uninorms U such that their restrictions to the square [0, ] and [e, 1]? are
given by ordinal sums of the form ((a;, b;,T}));; and ({c;,d},S;)),,» respectively.

ic)’

Lemma 1.6. Let U be a uninorm with the neutral element e € (0,1), locally internal
in A(e) and let g be its associated function. Suppose that the restriction of U to
the square [0,e]? is given by an ordinal sum of Archimedean t-norms of the form
({ai,bi,T;));c;- Then

i) Function g is constant on each interval (a;,b;), i.e. g((a;,b;)) = s; foralli € I.
ii) If T; is nilpotent for some i € I, then g(a;) = s; and

U(x,s;) =s; forall x € [a;,b;) or U(x,s;) =x forall x € [a;,b;).
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Lemma 1.7. Let U be a uninorm with the neutral element e € (0, 1), locally internal
in A(e) and let g be its associated function. Suppose that the restriction of U to the
square |e, 1]2 is given by an ordinal sum of Archimedean t-conorms of the form
<(Ci7di’Si)>iEI' Then

i) Function g is constant on each interval (c;,d;), i.e. g((ci,d;)) =riforalli € I
ii) If S; is nilpotent for some i € I, then g(c;) = r; and

U(x,r;) =r; forall x € (c;,dj or U(x,r;) =x forall x € (c;,dj].

1.12.2 The characterization theorem

In this subsection, we will give a theorem characterizing uninorms locally internal
on A(e) in general form.

Theorem 1.32. Let U : [0,1] — [0,1] be a binary operation and e € (0,1). U is
a uninorm with the neutral element e, locally internal in A(e) if and only if there
exists a decreasing and Id-symmetrical function g : [0,1] — [0,1] with g(e) = e sat-
isfying the following conditions:

i) g(x) € [e,1]\Ujes (cj,d}) forall x € [0,e] and, similarly, g(x) € [0, €]\ Uicr (ai, bi)
forallx € [e,1].
ii) For alli € I, g is constant in the interval (a;,b;), say g(x) = s; for all x € (a;,b;),
and also g is constant in the interval (c;j,d;) for all j € J, say g(x) = r; for all
x € (¢j,dj).
iii) g(b;) = s; and (U (x, ;) = x on (a;,b;| or U(x,s;) = s; on (a;,b;]), or U(b;,s;) =s;
and T; has the neutral element b;.
) g(cj)=rjand(U(x,rj)=rjon|cj,dj) orU(x,rj) =xon|cj,d;j)) orU(cj,rj) =
rj and S has the neutral element c;.
v) If T; has the zero element divisors (where the zero element is equal to a;), then
gla;) = s; and (U(x,s;) = s; on [a;,b;) or U(x,s;) = x on [a;,b;)).
vi) If S; has zero divisors (where the zero element is equal d;), then g(d;) = r; and
(U(x,rj) =xon (cj,dj] orU(x,rj) =rjon (cj,dj]).
vii) If b; is the zero element divisor of operation T, then g(a;) = g(b;) = s; and
(U(x,s;) = s; on [a;,b;] or U(x,s;) = x on [aj, b;]).
viii) If ¢ is the zero divisor of operation S;, then g(c;) = g(d;) =rjand (U (x,r;) =x
on[cj,dj] orU(x,rj) =rjon|cj,dj])

such that U is given by the ordinal sum ({a;,b;,T;)); in [0,€]%, by ((cj,d;,S;))
in [e, 1%, and by the expression:

jes

min(x,y) ify < g(x) ory=g(x) and x < g(g(x)),
Ulx,y) = { max(x,y) ify>g(x) ory=g(x) and x > g(g(x)), (1.28)
xory ify = g(x) and x = g(g(x)),
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in A(e), being commutative on the set of points (x,g(x)) such that x = g*(x).

a; +

0 g bi ecj dj 1
Fig. 1.13 Structure of uninorms locally internal on A(e)

Proof. The proof is analogous to the proof of Theorem 6 from paper [78] with the
difference that instead of using the Theorem characterizing idempotent uninorms
from paper [174] (which turned out to contain some errors) we should use Theorem
1.27 from the paper [235]. O

1.13 Characterization theorems for uninorms with the
continuous underlying operators

We want to deal now with the characterization family of all uninorms with the given
continuous underlying operators (denoted by %,,,). We will do this by dividing our
reasoning in several particular cases depending on how the corresponding t-norm T
and t-conorm S are. Specifically, we study the cases where the component operations
are Archimedean, idempotent, and finally given as an ordinal sum of previously
considered operations.

1.13.1 Case Ty and Sy idempotent

This case is already known since it corresponds to the case of idempotent uninorms.
It is well known that all idempotent uninorms must be in fact locally internal. Thus,
all possible idempotent uninorms were already characterized in Section 1.11 by
Theorem 1.27 (we include the result here for the sake of completeness).
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1.13.2 Case Ty Archimedean, S;; idempotent

This case has been partially studied in [82], for the more general case when the oper-
ation U is not commutative, dealing with properties on U. Now we present a general
characterization. Note that the particular case when Ty is nilpotent has been recently
characterized [222] through a completely different method, using geometrical rea-
sonings. Some results can be found also in [155], [156] and [154]

Theorem 1.33. A binary operation U : [0,1]*> — [0,1] is a uninorm U such that
Ty is a continuous Archimedean t-norm and Sy = max if, and only if, there exist
5,1 € [e, 1] such that s <t and U is given by one of the following cases

eTy(3,3) if (x,y) €[0,e]?,
min(x,y) 0 < min(x,y) < e < max(x,y) <s,

i) U(x,y) =
() Uxy) or 0 =min(x,y) < e < max(x,y) <,
max(x,y) otherwise,
eTy(3,3) if (xy) €[0,¢)%,
. min(x, if 0 <min(x,y) < e < max(x,y) <s,
(i) Ulx,y) = (xy) if (x,y) (x:¥)

or 0 = min(x,y) < e < max(x,y) <f,
max(x,y) otherwise,
; 2
2 if(xy) €0,
in(x, if 0 < min(x,y) <e< ) <8,
(i) U (x,y) = min(x,y) if m1r.1(x y) < e < max(x,y) <s
or 0 =min(x,y) < e < max(x,y) <t,
max(x,y) otherwise,
eTU(iTC>%) lf(.X,y) € [an]27
min(x,y) 0 < min(x,y) < e < max(x,y) < s,

) Ux.y) =
(V) Ulxy) or 0 =min(x,y) < e < max(x,y) <t,

max(x,y) otherwise,

with the restriction that when Ty is nilpotent it must be s =t and expressions (ii)

and (iv) can not be fulfilled.

Proof. Tt was proved in [82] that all uninorms with the underlying Archimedean
continuous t-norm 7y and Sy = max must be in fact locally internal in A(e), see also
[222]. Thus, then there exists a decreasing Id-symmetrical function g : [0, 1] — [0, 1]
with the fixed point e such that U is given by (1.27) in A(e).

Since the set of idempotent elements of U is a set {0} U[e, 1], then using Theorem
1.31, we obtain, that g(x) € {0} U[e, 1] for all x € [0, 1]. We get directly from here
g(x) € {0,e} for x € [e, 1], and therefore by Proposition 1.1 g is constant in (0,e).
Taking s = g((0,¢)), t = g(0) and using the assumption that g is Id-symmetrical,
we have two cases for g (graphs are drawn in Figure 1.14):
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Fig. 1.14 Functions g; (left) and g; (right) for 7y Archimedean and Sy = max

t ifx=0, t ifx=0,
s ifxe (0,e), s ifxe (0,e),
X) = X) =
81(x) e ife<x<s, 82(%) e ife<x<s,
0 ifx>s, 0 ifx>s.

The function g; leads to the cases (i) and (ii), while the function g, leads to the
cases (iii) and (iv). Moreover, when 7y is nilpotent applying Lemma 1.6-ii), it must
be g(0) = = s and cases (ii) and (iv) can not be fulfilled.

Conversely, it is a straightforward computation to see that it is a uninorm locally
internal in A(e). O

1.13.3 Case Ty continuous, Sy idempotent

Theorem 1.34 ([156]). Let U be a uninorm with the neutral element e € (0,1). If
Ty is a continuous t-norm, i.e., it is an ordinal sum of Archimedean t-norm and
Su = Sm, then U (x,y) € {x,y} for all (x,y) € A(e).

Because of this properties the full characterization will be completed in Section
1.13.7.

1.13.4 Case Ty idempotent, Sy Archimedean

This case is very similar to the previous one (see Subsection 1.13.2), and it can be
derived by duality.

Theorem 1.35 (cf. [90]). A binary operation U : [0,1]> — [0,1] is a uninorm U such
that Ty = min and Sy is a continuous Archimedean t-conorm if, and only if, there
exist s,t € [0,e] such that t < s and U is given by one of the following cases:
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e+ (1 —e)SU(%»%) if(x7y) € [e’ 1]27

. max(x,y if 1 > max(x,y) > e > min(x,y) > s
(i) Ulx,y) = (z) (®2) .( )
or 1 =max(x,y) > e > min(x,y) > 1,
min(x,y) otherwise,
€+(1—€)SU(%,%) if(x,y)e[e,l]z,
N max(x,y if 1 > max(x,y) > e > min(x,y) > s
(i) U(x,y) = ) .3) ( )
or 1 = max(x,y) > e > min(x,y) > 1,
min(x,y) otherwise,
et (1-e)Su(i=5,1=¢) if (x.y) € [e,1]%,
max(x,y) if 1 > max(x,y) > e > min(x,y) > s

iii) U(x,y) = i
(iii) U (x,y) or 1 = max(x,y) > e > min(x,y) >1,

min(x,y) otherwise,
et (1-e)Su(i=5. 1=¢) if (x.y) € [e, 1]%,
max(x,y) if 1 > max(x,y) > e > min(x,y) >s

iv)U(x,y) =
() U(x) or 1 = max(x,y) > e > min(x,y) > 1,

min(x,y) otherwise,

with the restrictions that when Sy is nilpotent it must be s =t and expressions (ii)
and (iv) can not be fulfilled.

1.13.5 Case Ty idempotent, Sy continuous

Theorem 1.36 (cf. [156, 222]). Let U be a uninorm with the neutral element e €
(0,1). If Ty = Ty and Sy is a continuous t-conorm, i.e., it is an ordinal sum of
Archimedean t-conorm, then U (x,y) € {x,y} for all (x,y) € A(e).

Because of this properties the full characterization will be completed in Sec-
tion 1.13.7.

1.13.6 Case Ty and Sy; Archimedean

This case was already investigated dividing the study in some different cases, when
both operators are strict (see [98] and also [150]), when both are nilpotent (see [154]
and also [222]), and when one is strict and the other is nilpotent (see [153]), where
such uninorms are called weakly continuous uninorms. In these part we characterize
all possible uninorms with these underlying operators.

Theorem 1.37 ([90, 155, 154]). A binary operation U : [0,1] — [0, 1] is a uninorm
U such that Ty and Sy are Archimedean if and only if U is given by one of the
following possibilities:
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(i) U € Unmin,
(i) U € Umax.
eTU ()EC’%) lf('xay) € [an]27
- x—e y—ey 2
(i) Uy) = 4 T (=00 (28 150) - i (oy) € e
! if max(x,y) =1,
min(x, y) otherwise,
eTy (33 if (x,y) € [0,¢]?,
— X—e y—¢ ; 2
(lV) U(x,y) = e+ (1 e)SU ( —e”’ —e) l.f('x7y) € [e, 1] 9 .
1 if max(x,y) = 1 and min(x,y) # 0,
min(x,y) otherwise,
eTU %7%) lf('xay) € [076]27
_ x—e y—e . 2
() Ury) = €T =080 (567=0) Fwy) €l 1],
0 if min(x,y) =0,
max(x, y) otherwise,
eTU ()EC?%) lf(xay) S [an]za
_ X—e y—e i 2
(i) Ulny) = 4 €T (1= 080 (525150 Ty €l
0 if min(x,y) = 0 and max(x,y) # 1,
max (x, y) otherwise,

(vii) U is a representable uninorm,

with the restriction that expressions (iv), (v), (vi) and (vii) can not be fulfilled when
Ty is nilpotent, and expressions (iii), (iv), (vi) and (vii) can not be fulfilled when Sy
is nilpotent.

Corollary 1.2. [154] Let U be a uninorm with the neutral element e € (0,1) such
that Ty is nilpotent and Sy is nilpotent. Then either one of the following two state-
ments holds:

(i) U € Unmin,

(ii) U € Urmax.

1.13.7 Locally internal uninorms in A(e) with continuous
underlying operators

In all particular cases given in the previous section all uninorms locally internal
in A(e) with the given underlying operators have been characterized. Moreover,
in the three first cases it is proved that uninorms locally internal in A(e) are in fact
all possible ones. On the other hand, in the case when Ty and Sy are Archimedean
not all uninorms are locally internal in A(e) because when Ty and Sy are strict, the
class of representable uninorms is also possible. However, based on results in [150,
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155, 154], again all possible uninorms with the given Archimedean operators are
characterized.

In this section we want to present the general case when the underlying t-norm
and t-conorm are continuous, but given by ordinal sums. It is clear that in the general
case not all possible uninorms will be locally internal in A(e).

Theorem 1.38. Let U : [0,1]> — [0,1] be a binary operation and e € (0,1). The
following items are equivalent:

1. U is a uninorm with the neutral element e, locally internal in A(e) and such that
the restrictions of U to the squares [0,e]* and |e, 1] are continuous and given by
the ordinal sums ({a;, bi,Ti));c; and ((c;,d;,S})) ;c, respectively.

2. There exists decreasing and Id-symmetrical function g : [0,1] — [0, 1] with g(e) =
e satisfying the following conditions:

i) g(x) € [e,1]\ U, (cj,d;) for all x € [0,e] and, similarly, g(x) € [0,e] \
Uies (@i b;) for all x € [e,1].

ii) For all i € I, g is constant in the interval (a;,b;), say g(x) = s; for all x €
(ai,bi), and also g is constant in the interval (cj,d;) forall j € J, say g(x) =r;
forallx € (cj,dj).

iii) If T; is a nilpotent t-norm for some i € I then g(a;) = s; and U(x,s;) =
min(x,s;) = x for all x € [a;,b;), or U(x,s;) = max(x,s;) =s; for all x € |a;, b;).
Similarly, if S; is a nilpotent t-conorm for some j € J then g(d;) = r;j and
U(x,rj) =max(x,rj) =x forall x € (cj,d}|, or U(x,r;) = min(x,rj) = rj for
allx € (cj,dj],

such that U is given by the ordinal sum ((a;,b;, T;)),c; in [0,€]%, by ((cj,d;,S;))
12

jeJ
in [e,1]*, and by the expression:
min(x,y) ify <g(x) ory=g(x) and x < g(g(x)),
Ulx,y) = qmax(x,y) ify>g(x)ory=g(x)andx>g(g(x)),  (1.29)
xory if y=g(x) and x = g(g(x)),

in A(e), being commutative on the set of points (x,g(x)) such that x = g*(x).

1.13.8 Uninorms with continuous underlying operators — general
case

In this section, we present different ways to characterize uninorms with the contin-
uous underlying t-norm and t-conorm. The first is related to the set-valued function,
which is closely related to the set of discontinuity points of the uninorm. The second
way is to use the ordinal sum construction in the sense of Clifford. The last one, and
in my opinion the most intuitive, is related to the characterization of locally internal
uninorms on A(e), and more precisely, it is related to separating functions. However,
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the choice of how to characterize this type of uninorms depends on where the uni-
norm is to be applied and which type of description is best suited to the properties
being used (see also [241, 160, 243]).

1.13.8.1 Characterization using set-valued function

Mesiarova-Zemankova in papers [202, 203] gave the characterization of uninorms
with the continuous underlying t-norm and t-conorm through set-valued functions.
We will recall here the necessary definitions and theorems.

Definition 1.18. A mapping p : [0,1] — Z2([0,1]) is called a set-valued function on
[0,1]. Assuming the standard order on [0, 1], a set-valued function p is called

(i) non-increasing if for all x|, x; € [0,1], x| <xp, we have y; >y, forally; € p(x;)
and all y» € p(x) and thus p(x;) and p(x;) intersect in, at most, a single point,
(ii) symmetric if for x,y € [0, 1] there is y € p(x) if and only if x € p(y),
(iil) u-surjective if for all y € [0, 1] there exists an y € [0, 1] such that y € p(x).

G(p) = {(x,y) €[0,1]* : y € p(x)} denotes the graph of a set-valued function p.

Let A =inf{x:U(x,0) > 0}, B=sup{x: U(x,1) < 1} then A and B are idempo-
tent elements of U and either A=1,B#0,orA# 1,B=0,or A= 1, B=0. Ad-
ditionally, if U is a uninorm with the continuous underlying t-norm and t-conorm,
then there exist idempotent points a,d € [0,1], a < e < d, such that if U (x,y) = e for
some x,y € [0, 1] then x,y € (a,d) U{e}. Here either U(x,y) = e implies x =y =,
in which case @ = d = e, or otherwise U can attain the value e only on the set (a,d)>.
Further, for all x € (a,d)U {e} there exists a y € (a,d) U{e} such that U(x,y) =e.
Note that if @ < e then U is on [a,d]? isomorphic to a representable uninorm. We
also have

0<B<a<e<d<A<LI.

Theorem 1.39 (cf. [203]). Let U be a uninorm with the continuous underlying
t-norm and t-conorm. Then there exists a symmetric, u-surjective, non-increasing
set-valued function r on [0,1] such that U is continuous on [0,1]>\ G(r) and
U(x,y) = e implies (x,y) € G(r) for all (x,y) € [0,1]%. Note that U need not to
be non-continuous in all points from G(r).

The set-valued function from Theorem 1.39 will be called the characterizing set-
valued function of a uninorm U for uninorm with the continuous underlying t-norm
and t-conorm. This function is given by

1 if x € (0,B),
(0} if x € (4,1),
] o,B] ifx=1,
r(x) = A1) fx—0. (1.30)
{y:Ux,y)=¢} ifxe(a,d)U{e},
{y:(x,y) €R*} otherwise,
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where R* = {(x,y) € [0,1]* : U is non-continuous in (x,y)}.

Example 1.15. Let U; be a representable uninorm with the neutral element ¢ = 0.5
such that U; (x,1 —x) = 0.5 for all x € (0, 1) and T a continuous t-norm, S a contin-
uous t-conorm. Then

1T(3x 3y) ifx,ye [O,%]
3+3U1(3x 1,3y—1) ifx,yé[%,%]
Ux,y) =< 3+48(3x—2,3y—2) ifx,ye[,1],
min(x, y) if (x,y) €0, 3) x (5,3)U(3,3) x[0,3),
max(x,y) otherwise

is a uninorm (see Figure 1.15) with the characterizing set valued function

[3,1]  ifx=0,
{%} ifxe (O,%)
r(x) =< {1 —x} 1fx€[%,%]
[0,%] 1fx—%
{0} ifxe (% 1].

Note, that the underlying t-norm 7y is an ordinal sum of 7 and Ty, , the underlying
t-conorm Sy is an ordinal sum of Sy, and S. So, both operation are continuous.

max S

min
U
2 max

T min

0 3 e 3 1
Fig. 1.15 The uninorm from Example 1.15

Remark 1.11. The characterizing set-valued function r divides the uninorm U into
two parts: U on points below the characterizing set-valued function attains values
less than e, and U on points above the characterizing set-valued function attains
values greater than e.
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Theorem 1.40 (cf. [203]). U is a uninorm with the continuous underlying t-norm
and t-conorm if and only if there exists a symmetric, u-surjective, non-increasing
set-valued function r on [0, 1] such that U is continuous on [0,1])*\ G(r), and in each
point (x,y) € [0,1]? the uninorm U is either left-continuous or right-continuous, or
continuous.

1.13.8.2 Characterization using ordinal sum construction

Definition 1.19 ([200]). Let a,b,c,d € [0,1] witha < b < ¢ < d. Then:

(i) a semigroup ((a,b) U{v}U(c,d), ) will be called a representable semigroup if
% is isomorphic via (1.19) to a restriction of a representable uninorm on [0, 1]?
to (0,1)2,

(ii) a semigroup ((a,b),*) will be called a t-strict semigroup if * is linearly isomor-
phic to a restriction of a strict t-norm on [0, 1]? to (0, 1),

(iil) a semigroup ((c,d),*) will be called an s-strict semigroup if « is linearly iso-
morphic to a restriction of a strict t-conorm on [0, 1]? to (0,1)2,

(iv) a semigroup ([a,b),*) will be called a t-nilpotent semigroup if * is linearly
isomorphic to a restriction of a nilpotent t-norm on [0, 1]? to [0, 1),

(v) a semigroup ((c,d],*) will be called an s-nilpotent semigroup if x* is linearly
isomorphic to a restriction of a nilpotent t-conorm on [0, 1] to (0, 1],

(vi) a semigroup ((a,b) U (c,d),*) will be called a d-internal semigroup if * is iso-
morphic via (1.19) to a restriction of an uninorm locally internal on A(e) on
0,11 to ((0,1)\ {e})2.

(vii) a semigroup ((a,b),*) will be called a t-internal semigroup if * is linearly iso-
morphic to the min on (0, 1),

(viii) a semigroup ((c,d), ) will be called an s-internal semigroup if = is linearly
isomorphic to the max on (0,1)2.

The next step is to divide the unit interval into appropriate sub-intervals related
to the set-valued function.

Definition 1.20. Let U be a uninorm with the continuous underlying t-norm and
t-conorm and let r : [0, 1] — P([0, 1]) be its characterizing set-valued function. Then:

(i) the set I C [0, 1] is called a maximal horizontal segment of r if Card(I) > 1 and
there exists a y € [0, 1] such that y € p(x) if and only if x € 1,
(i) if for x € [0, 1] there is Card(r(x)) > 1 then the set {x} is called a maximal
vertical segment of r,
(iii) the interval [a,b] is called a strictly decreasing segment of r if for all x € (a,b)

we have
Card(r(x)) =1, Card(r(max(r(x))) =1,

(iv) the interval [a, b] is called a maximal strictly decreasing segment of r if there is
no interval [c,d] which is a strictly decreasing segment of » such that [a,b] C
[c,d].
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The monotonicity of r implies that all maximal segments are intervals. Further,
a subinterval of a maximal horizontal segment will be called a horizontal segment.
The symmetry of r implies that a maximal horizontal segment / can be paired with
a maximal vertical segment {y} for which we have y € r(x) forallx € I. Then I x {y}
as well as {y} x I belong to the graph of r.

Lemma 1.8 ([200]). Let U be a uninorm with the continuous underlying t-norm
and t-conorm and let r : [0, 1] — ([0, 1)) be its characterizing set-valued function.
Then all maximal segments of r are closed intervals.

Let denote by S, the set of end points of all maximal segments of r and by S, its
closure. Note that there is a countable number of maximal horizontal and strictly de-
creasing segments and due to the symmetry of r there is also a countable number of
maximal vertical segments. Therefore S, is countable. Then we have the following
result.

Theorem 1.41 ([200]). Let U be a uninorm with the continuous underlying t-norm
and t-conorm, let r: [0,1] — £2([0,1]) be its characterizing set-valued function
and assume x € [0,1]. Then either x € S, or x is an interior point of exactly one
maximal segment of r. Moreover end points of all types of maximal segments of r

are idempotent points.

Remark 1.12. Let U be a uninorm such that the underlying operations are Archi-
medean t-norm and t-conorm respectively. Then either its characterizing set-valued
function is strictly decreasing on [0, 1] (in this case it is a representable uninorm), or
the interval [0, ¢] ([e,1]) is a horizontal segment of r (in this case there is y € [0, 1]
such that (x) = {y} for all x € (0,e) or all x € (e, 1)). For the value y we then have

ye{l,e}orye{0,e}.

Lemma 1.9 ([200]). Let U be a uninorm with the continuous underlying t-norm
and t-conorm and let r be its characterizing set-valued function. Then if a,b € [0, 1],
a < b, are idempotent elements of U such that there is no idempotent element in
(a,b) and there exists x € (a,b) such that U (x,x) = a (U(x,x) = b) then r on [a, D]
corresponds to a horizontal segment.

The next results described connections between maximal strictly decreasing seg-
ments.

Lemma 1.10 (cf. [200]). Let U be a uninorm with the continuous underlying t-norm
and t-conorm and let r be its characterizing set-valued function. The following con-
ditions are fulfilled:

(i) If a,b € [0,1], a < b < e, are idempotent elements of U such that there is no
idempotent element in (a,b) and r on [a,b] corresponds to a strictly decreas-
ing segment then d = min(r(a)) and ¢ = max(r(b)) are idempotent elements
of U such that there is no idempotent element in (c,d) and r on [c,d] corre-
sponds to a strictly decreasing segment. Further, a = max(r(min(r(a)))) and
b = min(r(max(r(b)))).
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(ii) If c,d € [0,1], e < ¢ < d, are idempotent elements of U such that there is no
idempotent element in (c,d) and r on [c,d] corresponds to a strictly decreas-
ing segment then b = min(r(c)) and a = max(r(d)) are idempotent elements
of U such that there is no idempotent element in (a,b) and r on [a,b] corre-
sponds to a strictly decreasing segment. Further, ¢ = max(r(min(r(c)))) and
d = min(r(max(r(d)))).

(iii) If a,b € [0,1], a < b < e, are such that U(x,x) = x for all x € [a,b] and r
on [a,b] corresponds to a strictly decreasing segment then for d = min(r(a))
and ¢ = max(r(b)) we have U(y,y) =y for all y € [c,d] and r on [c,d] corre-
sponds to a strictly decreasing segment. Further, a = max(r(min(r(a)))) and
b = min(r(max(r(b)))).

(iv) If ¢,d € [0,1], e < ¢ < d, are such that U(y,y) =y for all y € [c,d] and r
on [c,d] corresponds to a strictly decreasing segment then for b = min(r(c))
and a = max(r(d)) we have U(x,x) = x for all x € [a,b] and r on [a,b] cor-
responds to a strictly decreasing segment. Further, ¢ = max(r(min(r(c)))) and
d = min(r(max(r(d)))).

Definition 1.21 ([200]). Let us define the function u : [0,1] — [0,1] as follows
u(x) = U(x,x). Then Iy = {x € [0,1] : u(x) = x} is a closed set and [0,¢] \ Iy =
Ukek (ak,br), where {(ay,by)}rex is a family of a countable number of open
and disjoint subintervals of [0,e] for some index set K. Similarly, [e,1]\ Iy =
Uier(ci,d;), where {(c;,d;)} e is a family of a countable number of open and dis-
joint subintervals of [e, 1] for some index set L such that KNL = 0.

Now let K} = {k € K : a, = U(x,x) for some x € [0, 1],x#a;} and K, = {k € K :
ron [ag, by corresponds to a strictly decreasing segment}. Then K; N K, = 0. Let
K3 =K\ (K| UK3). Similarly, let L; = {l € L: dy = U(x,x) for some x € [0,1],x #
di} and Ly = {l € L : r on [c;,d)] corresponds to a strictly decreasing segment} and
Ly =L\ (LyULy). Then L; UL, = @. Due to Lemma 1.10 each & € K; can be paired
with some / € L, and vice-versa. So we can use [ € L, and the corresponding k € K,
interchangeably.

Denote X = {x € [0,1] : x is an end point of a maximal segment of 7} and B =
Uker (ak, br) UUrek, {axt UUrek, {U (bk, k) }. Let [0, €]\ (BUX) = U,uep Yim, where
the sets ¥,, are components of [0,¢] \ (BUX) with respect to connectedness. Note
that we can select such an M that K, L, M are mutually disjoint. Additionally, denote
A* = {supYy,inf¥, :meM}\ (BU{e})and Z,, =Y,,\A* forallme M, M, = {m €
M:Z, #0}, My ={m € M, : ron (ay,by,) corresponds to a horizontal segment},
M, = {m € M, : ron (ay,b,) corresponds to a strictly decreasing segment}, A =
[0,) \ (BUUnem, Zm)- Leti: A — M3 be an isomorphism, where M3 is a index set
disjoint with all previous index sets, Z,, = {i(m)} for all m € M3.

Similarly, let C = Ujer (cr,di) UUjer, {di} UUrek, {U (bi; i)} [e, 1\ (CUX) =
Uyeo Yo, where the sets Y, are components of [e, 1]\ (CUX) with respect to connect-
edness, D* = {sup¥,,infY,:0 € O} \ (CU{e}),Z,=Y,\Dforallo€ 0,0, ={o €
0:Z, # 0}, 01 ={o € O, : ron(c,,d,) corresponds to a horizontal segment },
0, = {0 € O, : ron(c,,d,) corresponds to a strictly decreasing segment }, D =
(e,1]\ (CUU,eo, Zo). Let j: D — O3 be an isomorphism, where Os is a index
set disjoint with all previous index sets, Z, = {j(0)} forall o € O3
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Due to Lemma 1.10 each m € M, can be paired with some o € O; and vice-versa.
So we can use 0 € O, and the corresponding m € M, interchangeably. If U (x,y) = e
for some x # e then the point e is already covered in the used partition, however, if
U(x,y) = e implies x = y = e then we should add a separate set {e}.

Therefore we have a partition of [0,¢] into sets: [ax,by) for k € Ky, (ag,b;) U
({U (bg,cr)} N[0, ¢€]) for k € K, (a,by) for k € K3, (am,bym) form € My UMa, {an}
for m € M3 and eventually {e}.

Similarly, we have a partition of [e, 1] into sets: (¢;,dj] for I € Ly, (cg,dy) U
({U (bx,cx)} N e, 1)) for k € Ka, (¢;,d;) forl € Ls, (¢,,d,) for o € Oy UMa, {d, } for
o0 € O3 and eventually {e}.

Denote P* = Kj UK, UKz UM UM, UM UL UL;UO;UOs. If U(x,y) =e
implies x = y = e then we additionally assume an index p* ¢ P* and the set X, =
{e}. Then P = P*U{p*}. In the other case we put P = P*. For p € P we will denote
corresponding sets described above by X,,. Obviously X, NX,, = 0 for p1,ps € P,

P1# D2

In Theorem 1.42 we assume to apply the partition from Definition 1.21.

Theorem 1.42 ([200]). U is a uninorm with the continuous underlying t-norm and
t-conorm if and only if it is an ordinal sum of the following semigroups:

(i) at-nilpotent semigroup on [ay,by) for all k € K],

(ii)  a representable semigroup on (ay,by) U{U (by,cr)} U (ck,dy) for all k € K»,
(iii)  a t-strict semigroup on (ay,by) for all k € K3,

(iv)  an s-nilpotent semigroup on (c;,dj) for all | € L,

(v) an s-strict semigroup on (c;,d;) for all | € L3,

(vi)  a t-internal semigroup on (ay,by,) for allm € M,

(vii)  a d-internal semigroup on (ap,bm) U (Cp,dy) for all m € M,
(viii)  a semigroup defined on {ay,} for all m € M3,

(ix)  an s-internal semigroup on (c,,d,) for all o € Oy,

(x) a semigroup defined on {d,} for all o € O3,

(xi) eventually a semigroup defined on {e}.

1.13.8.3 Characterization using separating functions

For locally internal uninorms there exists a separating function gy such that above
this function the uninorm is equal to the maximum, and below it is equal to the
minimum. Similarly, if we assume that the uninorm is locally internal on A(e), we
get the function gy with analogous properties. At the same time, the properties of
this function affect the form of the uninorm in the rest of the domain (see Theorem
1.27). If we drop the assumption that U is locally internal on A(e), we can define
two functions (using the Lemma 1.4):

gu(x) =sup{y: U(x,y) = min(x,y)} (1.31)

gu(x) =inf{y : U(x,y) = max(x,y)} (1.32)
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Note that using the fact that e is the neutral element of the uninorm U and mono-
tonicity of U the functions gy, gy are well defined, and we have the following
dependencies

Lemma 1.11. Let U be a uninorm and gy, gy be defined by (1.31) and (1.32). Then

gule) =3u(e) =e,
<gux) <gux) <1 forxel0,e),
0<gu(x)<gu(x)<e forxec(el].
Moreover both these functions are decreasing.

Lemma 1.12 ([82]). Let U be a uninorm with the continuous underlying t-norm and
t-conorm. Then for each idempotent element a € [0, 1] of U uninorm U is internal

on {a} x [0,1].

Remark 1.13. Let I denote the set of idempotent elements of a uninorm U with the
continuous underlying t-norm and t-conorm. Then U (x,y) € {min(x,y), max(x,y)}
for all (x,y) € I x[0,1]U[0,1] x 1, i.e. gy (x) = gy(x) on 1.

In the rest of this subsection we will use the notations adopted in the Defini-
tion 1.21. Using Theorem 1.42 we can generalize Remark 1.13

Lemma 1.13. Let U be a uninorm with the continuous underlying t-norm and
t-conorm. Then for each p € P uninorm U is locally internal on X, x ([0,1]\ X}),
where X, is one of the sets listed in the Theorem 1.42.

Proof. This fact follows directly from Theorem 1.42 and 1.15. O

Remark 1.14. Note that only for p € K> we do not get a locally internal oper-
ation on (X, N[0,e]) x [e,1] and (X, N[e,1]) x [0,e]. More precisely, on the set
((ap,bp) U{U(bp,cp)}U (c,,,d,,))2 NA(e) uninorm is not locally internal. On the
other hand, uninorm is locally internal on the set ([0,e] \ Upex, Xp) ¥ [e,1] and
([e; 1]\ Upek, Xp) < [0,¢€], and consequently g(x) := gy (x) = gu(x) for all x €
[0, 11\ Upex,-

Lemma 1.14. Let U be a uninorm with the continuous underlying t-norm and
t-conorm and let r be its characterizing set-valued function. Then g(x) = max(r(x))
for all x € [0,1]\ Ukex, ((ax,br) U (ck,dx)) such that card(r(x)) = 1 and moreover
g(x) € [min(r(x)), max(r(x))] for all x € [0, 1]\ Urek, ((ax,br) U (cx,dk)) such that
card(r(x)) > 1.

Proof. Observe, that on the set [0, 1]\ Ue, ((ax, bx) U (ck, dk)) the completed graph
of g coincides with the graph of set-valued function r, because the only point of dis-
continuity of the locally internal uninorm on this set may be the point that separates
min from max. So we get the thesis. O
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Lemma 1.15. Let U be a uninorm with the continuous underlying t-norm and
t-conorm and k € Ky. If x € (ay,by) then U(x,y) = min(x,y) for all y € [e,c;] and
U(x,y) = max(x,y) for all y € [dy, 1]. If x € (¢k,dy) then U(x,y) = min(x,y) for all
y €[0,a] and U(x,y) = max(x,y) for all y € [dy,e].

Proof. Suppose x € (ax,by) for some k € Kp. According to Lemma 1.13 U(x,y) €
{x,y} for y € [e,1] \ (ck,dk). According to the definition of the set K, the set-
valued function takes the value r(x) C (ct,dy) and according to Remark 1.11 for
y > max(r(x)) we have U(x,y) > e, and for y < min(r(x)) we have U(x,y) < e. So
U(x,y) = min(x,y) for all y € [e,c] and U (x,y) = max(x,y) for all y € [dy, 1]. For
X € (cg,dy) the proof is analogous. O

Lemma 1.16. Let U be a uninorm with the continuous underlying t-norm and
t-conorm, and k € Ky. If x € (ay, by) then gy (x) = cx and gy (x) = dy. If x € (cy,dy)
then gy (x) = ax and gy (x) = by.

Proof. Suppose x € (ax,by) for some k € K. According to Lemma 1.15 U(x,y) =
max (x,y) for y € [dy, 1]. Taking y € (ck,dy) and using the fact that U on (ay,by)U
{U(bg,cr)} U (ck,dy) is isomorphic to representable semigroup we obtain inequal-
ity x < U(x,y) <. So, d; = inf{y € [e,1] : U(x,y) = max(x,y)} and consequently
gu (x) = dy. Similarly, ¢ = sup{y € [e,1] : U(x,y) = min(x,y)} = gy (x). For x €
(cx,dy) the proof is analogous. O o

Remark 1.15. Note that the case where gy (x) # gu (x) can occur if min(x, minr(x)) <
U (x,minr(x)) < max(x,minr(x)), where r is the multi-valued function given by
(1.30). This is the case (ii) in Theorem 1.42.

Lemma 1.17. Let U be a uninorm with the continuous underlying t-norm and
t-conorm. Then the functions gy and gy given by (1.31) and (1.32), respectively
are Id-symmetrical.

Proof. Let r be characterizing set-valued function. Then by Lemma 1.14 on the set
[0, 1]\ Ukek, ((ak, bx) U (ck,dx)) the completed graph of g coincides with the graph
of set-valued function r and in this set g = gy = gy. Moreover, completed graph of
g in this set is Id-symmetrical. Furthermore, by Lemma 1.16 gy (x) = dj, for all x €
(ak,by) and by Theorem 1.42 point dy is a point of discontinuity of g (g7 (dy) < ax)
and we obtain a symmetry of the completed graph for interval connected with K.
Similarly we can prove, that completed graph of gy is Id-symmetrical. O

Theorem 1.43. Let U : [0,1] — [0, 1] be a binary operation and e € (0,1). The fol-
lowing items are equivalent:

1. U is a uninorm with the neutral element e and continuous underlying t-norm
and t-conorm (i.e. the restrictions of U to the squares [0,e]> and [e,1]? are the
ordinal sums ({ax, b, Ti))ex and ((c;,d;,S1)),c, respectively of Archimedean
components).

2. There exist decreasing and Id-symmetrical functions g : [0,1] — [0,1] and g :
[0,1] — [0, 1] with g(e) = g(e) = e satisfying the following conditions:
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i) g(x),8(x) € [e,1]\ Ujer (c1,d) for all x € [0,e] and, similarly, g(x),g(x) €
[0, €] \ Ukek (ax,br) for all x € [e, 1].

ii) For all k € K, g and g are constant in the interval (ay,by), say g(x) = si for
all x € (ay,by), g(x) =ty for all x € (ay,by), and also g and g are constant in
the interval (c;,d)) for all l € L, say g(x) = s; for all x € (c;,d;), g(x) =1, for
all x € (¢, d). ;

i) 8(x) = 8(3) for all € 0,11\ (Urer, (@) UUkers (i),

iv) If Ty is a nilpotent t-norm for some k € K, then sy = ti, g(ax) = g(ax) = sk
and U (x,s;) = min(x,s;) = x for all x € [ay,by), or U(x,s;) = max(x,s;) = si
Sor all x € [ay, by). Similarly, if S; is a nilpotent t-conorm for some | € L; then
s; =1y, g(d)) =g(d;) = s; and U(x,s;) = max(x,s;) = x for all x € (¢;,dy), or
U(x,s;) = min(x,s;) = s; for all x € (c;,d)],

v) For k € K» we have g(x) < g(x) for all x € (ay,by), cx = sy and dy, = t;, and

g(x) < g(x) for all x € (cy,dy). Moreover, U|(( )2 8 iso-

SV ) by ) U{U (b ex) YU (e i
morphic with representable uninorm Uy,

such that U is given by the ordinal sum ({ax, by, Tx) )k in [0, e)?, by ({c;,d, Si)ier
in [e,1]%, and by the expression:

min(x, y) if y < g(x) ory=g(x) and x < g(g(x))
max (x, y) if y>g(x) ory = g(x) and x > g(3(x))
U(x,y)= Uf,‘,f’hk’ck’d" (x,y) ifx € (ar,br)U(c,di), k€ Kz, gu(x) <y <gu(x)
xory ify = g(x) and x = g(g(x)),
ory=g(x) and x=g(g(x))
(1.33)
in A(e), being commutative on the set of points (x,g(x)) such that x = g*(x)
and (x,g(x)) such that x = g*(x), where Uﬁ,f”’k"'k*”’k is given by (1.19) and v =

U(bk,ck).

Proof. Let us prove first 1 = 2.

By Lemmas 1.13-1.17 functions g : [0,1] — [0,1] and g : [0,1] — [0, 1] are de-
creasing and Id-symmetrical. Moreover g(e) = g(e) = e. Condition i) follows from
Remarks 1.13 and 1.14 and the fact that representable semigroup on (ay,by) U
{U(b,cr)} U (ck,di) for all k € K are summand of the uninorm U (see Theo-
rem 1.42). If k € K5, then item ii) follows from Lemma 1.16. If k € K \ K,, then
by definition of K, we have, that r on (ay,by) corresponds to horizontal segment.
By Lemma 1.14 we obtain, that g = g are constant. Item iii) follows directly by Re-
mark 1.14. Ttems iv) and v) and form of U follow directly from the representation
of ordinal sum of appropriate semigroup (compare Theorem 1.42).

Conversely, suppose that U is given by the corresponding ordinal sums on [0, €]
and [e, 1] and by expression (1.33) in A(e), being commutative on the set of points
(x,g(x)) such that x = g2(x). We want to prove that U is a uninorm with the neutral
element e. Clearly, U is increasing in each place and has the neutral element e. Let
us define the operations Upin, Unax : [0, 1]> — [0, 1] as follows
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U (x,y) = min(x,y) if x € (ag,br) U (ck,dy), k € Ka, &(x) <y<gu(x),
min {4 U(x,y) otherwise.

O (5, 5) = max (x,y) if x € (ax,br) U (cx,di), k € Kz, gu(x) <y < gu(x),
nax U(x,y) otherwise.

Both functions ﬁmin, ﬁmax are locally internal on A(e), with associated functions
gu and gy. By Theorem 1.38 Upin, Unmax are uninorms with neutral element e. Fur-

thermore, U (x,y) = Unin(x,) = Unax (x,y) for all points (x,y) in the set [0, 1]>\ D,

where
D= <U (ai, bi) x (Cudi)> U < U (cindi) x (ai,bi)> :

i€k, i€eky

Directly from this fact we obtain that U is commutative on the set [0, 1]*\ D beyond
the points (x,g(x)) such that x = g?(x) and consequently U is commutative.
Moreover, to prove the associativity of U we only need to check the equality

UU(x,y),z) =U(x,U(y,2)) (1.34)

on sets {x,y,z} such that at least one of the pairs in the set {x,y,z} x {x,y,z} belongs
to D. On the rest of the domain the associativity of U follows directly from the
associativity of Upip.

Suppose that x,y € (a;,b;), z € (cj,d;) for some i, j € K>.

Suppose that x € (a;,b;), y € (cj,d;) for some i, j € K>. Thus, g((a;,b:)) = {ci},
2((a;,b;)) = {d;}. Moreover, U(x,y) € (ax,by) U{U(bx,cx)} N[0,e] or U(x,y) €
(ck,dr) U{U (bg,cr) } Nle, 1]. Using the commutativity of U we need to consider the
following cases:

a) If z <a;orz > d;, then

U(U(x,y),2) =2=U(x,U(y2)),
U(U(x,2),y) =2=UxU(z,y)),
U(U(zx),y) =2=U(z,U(x,))-
U(U(z,y),x) =z2=U(z,U(y,x)),
U(U(y,x),z) =z2=U(»U(x,2)),
U(U(y,2),x) =z2=U(y,U(zx)),
b) If z € (a;,b;) U{U (bi,ci) } U (ci,d;), then associativity follows from the associa-
ay, ka,dk

tivity of the operation U
c) Ifz € ([bi,e) U (e, c,])\{U(b,,c,)} then
U(U(x,y),2) =U(x,y) =U(x,U(y2)),

Therefore, U is associative. O

Remark 1.16. In Theorem 1.43 functions g and g are strictly related to the multi-
valued function from Section 1.13.8.1, where the segments for which the multi-
function is decreasing are divided into two groups:

1. When its graph separates min from max — here the range is disjoint from | J(a;, b;).
Then g = g and elements in this range are idempotent
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2. When a given segment coincides with one of the ranges (a;,b;) or (c;,d;). Then
U on (a;,b;) U (ci,d;) is isomorphic to a representable uninorm.

1.14 Uninorms locally internal on the boundary

In this section we present the description of the uninorms which are locally internal
on the boundary, i.e. on the set [0,1]>\ (0,1)2. We will denote the family of all
such uninorms by %,.,. As we can see, all the uninorms discussed in the previous
sections are uninorms locally internal on the boundary.

Lemma 1.18 ([155, 183]). Let U : [0,1]> — [0,1] be a uninorm with the neutral
element e € (0,1). Then the following statements hold:

(i) If Ty is continuous then U(1,y) € {y,1} for all y € [0,1]
(ii) If Sy is continuous then U (0,y) € {0,y} forall y € [0,1]

Remark 1.17. The uninorms from the class Zmin and %max need not have continuous
underlying t-norms and t-conorms, but are locally internal on the boundary.

’

Directly from the monotonicity of the uninorm we get

Lemma 1.19. Let U : [0,1]> — [0,1] be a uninorm with the neutral element e €
(0,1). If U is locally internal on the boundary then:

* There exist an element a € [0, e| such that U (x,1) =x forallx < a and U (x,1) =
1 forall x > a.

o There exist an element b € [e, 1] such that U (x,0) =0 for all x < b and U (x,0) =
x forall x > b.

0 a e 1 0 e b 1

Fig. 1.16 Boundary functions U (x, 1)
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Remark 1.18. Note that for conjunctive uninorms b = 1, and for disjunctive uni-
norms a = 0.

Moreover, for conjunctive uninorms one of the following cases may occur: U(a,1) =
aorUf(a,1) =1 (see Figure 1.16 left part). Similarly, for disjunctive uninorms one
of the following cases can occur: U(b,0) =0 or U(b,0) = b (see Figure 1.16 right
part).

Considering the above and the results from the paper [151] we obtain the results
in the case where U(a,1) = 1.

Theorem 1.44. Operation U : [0,1]*> — [0, 1] is a conjunctive uninorm with the neu-
tral element e and there exist an element a € [0,e] such that U(x,1) = x for all
x<aand U(x,1) =1 for all x > a, if and only if Ty is ordinal sum of two t-norm
((0,4,1),(4,1,1»)), Ul is isomorphic to disjunctive uninorm and

’ e

ali(3,7) if (x,y) € 0,a)%,
a+ (e~ T2, if (xy) € asel.

U(x,y) = { min(x,y) if (x,y) € [0,a) x [a,1]U[a,1] x [0,a),
max(x,y) if (x,y) € la,e) x {1} U{1} x [a,e),
et (1-e)Su(§=5,1=5)  if (x.y) €[e, 1]

(1.35)

Proof. This theorem follows directly from Lemmas 2-5 and Theorem 3 in [151].
O

Example 1.16. Operation U : [0,1]?> — [0, 1] is a conjunctive uninorm, locally inter-
nal on the boundary with the neutral element e = %, where

0 if (x.y) € 0,3)°,
i if (vy) € [3.1)%
V) =\ maxeny) if(x,y)e[;é)x{l}u{l}x[%,%)U[%,l]z-

min(x,y) otherwise.

Remark 1.19. Note that if in Theorem 1.44 a = e, then we get a uninorm from the
class Zmin.

Similarly, if U(a, 1) = a we have

Theorem 1.45. Operation U : [0,1]> — [0,1] is a conjunctive uninorm with the neu-
tral element e and there exist an element a € [0,e] such that U(x,1) = x for all
x<aandU(x,1) =1 for all x > a, if and only if Ty is an ordinal sum of t-subnorm
and positive t-norm ({0,%,My),(4,1,T5)), Ul (a2 is isomorphic to a conjunctive
uninorm and
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aMi (3, 3) if (x.y) € [0,a]?,
at(e—a)B(;=5, =) if (x.y) € (ae,

U(x,y) = { min(x,y) if (x,y) € [0,a] x (a,1]U(a, 1] x [0,d],
max(x, ) if (x,y) € (a,) x {1} U{1} x (ae),
e+(1_e)SU(%75) lf(x,y)€[€71]2.

(1.36)

Proof. This theorem follows directly from Lemmas 67 and Theorem 4 in [151].
O

Remark 1.20. Note that if in Theorem 1.45 a = 0 then Ty must be a positive t-norm.
By duality we can obtain the results for disjunctive uninorms.

Theorem 1.46. Operation U : [0,1]> — [0,1] is a disjunctive uninorm with the neu-
tral element e and there exist an element b € [e, 1] such that U(x,0) =0 forall x < b
and U (x,0) = x for all x > b, if and only if Sy is an ordinal sum of two t-conorm

((0,2,81),(2,1,82)), Uljg,p2 is isomorphic to a conjunctive uninorm and

eTy(3.3) (x,y) €[0,¢]?,
e+ (b—e)Si(3=5,3=2)  if (x,y) € [e,b],
Uxy) = Qb+ (1=-0)2(35.455)  if () € (0,112,
max (x,y) (x,y) € (b,1] x [0,6] U[0,5] x (b, 1],
min(x,y) (x,y) € (e,b] x {0} U{0} x (e,b].

(1.37)
Similarly, if U(b,0) = b we have

Theorem 1.47. Operation U : [0,1]> — [0,1] is a disjunctive uninorm with the neu-
tral element e and there exist an element b € [e, 1] such that U(x,0) =0 forall x < b
and U (x,0) = x forall x > b, lfand only if Sy is an ordinal sum of positive t-conorm
and t-superconorm ({0, '1’ bee 1), (2=2,1,82)), Uljo,p)2 is isomorphic to a disjunctive
uninorm and

eTy(3,3) if (x,y) € [0,¢]?,
et(b—e)Si(3=53=) if (x,y) €le,b)?,

Ulx,y) =S b+ (1-b)S2(3=2,122) if (x,) € [b,1]%,
max(x,y) if (x,y) € [b,1] x [0,b) U [O,b) [b,1],
min(x, y) if (x,) € (e,b) x {0} U{0} x (e, ).

(1.38)

1.15 Uninorms not locally internal on the boundary

In this section, we will present the structure of uninorms that do not belong to any
of the previously discussed classes, i.e. those that are not locally internal on the
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boundary. We will denote the family of all such uninorms by %,;,¢». Some informa-
tion about this kind of uninorm we can find in [119, 121, 155, 223].
Let denote by fi(x) = U(x,1), fo(x) = U(0,x) (see Section 1.7)

Lemma 1.20 (cf. [119, 155, 5]). Let U : [0,1]* — [0, 1] be a uninorm with the neu-
tral element e € (0,1). Then, for every x € (0,1), U(x,1) =x or U(x,1) = xp > x.
Furthermore, ifU(x7 1) =x0 > x then U(z,1) = xo for all z € [x,xo).
Lets=inf{x:U(x,1) =x0}. Then s € (0, 1) is a point of discontinuity of the function
fi.

Lemma 1.21 (cf. [119, 155, 5]). Let U : [0,1]*> — [0, 1] be a uninorm with the neu-
tral element e € (0,1). Then, for every x € (0,1), (0 x)=xorU(0,x) =xp < x.
Furthermore, if U(0,x) = xo < x then U(0,z) = x for all 7 € [xg,x].

Let s = sup{x: U(0,x) =xo}. Then s € (0,1) is a point of discontinuity of the func-
tion fo.

Remark 1.21. Each conjunctive uninorm U is discontinuous at point a = inf{x €
[0,1] : U(x,1) = 1}. If a conjunctive uninorm U is not locally internal on the bound-
ary then there exists x € [0,a) such that xo = U(x,1) ¢ {x,1}, which means that
x < xp < 1. Then from Lemma 1.20 we know that U is discontinuous at point

=inf{x € [0,1] : U(x,1) = x¢}. Similar result we can obtain for disjunctive uni-
norms. Therefore one of the boundary functions of a uninorm which is not locally
internal on the boundary (f or fj) has at least two points of discontinuity.

Taking into account the above remark, we can consider two or more points of
discontinuity. Each point of discontinuity is associated with a segment (b, xo|. Later
in this section we will consider the case when the function f; has exactly two dis-
continuity points and one of them is O or e.

1.15.1 Disjunctive case

If a uninorm is disjunctive, the function fj is a constant function and f; (x) = 1 for
each x € [0, 1] and the uninorm in this part of the boundary is locally internal. So we
only need to consider the function fj

If 1 is one of the points of discontinuity of the function fj, then it takes one of
the forms

Lemma 1.22 ([260]). Let U be a conjunctive uninorm with the neutral element e €
(0,1). Then the boundary function fy of U is discontinuous only at points 1 and
a € [e,1) if and only if

1 ifx=1,
b ifxelb,1),
= 1.39
PO e @), ()
0 otherwise,
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or
1 ifx=1,
b ifxeb1),
X) = 1.40
Jo(x) x ifxefab), (1.40)
0 otherwise,
for some b € [a,1).
14 14
[ ] [ ]
b b
a / a /
e e
0 e b 1 0 e °a b 1

Fig. 1.17 Functions fj given by (1.39) (left) and fp given by (1.40) (right)

Theorem 1.48 (cf. [260]). Let U : [0,1]*> — [0,1] be a binary operation and 0 <
e <a<b< . Then U is a disjunctive uninorm with the neutral element e and
the boundary function fy given by (1.39) if and only if there exist a t-conorm Sy,

conjunctive uninorm Uy with the neutral element £, increasing function B : [0,a] x
[b,1) — [b,1) such that

a+(1—-a)So({=4,7=) if (x,y) € (a,1]%,
alo(3,7) if (x,y) € [0,a]?,
U(x,y) =< B(x,y) if (x,y) € [0,a] x [b,1), (1.41)
B(y,x) if (x,y) € [b,1) x[0,d],
max(x,y) otherwise,
and
* So(x,y) = 1 for (x,y) € (0,1] x [§=% a,l}u[ =2, 1)x(0,1],
So(x,y) {13U(0,§=24] for (x,y) € (0, §=2)%,
B(0,y) = b and B(e,y) =y fory € [b,1), ( ,b) =b forx €[0,d],
B(x,B(y,z)) = (aUg (a,a), )forx y€1[0,a] and z € [b,1).

Theorem 1.49 (cf. [260]). Let U : [0,1]*> — [0, 1] be a binary operation and 0 <
e <a<b< 1. Then U is a disjunctive uninorm with the neutral element e and
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B ‘ 1
b ey
Y  So
al ..
e
Up X B
0 e a b 1

Fig. 1.18 The uninorm given by (1.41)

the boundary function fo given by (1.40) if and only if there exist t-superconorm
So, disjunctive uninorm Uy with the neutral element ¢ and the positive underlying
t-conorm Sy, increasing function B : [0,a) x [b,1) — [b, 1) such that

a+ (1= @)SH(22,328) if (vy) € [0, 11,

aUO(a7 a) if (x,y) € [070)27
Ux,y) = { B(x,y) if (x,y) €10,a) x [b,1), (1.42)
B(y,x) if (x,y) € [b,1) x[0,a),
max(x,y) otherwise,
and
« Soliry) = 1for (x,y) € [0,1] % [222, ) U[42, 1] x [0,1),
b

* So(x,y) € {1}U[0, =5] for (x.y) € [0, 7=¢)%,

1
* B(0,y) = b and B(e,y) =y fory € [b,1), B(x,b) = b for x € [0,a),
* B(x,B(y,z)) = B(an(a,a) z) for x,y € [0,a) and z € [b,1).
Example 1.17. Let
0 if min(x,y) =0, max(x,y) <0.5,
2 .

m if (x,y) c (070.5]27
U(x,y) = { max(x,y) if 0.5 < max(x,y) < 0.75,

0.75 if (x,y) € [0,0.5) x [0.75,1) U[0.75, 1) x [0,0.5],

1 otherwise.

U is a uninorm with the neutral element e = 0.25, which is not locally internal on
the boundary, because U (0,0.9) = 0,75.

If e is one of the points of discontinuity of the function fy then the following
property holds.
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Lemma 1.23 ([260]). Let U be a conjunctive uninorm with the neutral element e €
(0,1). Then the boundary function fy of U is discontinuous only at points e and

b € (e, 1] if and only if

0
fo(x) =
X
or
0
fo(x)=qa
X

for some a € (e,b).

14

ifx €0,¢],
ifx € [a,b],
otherwise,

(1.43)

ifx€[0,¢e,
ifxelab),
otherwise,

(1.44)

P
@

0 e a b 1

0 e a b 1

Fig. 1.19 Functions fj given by (1.43) (left) and fy given by (1.44) (right)

Theorem 1.50 (cf. [260]). Let U : [0,1]?

— [0,1] be a binary operation and 0 <

a<b<e<1. Then U is a disjunctive uninorm with the neutral element e and the
boundary function fy given by (1.43) if and only if there exist a t-norm T, t-conorm

S and increasing function B : [0,e) X

el (x/e,y/e)

e+(1-e)S(=, 1=

U(x,y) = { B(x,y)
B(y,x)
max(x,y)
and
°S(16 )= <%y> b=¢ fory >0,
) (0] {=%) for (x,y) €

/\/‘\
>< ><
\_/\—/
ﬁ,\
QN

Cla,b

la,b] =

(x,y)
) if(x,y)
(x,)

[a,D] such that

(1.45)

otherwise,

(0422

) l—e

( y) =afory € |a,b] and B(x,a) = a for x € [0,e),



70 1 Uninorms on the unit interval

y
b p——— S
B
al
y
Ct+—
T x i B X
0 e a b 1

Fig. 1.20 The uninorm given by (1.45)

* B(x,B(y,z)) =B (eT (g, %) ,Z) forx,y €[0,e) and z € |a,b).

Theorem 1.51 (cf. [260]). Let U : [0,1]*> — [0, 1] be a binary operation and 0 <
a<b<e<1. ThenU is a disjunctive uninorm with the neutral element e and the
boundary function fy given by (1.44) if and only if there exist a t-norm T, t-conorm
S and increasing function B : [0,¢) X [a,b) — [a,b) such that

el (x/e,y/e) if (x,y) € [0,¢]?,
e+ (1 _e)S(%v %) if(xay) € [6, 1]2’
U(x,y) =< B(x,y) if (x,y) € [0,e) x (a,b], (1.46)
B(y,x) if (x.y) € (a,b] x[0,e),
max(x,y) otherwise,
and

* S(xy) = S(=5,y) > 1= for (x,y) € (0,1] x [{=¢, 7=5),

* S(x,y) € [7=5, 1) U(0,=¢] for (x,y) € (0,§=5)?,

* B(x,y) € [a,y] C [a,b), B(0,y) =a fory € [a,b) and B(x,a) = a for x € [0,¢),

* B(x,B(y,z)) =B (eT (%,2) ,2) for x,y € [0,e) and z € [a,b).

1.15.2 Conjunctive case

If a uninorm is conjunctive, the function fj is a constant function and fy(x) = 0 for
each x € [0,1] and the uninorm in this part of the boundary is locally internal. So
we only need to consider the function f;. Therefore we get dual considerations in
relation to the disjunctive case.

If 0 is one of the points of discontinuity of the function fi, then it takes one of
the forms given in the following lemma.
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Lemma 1.24 ([260]). Let U be a conjunctive uninorm with the neutral element e €
(0,1). Then the boundary function fi of U is non-continuous only at points 0 and
b € (0,e] if and only if

0 ifx=0,
a ifxe(0,d,
= 1.47
fitx) x ifx€(a,b), (147
1 otherwise,
or
0 ifx=0,
) 0
Ay =q@ YrelOd, (1.48)
x ifx€(a,b],
1 otherwise,
for some a € (0,b).
14 1
e e
b b
0 a b e 1 0 a b e 1

Fig. 1.21 Functions f] given by (1.47) (left) and f; given by (1.48) (right)

Theorem 1.52 (cf. [260]). Let U : [0,1]*> — [0,1] be a binary operation and 0 <
a<b<e<1 Then U is a conjunctive uninorm with the neutral element e
and the boundary function f given by (1.47) if and only if there exist a t-norm

To, a disjunctive uninorm Uy with the neutral element f%lg, increasing function
Ao : (0,d] x [b,1] — (0,d] such that

bTo(x/b,y/b) if (x,y) € [0,b)?,
b+ (1=b)Us(i=.17) i (x,y) € b1,
U(x,y) = { Ao(x,y) if (x,y) € (0,a] x [b, 1], (1.49)
Ao (y,x) if (x,y) € [b,1] x (0,a],
min(x,y) otherwise,

and

* To(x,y) = 0 for (x,y) € [0,a/b] x [0,1)U[0,1) x [0,a/b],
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* To(x,y) € {0} Ula/b,1) for (x,y) € (a/b,1)?,
U(A()(x],l) = a for x € (0,a], Ao(a,y) = a for y € [b,1] and Ao(x,e) = x for x €
0,a,

= 4o (x.b+ (1=b)Uo (155,555 ) ) = Ao(Ao(x.y).2) forx € (0,a] and .z € [b,1].

Theorem 1.53 (cf. [260]). Let U : [0,1]*> — [0,1] be a binary operation and 0 <
a<b<e<1. ThenU is a conjunctive uninorm with the neutral element e and the
boundary function fi given by (1.48) if and only if there exist a t-subnorm Ty, con-
Junctive uninorm Uy with the neutral element T%Z and positive underlying t-norm
Ty, increasing function Ay : (0,a] x (b,1] — (0,a] such that

bTy(x/b,y/b) if (x,y) € [0,6]?,
b+(1-b)Uo(3=2,1=7)  if (x,y) € (b,1]2,

U(x,y) = Ao(x,y) if (x,y) € (0,a] x (b, 1], (1.50)
AO(yax) zf(x,y) (ba ” X (O,QL
min(x,y) otherwise,

and

* To(x,y) =0 for (x,y) € [0,a/b] x [0,1]U0,1] x [0,a/b],

* To(x,y) € {0} Ula/b,1] for (x,y) € (a/b,1]%,

U(A()(x],l) =a for x € (0,d], Ap(a,y) = a fory € (b,1] and Ag(x,e) = x for x €
0,al,

* Ao (x,b+ (1—-b)Uy <)—b —Z)) =Ao(Ao(x,y),z) forx € (0,a] and y,z € (b, 1].

If e is one of the points of discontinuity of the function f| then we have the
following property.

Lemma 1.25 ([260]). Let U be a conjunctive uninorm with the neutral element e €
(0,1). Then the boundary function fi of U is non-continuous only at points e and
a € [0,e) if and only if

1 ifxelel],
filx)=<b ifxe]a,b), (1.51)
X otherwise,
or
1 ifxelel],
filx)=<b ifxe(a,bl, (1.52)
X otherwise,

for some b € (a,e).

Theorem 1.54 (cf. [260]). Let U : [0,1]*> — [0,1] be a binary operation and 0 <
a<b<e<1. ThenU is a conjunctive uninorm with the neutral element e and the
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14 1 °

e e

b / b /

a a

0 a b e 1 0 a b e 1

Fig. 1.22 Functions f; given by (1.51) (left) and f; given by (1.52) (right)

boundary function f given by (1.51) if and only if there exist t-norm T, t-conorm S
and increasing function A; : [a,b] x (e, 1] = [a, ] such that

eTo(x/e,y/e) if (x,y) € [0,e]?,
e+ (1-)S(E15) if () € [e 11,
Ux,y) = § Az(x,y) if (x,y) € [a,b] x (e, 1], (1.53)
Aa(y,x) if (x,y) € (e, 1] x [a,b],
min(x,y) otherwise,

and

e T(x,a/e)=T(x,b/e) < aleforxe0,1),

* T(x,y) € [0,a/e)U[b/e,1) for (x,y) € (b/e,1)?,

* Az (x,y) € [x,b] C [a,b], Ax(x,1) =D for x € [a,b] and Ay(b,y) =D fory € (e, 1],
s Ay (x,e+ (1 —e)S (=5, 52)) = Ar(Aa(x,y),2) for x € [a,b] and y,z € (e, 1].

I—e’ 1—e

Theorem 1.55 (cf. [260]). Let U : [0,1]> — [0,1] be a binary operation and 0 <
a<b<e<1. ThenU is a conjunctive uninorm with the neutral element e and the
boundary function fi given by (1.52) if and only if there exist t-norm T, t-conorm S
and increasing function A, : (a,b] x (e,1] — (a,b] such that

eT(x/e,y/e) if (x,y) € [0,e]?,
e+ (1-€)S(E, 28 if (x,3) €[, 1],
U(x,y) = { Az(x,y) if (x,y) € (a,b] x (e,1], (1.54)
Aa(y,x) if (x,y) € (e, 1] x (a,b],
min(x,y) otherwise,

and
o T(x,y)=T(x,b/e) <a/efor (x,y) € [0,1) x (a/e,b/e],

s T(x,y) € [0,a/e]U[b/e,1) for (x,y) € (b/e,1)?,
* Ay(x,y) € [x,b] C (a,b], Aa(x,1) = b forx € (a,b] and A2(b,y) = b fory € (e, 1],
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s A (x,e+(1—e)S(1=5,52)) = Az(Az(x,y),2) for x € (a,b] and y,z € (e, 1].

—e

1.15.3 General case

Let |a,b] denote one of the intervals (a,b] or [a,b] and [a,b| one of the intervals
[a,D) or [a,b]. Taking into account Lemma 1.20 for the conjunctive uninorm we can
see that the following property holds.

Theorem 1.56. Let U be a conjunctive uninorm with the neutral element e € (0, 1).
Then there exists a countable family {|ay, b] }xe» of nonoverlapping, proper subin-
tervals of (0,1] such that there exists ko € X for which [e,1] C |ay,,by,] and the
boundary function f| of U is given by the formula

fl(x):{bk lfx€|akabk]7 (1.55)

x  otherwise.

Remark 1.22. Note that in the above theorem a; = inf{x € [0,1] : U(x,1) = by} for
all k € 2. Moreover, every point a; for k € JZ is a point of discontinuity of the
function fi.

e

N

by
*—o

ap

N

a;= by a2 by=a3z b3 e 1

Fig. 1.23 Functions f] given by (1.55)

If card # =1 then we get a uninorms that are locally internal on the boundary.
Examples of uninorms from this class are the uninorms of the class %y, as well as
uninorms continuous inside a unit square.

If card % = 2 then we get a uninorms that were described in the Subsection
1.15.2.

Taking into account the Lemma 1.21 for the disjunctive uninorm we can see that
the following property holds.
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Theorem 1.57. Let U be a disjunctive uninorm with the neutral element e € (0,1).
Then there exists a countable family {[ay,bi|} e x of nonoverlapping, proper subin-
tervals of [0,1) such that there exists ko € £ for which [0,e] C [ay,,by,| and the
boundary function fy of U is given by the formula

fO(-x): {ak l:fxe [akvbk|a (156)

X  otherwise.

Remark 1.23. Note that in the above theorem by = sup{x € [0,1] : U(x,0) = a;} for
all k € Z . Moreover, every point by for k € JZ is a point of discontinuity of the
function fjy.

If card % = 1 then we get a uninorms that are locally internal on the boundary.
Examples of uninorms from this class are the uninorms of the class Zax, as well as
uninorms continuous inside a unit square.

If card % =2 then we get a uninorms that were described in Subsection 1.15.1.

Open Problem 1 Characterize uninorms that are not locally internal on the bound-
ary:

1. for which the number of points of discontinuity is finite,
2. for which the number of points of discontinuity is infinite but countable.

1.16 Relationships between particular classes of uninorms

Let us recall the designations of the described classes of uninorms:

* % — the family of all uninorms,

* Zin — the family of uninorms with continuous function f; (x) = U(x, 1) except
perhaps at the point x = e,

* Zmax — the family of uninorms with continuous function fy(x) = U(x,0) except
perhaps at the point x = e,

* Upep — the family of representable uninorms,

* o5 — uninorms continuous on (0, 1),

* %4 —idempotent uninorms,

* % cuo — uninorms with continuous underlying operations,

* %o —locally internal uninorms,

* Zoca — uninorms locally internal on A(e),

* % ocp — uninorms locally internal on the boundary,

* Zpioch — uninorms not locally internal on the boundary.

In the rest of this Section we will present the relationships between the listed
classes of uninorms. Some of them are (proper) subclasses of other classes, while
others are disjoint. They can, for example, be described by elements of other classes,
as is the case with uninorms not locally internal on the boundary.
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Urep & Ueos (1.57)

Using Theorem 1.24 and 1.25 we see, that every representable uninorm is continu-
ous on the open unit square, but the inverse inclusion does not hold, as shown in the
following example.

Example 1.18. The uninorm U given by

2xy ifx,y € [0, %],
_J)1 (2x—1)(2y—1) : 1
Uxy) =932t soaioe ey doyelll,
min(x,y) otherwise

is a uninorm continuous in the open unit square, but not representable.

Uecos © Ueno (1.58)
Using Lemma 1.5 we see, that every uninorm continuous on the open unit square has
the continuous underlying t-norm and t-conorm, but the inverse inclusion does not

hold, as shown in Example 1.15, where e.g. (0, 1) x {3} is the set of discontinuity
points.

@/id = gZ/Ioc (1.59)

Using the Theorem 1.26 we get the above equality.

aZ/loc g gZ/locA (160)

Using the Theorem 1.38 we get the above inclusion. The case i) in Theorem 1.35
gives us an example of uninorm locally internal on A(e) but not idempotent.

%min Q %IDCA (1~61)

The uninorm form the class %, in the set A(e) is equal to min, i.e. it is locally
internal on the boundary.

%max g aZ/IocA (162)
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The uninorm form the class %nax in the set A(e) is equal to max, i.e. it is locally
internal on the boundary.

OZ/min N %cas =0 (1.63)

The uninorms form the class %, are discontinuous on the set {e} X (e, 1), wheres
uninorms from the class %,,s are continuous on this set, i.e. these two classes are
disjoint.

Ymax N Ueos = 0 (1.64)

The uninorms form the class %nax are discontinuous on the set (0,¢) x {e}, wheres
uninorms from the class %, are continuous on this set, i.e. these two classes are
disjoint.

WUmin N\ Urep = 0 and Umax N Urep =0 (1.65)

This follows directly form the above dependencies and the fact, that %, & %cos
%min N 02/cuo 7£ 0 ¢! 66)

WUmax N Ueuo # 0O (1.67)

From Theorem 1.13 we obtain that the underlying t-norm and t-conorm of the
uninorm from class Znin and %max can be arbitrary, including continuous one,
which gives the above dependencies. Additionally, the following example shows
no inclusion between classes.

Example 1.19. Let U be given by

0 ifx,ye [0,%),
Ux,y) =41 ifx,y € (3,1],
min(x,y) otherwise.

This uninorm is in the class %pin, but not in %,,,.

Uninorm U, from Example 1.9 is in the class %nax, but not in %,,.

The representable uninorms are examples of uninorms with the continuous under-
lying operators, but not locally internal on A(e).
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Lemma 1.26.
U = %ocb U %locb (1.68)
All relationships presented in this section are included in Figure 1.24.
disjunctive
Uoch T Unloch
%]UL'A 7 >
kid 7/005
W/max %}’6])
02/min
conjunctive

Fig. 1.24 The intersection of different class of uninorms



Chapter 2
Uninorms on the lattice

As complexity rises, precise statements lose meaning and
meaningful statements lose precision.

L.A. Zadeh

In fuzzy set theory, uninorms can be used to define new classes of fuzzy sum oper-
ators and intersection operators. The generalization of these classes of operators to
a bounded poset is very important for defining the union and intersection operators
for L-fuzzy sets introduced by Goguen [106].

In 2014 Bodjanova and Kalina [30] introduced uninorms on bounded lattices.
They present method of constructing uninorms on bounded lattices. They also intro-
duced uninorms on bounded lattices derived from both given underlying t-norm and
t-conorm. Then Karacgal and Mesiar [137] showed the existence of a uninorm with
the neutral element e for any element e € L\ {0, 1} with basic t-norms and t-conorms
on an arbitrarily bounded lattice. They also introduced the least and greatest uni-
norms with the neutral element e € L\ {0,1}. In 2016 Cayli, Karagal and Mesiar
[46] showed the existence of idempotent uninorms on bounded lattice for any neu-
tral element e € L\ {0, 1}. Using these construction methods, they obtained the least
and greatest idempotent uninorms. In 2018 Cayl [39] introduced new methods for
the construction of uninorms on bounded lattices with the neutral element, based on
the existence of t-norms and t-conorms. Differences between these and earlier con-
structions were also assessed and illustrated. Next, in 2019 [40] she presented two
methods of constructing uninorms from given t-norms and t-conorms on bounded
lattices under certain constraints and in [41] she studied idempotent uninorms on
bounded lattices. She showed that it does not always exist an idempotent uninorm
on a bounded lattice that differs from the least and greatest idempotent uninorm. She
also proposed two new methods of obtaining uninorms on bounded lattices. Subse-
quently, Xie and Li [262] proposed two new methods for constructing uninorms on
bounded lattices. Then, Dan, Hu and Qiao [55] presented several new constructions
of uninorms with additional constraints on the neutral element. They also obtained
two classes of idempotent uninorms on bounded lattices. In 2020, Dan and Hu [54]
proposed two methods for the construction of uninorms with underlying t-norms
and t-conorms. They also gave some examples illustrating the differences between
the new construction of uninorms proposed by them and some existing uninorms.
Next, Asict and Mesiar [12] constructed a uninorm on an arbitrary bounded lat-
tice L with some constraint by using the knowledge of the existence of t-norms on
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bounded lattices. By using this construction method, they obtained idempotent uni-
norm. In particular, they showed that these new construction methods differ from
some existing methods for constructing uninorms on bounded lattices. In the same
year, Zhang et al. [269] presented the construction of the class Znin and Znax in the
lattice using the results of [131], where t-subnorms and t- superconorms are used
(see also [125]). Moreover, in the literature we can find constructions of uninorms
using closure and interior operators [42, 126, 216], separating functions [43, 44],
additive generators [117] or uninorms on sublattices [263].

Special types of lattices are lattices of intervals and finite chains, to which the above-
mentioned constructions can be applied. However, in these lattices the description
of some uninorm classes may be more detailed. In Section 2.5 we will present uni-
norms on a lattice of intervals (cf. [69, 68, 80]) and in Section 2.6 we will present
uninorms on finite chains (cf. [96, 62, 234, 217]).

2.1 Bounded lattices

Definition 2.1 (cf. [29]). An ordered set L is called a lattice if
Vx,yeL xAy€eL, xVyelL,

where x Ay = inf{x,y}, xVy = sup{x,y}.
Lattice L is bounded if there exist 0 € L and 1 € L such that for all x € L we have
0<x<1.

Example 2.1. (R,<) is a lattice with the operations x Ay = min{x,y}, xVy =
max{x,y} for x,y € R, but it is not bounded.

([0,1],<) and set {0,1,a,b}, with the order presented in the Hasse diagram are
bounded lattices (see Figure 2.1).

Fig. 2.1 The Hasse diagram with the order in the lattice {0, 1,a,b}

Definition 2.2 ([29]). A lattice (L, <) is distributive if the following two equivalent
conditions hold:

DxA(yVz)=(xAy)V(xAz) forall x,y,z € L,

i)xV(yAz)=xVy) A(xVz) forall x,y,z € L.
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Definition 2.3 ([29]). Let (L, <,0,1) be a bounded lattice and a,b € L. If a < bthen
we define lattice intervals:

[a,b)={x€L : a<x<b},

(a,b)={x€L : a<x<b},
[a,b)={x€L : a<x<b},
(a,b)={x€L : a<x<b}.

If a and b are incomparable, we use the notation a || b.

2.2 Uninorms on bounded lattices

Here we give the definition and basic properties of uninorms on a lattice and some
examples of constructions of uninorms on the lattice mentioned in the introduction
of this chapter.

Definition 2.4. Let (L, <,0,1) be a bounded lattice. An operation T : L> — L (S :
L? — L) is called a triangular norm (conorm) on L if it is increasing, commutative,
associative and has the neutral element e = 1 (e = 0), i.e., T'(x,1) = x (S(x,0) = x)
forall x € L.

Definition 2.5 ([218]). Let (L, <,0, 1) be a bounded lattice. An operation 7 : L? — L
(S:L* — L) is called a t-subnorm (t-superconorm) on L if it is increasing, commu-
tative, associative and T'(x,y) < xAy (S(x,y) > xVy) for all x,y € L.

Definition 2.6 (cf. [137]). Let (L, <,0,1) be a bounded lattice and e € L. An opera-
tions U : L? — L is called a uninorm on L if it is increasing, commutative, associative
and has the neutral element e.

Theorem 2.1. Let e € L\ {0,1} and U be a uninorm on L with the neutral element
e. Then there exist a t-norm T on the lattice ([0,e],<.) and a t-conorm S on the
lattice ([e, 1], <y) such that

2.1

[Ty iFryeod,
v = {s<x,y> if xy € le,1].

Let (L,<,0,1) be a bounded lattice and e € L. Denote A(e) = [0,e) x (e,1]U
(e,1] x[0,e)and I, = {x € L | x| e}.

Proposition 2.1 (cf. [137]). Let (L,<,0,1) be a bounded lattice, e € L\{0,1} and
U a uninorm on L with the neutral element e. The following properties hold:

i) xA\y <U(x,y) <xVyfor (x,y) €Ale),
i) U(x,y) < xfor (x,y) € Lx[0,e],
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yle vy y<U(xy) 0<U(xy)<1
1
XAY<U (x,y)<xVy S x<U (x.y)
e
T AY<U(y)<avy | Ulxy)<x
0 e [

Fig. 2.2 The structure of uninorms on the lattice

iii) U(x,y) <y for (x,y) € [0,e] X L,
v) x <U(x,y) for (x,y) € Lx [e,1],
v)y <U(x,y) for (x,y) € [e,1] x L.
Below we present some construction of a uninorm on a bounded lattice.

Theorem 2.2 ([137]). Let (L,<,0,1) be a bounded lattice and e € L\ {0,1}. If T,
is a t-norm on [0,e] and S, is a t-conorm on |e, 1] then the operation U, : L* — L
defined as follows

T(x,y) if x,y €[0,¢],
xVy if (x,y) €10,e] x (e,1]U(e, 1] x [0,¢],

Ulx,y) =14y if x€[0,e], ylle,
x  ifyeloe e,
1 otherwise

and Uy : L*> — L defined as follows

Se(x,y) if x,y € e, 1],
XAy if (x,y) €0,e) X [e,1]U]e, 1] x [0,e),

Us(x,y) = Q¥ if x € e 1], ylle,
x if y € e 1], x[le,
0 otherwise

are uninorms on L.

Theorem 2.3 ([46]). Let (L, <,0,1) be a bounded lattice and e € L\{0,1}. If T, is a
t-norm on [0, e] and S, is a t-conorm on [e, 1] then the operation U, : L* — L defined
as follows
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T.(x,y) if x,y€[0,e],

Uey) = 3 if x€[0,e], ylle,
T )« if y € [0,¢], lle,
xVy otherwise

and Uy : L* — L defined as follows

Se(x,y) if x,y € [e,1],

U(y) = 4 if x€le.1], ylle,
7 x if y€le1], xlle,
XAy otherwise

are uninorms on L.

Theorem 2.4 ([30, 54]). Let (L, <,0,1) be a bounded lattice and e € L\ {0,1}. If T
is a t-norm on L and S is a t-conorm on L then the operation Uy : L* — L defined as
follows

T(x,y) if x,y €10,e),

y if xe0,e], yle,
Ua(x,y) = x if y €[0,e], x[le,

S(x,y) if x,y € (e1],

S(xVe,yVe) otherwise

and U, : L> — L defined as follows

y if x€le1], ylle,
Us(x,y) =< x if y€le 1], x|le,
T(x,y) if x,y €[0,e),

T(xANe,yAe) otherwise
are uninorms on L.

Theorem 2.5 ([40]). Let (L, <,0,1) be a bounded lattice and e € L\ {0, 1}, a||b for
allael,, b e (0,e]. If T, is a t-norm on [0,e] such that T,(a,b) > 0 for all a,b >0
and S, is a t-conorm on le, 1] such that S,(a,b) < 1 for all a,b < 1 then the operation
U, : L> — L defined as follows
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T(xy) if xy€ e,

S6y) ifxy € fel],

X if ye (0,e]U(e, 1), x|le,

Ulx,y) =<y if x € (0,e]U(e, 1), ylle,

XAy if x,y||e or x||e,y =0 or x =0,y|le
orx€(e1),y=00rx=0,y€ (e 1),

xVy otherwise

is a uninorm on L.

2.3 Uninorms from the classes %, and Zmax

The classes Zmin and Zmax are the special classes of uninorms on the unit interval.
Here we will present the generalization of these classes of uninorms on the lattice
and their structure.

Definition 2.7 ([269]). Let (L,<,0,1) be a bounded lattice and e € L\ {0,1}. By
U min We denote the class of all uninorms U on L with the neutral element e satisfying
the following condition:

U(x,y) =y forall (x,y) € (e,1] x (L\ [¢,1]).

By %max We denote the class of all uninorms U on L with the neutral element e
satisfying the following condition:

U(x,y) = forall (x,y) € [0,e) x (L\ [0,¢]).
Remark 2.1. Using the notion
Ux.y) =x Ay forall (x,y) € (e,1] x (L\ [e, 1)

we obtain inequalities y = U(e,y) < U(x,y) =xAy<xforallx € (¢,1] and y € L.
So, y < x for all x € (e, 1], y € I, which will not allow to define the considered
classes on any bounded lattice.

Theorem 2.6 ([269]). Let (L,<,0,1) be a bounded lattice, e € L\ {0,1} and U be
a binary operation on L. Then U € Uy if and only if there exist a t-conorm S on
le, 1] and t-subnorm T on L\ [e, 1] such that

S(x,y) if x,y € e 1],
ifx€lel], yeL\Je1],
ifxeL\le1], y€le1],

T(x,y) otherwise.

U(x>y) =



2.4 Idempotent uninorms 85

Theorem 2.7 ([269]). Let (L,<,0,1) be a bounded lattice and e € L\ {0,1}, U be a
binary operation on L. Then U € Ymax if and only if there exist a t-norm T on [0, €]
and t-superconorm S on L\ [0, e] such that

T(x,y) if x,y€[0,e],
if xe[0,e], ye L\0,e],
if xe L\[0,e], y € [0,¢],
S(x,y) otherwise.

U(xvy) =

A detailed description of these classes and a discussion of other generalizations
of the Znin and Zmax classes can be found in paper [269].

2.4 Idempotent uninorms

Definition 2.8 ([46]). Let (L,<,0,1) be a bounded lattice, e € L\{0,1} and U
a uninorm on L with the neutral element e. U is called an idempotent uninorm if
U(x,x)=xforallx € L.

Proposition 2.2 ([46]). Let (L,<,0,1) be a bounded lattice, ¢ € L\{0,1} and U
an idempotent uninorm on L with the neutral element e. Then it holds:

i) U(x,y) = x Ay for all (x,y) € [0,e]?,
it) U(x,y) = xVy for all (x,y) € [e, 1]%.
Proposition 2.3 ([43]). Ler (L,<,0,1) be a bounded lattice, e € L\{0,1} and U

an idempotent uninorm on L with the neutral element e. Then it holds:

i) U(x,y) € {x,y} or U(x,y) € I, for all (x,y) € A(e),

ii) U(x,y) =xAyorU(x,y) €I, forall x € [0,e] and y € I,
iii) U(x,y) =xVyorU(x,y) €l, forall x € [e,1] and y € L,
v) U(x,y) =xAyorU(x,y) €l, forally € [0,e] and x € I,
v)U(x,y)=xVyorU(x,y) €l, forally € [e,1] and x € I,
vi) U(x,y) € {xAy,xVy}orU(x,y) €l forallx €l, andy € I,.

One way to construct idempotent uninorms was presented by Cayli.

Theorem 2.8 ([46]). Let (L,<,0,1) be a bounded lattice and e € L\ {0,1}. Then
the operation Uy, : L? — L defined as follows

xAy if x,y€l0,e],

y  ifx€[0.e] yle,
x if ye|[0,e], x|le,
xVy otherwise

Ut/\ (X,y) =

and Uy, : L? — L defined as follows
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1, XAy or €l, xVy or €l, c{xAyxVy}orel,
1
e{x,y} or €l, xVy xVy or €l
e
XAy e{xy} or €lo XAy or €l,
0 e 1 I,

Fig. 2.3 Structure of idempotent uninorms

xVy ifxy€lel],

y ifxeled] yle,
x ifyelel], xfe,
XNy otherwise

US\/ (-x?y) =

are the greatest and the least idempotent uninorm on L with neutral element e.

Remark 2.2. The constructions from Theorem 2.2 give an idempotent uninorm if
and only if all elements of the lattice L are comparable to the neutral element and
T, S, are idempotent. This is a slight difference from the statement in the paper
[46] where the authors write that this construction never produces an idempotent
uninorm.

Proposition 2.4 ([43]). Let (L,<,0,1) be a bounded lattice, U an idempotent uni-
norm on L with the neutral element e € L\{0, 1} such that all x € L are comparable
with e. Then, U (x,y) € {x Ay,xVy} for all (x,y) € L*.

Directly from Proposition 2.2, we see that an idempotent uninorm can not be
locally internal in the sense of Definition 1.17. In addition, the following example
shows that it is not possible to modify the term locally internal according to the
above proposition.

Example 2.2 ([43]). Given a bounded lattice L = {0,x,y,e,z,¢,1} with the order in
Figure 2.4, define a mapping U : L> — L by Table 2.1. Then U is an idempotent
uninorm on L with the neutral element e and U (z,x) =1.

Proposition 2.5 ([43]). Ler (L, <,0,1) be a lattice, U an idempotent uninorm on L
with the neutral element e € L\{0,1} such that all x € L are comparable with e.
For x,y,z € L such that x,y > e, x || y and z < e, it may be possible only one of the
following conditions:
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Fig. 2.4 The lattice given in Example 2.2

(=] E=l fe] Feo) fen] Feo) Ne]

—l~la|e |||
Sl Bl o A A A Rl B
S R | == O =
Il Bl KA N N Bl Al E=J K3
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=~ ===~ =

0

Table 2.1 The idempotent uninorm given in Example 2.2

DIfU(x,z) =z, thenU(y,2) =z, U(xVy,z) =zand U(x \y,z) = z.
i) IfU(x,z) =x, then U(y,z) =y and U(xV y,z) =xVy.

Proposition 2.6 ([43]). Ler (L, <,0,1) be a lattice, U an idempotent uninorm on L
with the neutral element e € L\{0,1} such that all x € L are comparable with e.
IfU(x,2) =z forx,y > e, x| yand z < e, then U(a,z) = U(b,z) =U(aAb,z) =
U(aVb,z) =z for arbitrary a,b > e, a || b such that x Ny = a \b.

Proposition 2.7 ([43]). Let (L, <,0,1) be a bounded lattice, U an idempotent uni-
norm on L with the neutral element e € L\{0, 1} such that all x € L are comparable
with e. If U(x,z) = x for x,y > e, x || y and z < e, then U(a,z) = a, U(b,z) = b,
Ulanb,z) =aNband U(aV b,z) = aV b for arbitrary a,b > e, a || b such that
xVy=aAlb.

Proposition 2.8 ([43]). Let (L,<,0,1) be a bounded lattice, U an idempotent uni-
norm on L with the neutral element e € L\{0, 1} such that all x € L are compa-
rable with e. If U(x,z) = z for x,y > e, x || y and z < e, then U(a,z) = U (b,z) =
U(anb,z) =U(aV b,z) =z for arbitrary a,b > e, a || b such that x Ny = aV b.

In a similar way as Proposition 2.6 we can obtain the following property.

Proposition 2.9 ([43]). Let (L,<,0,1) be a lattice, U an idempotent uninorm on
L with the neutral element e € L\{0,1} such that all x € L are comparable with
e. If U(x,z) =x for x,y > e, x|y and z < e, then U(a,z) = a, U(b,z) = b and
U(aVb,z) =aV b for arbitrary a,b > e, a || b such that x Ny = a A b.
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Proposition 2.10 ([43]). Let (L, <,0, 1) be a lattice, U an idempotent uninorm on L
with the neutral element e € L\{0,1} such that all x € L are comparable with e. If
U(x,z) =zforx,y>e,x||yandz<e thenU(a,z) =z,U(b,z) =z U(aNb,z) =z
and U(aV b,z) = z for arbitrary a,b > e, a || b such that x\'y = aV b.

Proposition 2.11 ([43]). Let (L,<,0,1) be a lattice, U an idempotent uninorm on
L with the neutral element e € L\{0,1} such that all x € L are comparable with
e. If U(x,z) =x for x,y > e, x|y and z < e, then U(a,z) = a, U(b,z) = b and
U(aVb,z) =aVb forarbitrary a,b > e, a|| b such that xN'y = aV/ b.

We can also obtain dual results to Propositions 2.5-2.11(see [43]), and conse-
quently we obtain the next result.

Theorem 2.9 ([43]). Let (L, <,0,1) be a bounded lattice, U an idempotent uninorm
on L with the neutral element e € L\{0,1} such that all x € L comparable with e.
Then the set

Ac={y€L:yl|lxor3.(z|xandz|ly)}.

is a subset of [0, ] or [e,1]. Moreover

i) IfU(y,z) =yfory € Ay, wherex < e <zorz<e<x, thenU(a,z) = aforarbitrary
acA,.

i) If U(y,z) =z for y € Ay, where x < e <z or z< e < x, then U(a,z) = 7 for
arbitrary a € Ay.

2.4.1 Separating function of idempotent uninorms on some types
of lattices

In this section we will consider the structure of uninorms under some assumptions,
that L is a finite lattice and all elements are comparable with e. In the beginning
we will present the characterization of idempotent uninorms, assuming the linear-
ity of the lattice L. Then, using previous results, we present a characterization of
idempotent uninorms without the assumption of linearity. The presented results are
a supplemented and corrected version of the paper [44].

2.4.1.1 The case when L is a chain

In this part we will adopt the results from the paper [62]. First we define the sepa-
rating function and mention some of its properties.

Lemma 2.1. Let (L,<,0,1) be a chain, U be an idempotent uninorm on L with the

neutral element e € L\{0, 1} and Card (L) < Ro. Then the function g : L — L defined
as follows
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0 if x> eand
glx)= min{z € L: U(x,z) = max(x,z)} =0
max{z € L:U(x,z) =min(x,z)} otherwise
(2.2)
has the following properties:

i) gle) =e.
ii) For all x < e, it holds that g(x) > e and U (x,y) = x Ay whenever y < g(x).
iit) For all x > e, it holds that g(x) < e and U (x,y) = x 'y whenevery > g(x).

Proof. By easy verification we see that the function g : L — L defined by (2.2) is
well defined. Moreover to prove i) we have

gle) =max{z€L: U(e,z) =min(e,z)}
=max{z € L: z=min(e,z)}
=max{z€L: z<e}=e.

ii) For all x < e, we have U (x,e) = x = min(x,e) and
g(x)=max{ze€L: U(x,z) =min(x,z)} > e.

Moreover, because of Proposition 2.2 (i) it is enough to consider the condition
x < e <y < g(x). By monotonicity of U and definition of g, we obtain U (x,y) <
U(x,g(x)) =xand U(x,y) > U(x,e) =x. So, U(x,y) =x =xAy.

iii) It can be proved similarly as (ii)). O

Theorem 2.10. Let (L, <,0,1) be a chain, U be an idempotent uninorm on L with
the neutral element e € L\{0, 1} and Card (L) < R. Then there exists a decreasing
function g : L — L with g(e) = e such that

XAy if y < g(x) and g(x) >0,
Ul(x,y)=4q xVy if y>g(x), (2.3)
XAy orx\Yy otherwise.

Proof. Consider the function g : L — L defined by (2.2). By Lemma 2.1, we obtain
(2.3). The monotonicity of U immediately implies that g is decreasing. 0O

In [174], it is shown that any idempotent, associative, increasing binary opera-
tion U on the unit interval with the neutral element e must be commutative, except
perhaps in points (x,g(x)) such that g?(x) = x (see Theorem 1.27). This condition
is not true in the considered case as it is illustrated by Example 2.3.

Example 2.3. Let L = {0,a,b,e,c,d,1} be a chain such that 0 <a<b<e<c<
d <1 and consider the function g : L — L defined as
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d ifx=0,

¢ ifx=aorx=0>o,
gx)=<e ifx=e,

a ifx=corx=d,

0 ifx=1.

Furthermore, let U be the binary operation on L defined as

Ux %_Immnw if y < g(x),
V= max (x,y) otherwise.

Obviously, U is idempotent, associative, increasing and has the neutral element e.
However, U is not commutative, as it holds for instance that U (a,d) =d # a =
U (d,a), farther g(d) = a and g(g(d)) =c #d.

Definition 2.9. Let g : L — L be a decreasing function. Its completed graph Fy is
defined as the subset of L? in the following way:

Fy = ({0} x[g(0), 1)) U ({1} > [0, (1)])
U {(x,y) €[0,1]x[0,1] : g(k) <y <g(x),
t=max{seL: s<1},k=min{/eL: [ >x}}.

Definition 2.10. A subset F of L? is said to be symmetrical if for all (x,y) € L? it
holds that
(x,y) €F < (y,x) €F.

Definition 2.11. A decreasing function g : L — L is said to be symmetrical if its
completed graph Fy is symmetrical.

Example 2.4. Let L ={0,a,e,b,1}, where 0 < a < e < b < 1 and consider the func-
tion g : L — L defined as

1 ifx=0,
glx)=1qe ifxe{ae},
0 ifxe{b1}.

The graph of g is the set
{(0,1),(a,e), (e,e),(b,0),(1,0)}
whereas its completed graph Fy is given by
Fe = {(0,1),(1,0),(0,¢),(0,b), (a,¢),(¢,0), (¢;a) , (¢,€) , (b,0)} .

It is clear that F, is symmetrical, and hence also g, whereas the graph of g is not
symmetrical.
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Lemma 2.2. Let g : L — L be a decreasing function. The following statements are
equivalent:

i) g is symmetrical.
ii) g(x) = 0 for all x > g(0) and the set Fy ¢ is symmetrical, where

Fyo = {(x,y) €[0,g(0)*: g(k) <y<g(x), k=min{l€L: l>x}}.

iii) g(x) = 1 for all x < g(1) and the set F | is symmetrical, where

Fp 1= {(X7Y) € [8(1),1]2 cgk)<y<g(x), k=min{l€L: l>x}}.

Lemma 2.3. Let g : L — L be a decreasing function such that g(0) < 1. The follow-
ing statements are equivalent:

i) g is symmetrical.
ii) g(x) =0 for all x > g(0) and g (g (x)) > x for all x € [0,g(0)].
iii) g(x) = 0 for all x > g(0) and for all (x,y) € [0,g(0)]* it holds that

y<gx) e x<gy).

Lemma 2.4. Let e € L such that 0 < e < 1 and let g* : [0,e] — [e, 1] be a decreasing
function such that g*(e) = e. Then there exists exactly one symmetrical extension of

g% g:L— L, given by

B g (x) x<e,
g(x) =< max{z€[0,e]: g"(z) >x} e<x<g*0), 2.4)
0 x> g*(0).

Remark 2.3. Similarly as in the paper [174], any commutative, increasing binary
operation on L that is locally internal (i.e., such that U (x,y) € {x,y} for all (x,y) €
L?) must be associative.

Theorem 2.11. A binary operation U on L with the neutral element 0 < e < 1 is an
idempotent uninorm if and only if there exists a decreasing function g* : [0,e] — [e, 1]
with g*(e) = e such that

U (x,y) = 4 Miny) if y< g (x) and x < g (0), 2.5)
’ max (x,y) otherwise

where g is the unique symmetrical extension of g* given by (2.4).

Example 2.5. Consider the chain L = {0,a,e,b,1} such that 0 <a <e <b <1 and
the function g* : [0,e] — [e, 1] defined as
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. 1 ifx<e,
g(X)={

e ifx=e

and its symmetrical extension g : L — L given by

1 ifx<e,
gx)=1e ifx=e, (2.6)
a otherwise.

The uninorm given by (2.5) with the function g given by (2.6) is an idempotent
uninorm in the class Znin.
Similarly, consider the constant function g* : [0,e] — [e, 1] defined by g* (x) = e,

then its symmetrical extension g : L — L is given by

g(x) = {e fxze, 2.7)

0 otherwise.

The uninorm given by (2.5) with the function g given by (2.7) is an idempotent
uninorm in the class Zmax-

Remark 2.4. 1f the function g will be defined on the edge of the values of the function
max then in a similar way as above we can obtain the description of the idempotent
uninorm.

Lemma 2.5. Let (L,<,0,1) be a chain, U be an idempotent uninorm on L with the
neutral element e € L\{0,1} and Card (L) < X¢. Then the function g : L — L defined
by

1 if x<eand
g/ (x)= max{z € L: U(x,z) =min(x,z)} =1,
min{z € L: U(x,z) = max(x,z)} otherwise
2.8)
has the following properties:
i)g'(e)=e.
ii) For all x < e, it holds that g" (x) > e and U (x,y) = x \y whenever y < g (x).
iii) For all x > e, it holds that g" (x) < e and U (x,y) = xV'y whenever y > g" (x).

Theorem 2.12. Let (L,<,0,1) be a chain, U be an idempotent uninorm on L with
the neutral element e € L\{0,1} and Card (L) < Y. Then there exists a decreasing
function g¥ : L — L with g" (e) = e such that

XNy if y<g'(x),
U(x,y) =< xVy ify>g'(x)and g¥(x) <1, 2.9)
xAyorx\Vy otherwise.
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Lemma 2.6. Let e € L such that 0 < e < 1 and g" : [e,1] — [0,¢] be a decreasing
function such that g¥ (e) = e. Then there exists exactly one symmetrical extension of

g¥, gV L — L, given by

_ g'(x) x>e,
g (x)={max{z€[e,1]: g'(z) >x} g"(1)<x<e, (2.10)
1 x < gv(1).

Theorem 2.13. A binary operation U on L with the neutral element 0 < e < 1 is
an idempotent uninorm if and only if there exists a decreasing function g¥ : [e, 1] —
[0,¢] with g¥(e) = e such that

; Y v
U (x,y) = mjclx(x,y) if y>28"(x)and x> g" (1), 2.11)
min (x,y) otherwise,

where gV is the unique symmetrical extension of g¥ given by (2.10).

Remark 2.5. Note the relationship between the functions g and g". For all x €

[g(1),e) U (e,g(0)] the value gV (x) is direct successor of g(x). On the rest of the
lattice both functions are equal.

2.4.1.2 The case when L is a nonlinearly ordered lattice

In this part we consider more general lattice — without assumption about linearity.
That is, we will assume that (L,<,0,1) is a bounded lattice, with such an element
e € L\{0,1} that all elements of the lattice are comparable with e and in addition
Card (L) < Ry.

Consider the following example.

Example 2.6. Given a lattice L = {0,a,e,b,c,d,1} with the order given in Figure
2.5, define a mapping U : L?> — L by Table 2.2. Let us consider the function g given
by (2.2). Then the set B, = {z € L: U(x,z) = min(a,z)} does not have the greatest
element. This means that the function g is not well defined.

But, this set has the maximal elements ¢ and d. If we allow to replace the great-
est element by the maximal element, we will not have uniqueness. In addition, the
operation U given by (2.3) will not be specified for points (x,y), where y is another
maximal element of B, different than g(x).

So we need to define another function which separates values min and max. We
will use functions given by (2.2) and (2.8), and the relationship between them.
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Fig. 2.5 The lattice given in Example 2.6

U|O|d|c|ble|all
0o(0[0[0|0OfO|O]|O
d|{0|d|0|d|d|d|d
c|0]|0f|c|c|c|c]|c
b|0|d|c|bl|bl|lall
e|0|d|c|ble|la]|l
alO|d|clalala]|l
110f{d|c|1|1|1]1

Table 2.2 The idempotent uninorm given in Example 2.6

Remark 2.6. Let (L, <,0, 1) be a bounded lattice, U be an idempotent uninorm on L
with the neutral element e € L\{0, 1} such that all x € L are comparable with e and
Card (L) < Xy. Then the function g : L — L defined by
max{z € L: U(x,z) = min(x,z if x<e,
o(x) = 4™ { (x,2) (x,2)} if . 2.12)
min{z € L: U(x,z) = max(x,z)} otherwise

separate the values min and max.

Lemma 2.7. Let (L, <,0,1) be a bounded lattice, U be an idempotent uninorm on
L with the neutral element e € L\{0,1} such that all x € L are comparable with e
and Card (L) < Xg. Then the function g : L — L defined by (2.12) has the following
properties:

i)gle) =e.

ii) For all x < e, it holds that g(x) > e and U (x,y) = x \y whenever y < g(x).

iit) For all x > e, it holds that g(x) < e and U (x,y) = xV 'y whenevery > g(x).

Proof. 1t is similar as the proofs of Lemma 2.1 and Lemma 2.5. O

Lemma 2.8. Let (L,<,0,1) be a lattice, U be an idempotent uninorm on L with
the neutral element e € L\{0,1} such that all x € L are comparable with e and
Card (L) < Ry. If we consider g : L — L defined by (2.12), then

i) It does not exist y € L such that y || g(x) for all x < e.

ii) It does not exist y € L such that y || g(x) for all x > e.
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Proof. 1) Suppose that there exists y € L such that y || g(x) for some x < e. By Propo-
sition 2.4, U (x,y) € {x,y}. If U(x,y) = x, then by Proposition 2.5, U (x,yV g(x)) =
x. So, we obtain that

g(x)=max{z€L: U(x,z) =min(x,z)} > yVg(x) > g(x).

This is a contradiction. If U (x,y) =y, by Proposition 2.5, U (x,g(x)) = g(x). This is
contradiction with Lemma 2.1 (ii).
ii) It can be proved similarly as (i). O

Theorem 2.14. Let (L,<,0,1) be a bounded lattice, U be an idempotent uninorm
on L with the neutral element e € L\{0, 1} such that all x € L are comparable with e
and Card (L) < . Then there exists a decreasing function g : L — L with g(e) =e
such that
U (x,y) = {x/\y z:f (y<gx)and x<e)or (y< g(x) and x > e), 2.13)
xVy if (y>g(x)andx<e)or (y>g(x)and x> e).

Proof. Consider the function g : L — L defined by (2.12). By using Proposition
2.4 and Lemma 2.7, we obtain that U is given by (2.13). The monotonicity of U
immediately implies that g is decreasing. 0O

Example 2.7. Let L = {0,a,b,c,d,r,q,e,s,z,t,1,h,m,p,1} with the order given by
Figure 2.6 be the bounded lattice. For an idempotent uninorm U on L defined by
Table 2.3 the separating function g : L — L is defined as

0 x=1,

a x=p,

b xe{t,l,hym},

q x={sz},

gx) = e xeleq), (2.14)

s xe{b,c,d,r},

m x=a,

1 x=0.

Unfortunately, the function g has no such properties as the function g given
by (2.2). In the next part of this section we present the connection between both
mentioned functions. First observe, that both functions have the same definition on
[0,¢]. Moreover, directly by Lemma 2.8 we see, that for the subset K of L such that
e € K\{0,1} and each element of K is comparable with all elements of L (that is
K is a chain) we can take the decreasing function g* : K — K defined by (2.2) or
g" : K — K defined by (2.8) and we obtain the characterization of U on the lattice K.

Remark 2.7. Let us consider the set

K = {x€L: xiscomparable with ally € L}. (2.15)
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Fig. 2.6 The lattice given in Example 2.7

Lemma 2.9. Let (L, <,0,1) be a distributive lattice, U be an idempotent uninorm on
L with the neutral element e € L\{0, 1}, all x € L be comparable with e, Card (L) <

Table 2.3 The idempotent uninorm given in Example 2.7

Ulk is a uninorm on K.

R and K given by (2.15). Then U*
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Question 2.1. Let (L,<,0,1) be a bounded lattice, all x € L be comparable with ¢
and Card (L) < Ro, U be a uninorm on L. Then U is a uninorm on K with the
decreasing and symmetrical function gg : K — K such that g (e) = e. Can we al-

ways define the decreasing function g on L with g (¢) = e such that g|K = g and
operation U given by (2.5) or (2.13) using the function § is a uninorm?

Remark 2.8. Firstly, if we need symmetrical extension of the function g*, then we
should use the construction (2.5), but taking into account Example 2.6 we can not
construct the symmetrical extension.

So, using the characterization of the uninorm on K we will be able to construct
the function g which allows us to characterize the idempotent uninorm on L.

Theorem 2.15. Let (L, <,0,1) be a bounded lattice, all x € L be comparable with e
(0 <e< 1), Card (L) < Xg and K be defined by (2.15). If there exists a decreasing
function g : K| (g o) — K|jo,1) with g(e) = e, then the binary operation U given by

xAy if (y<gx)andx<e)or (y<g(x)andx>e),
U (x,y) = N N (2.16)
xVy if (y>gx)andx<e)or (y>g(x)andx>e

is an idempotent uninorm on L with the neutral element e € L\{0,1}, where g is an
extension of g.

Proof. First we present the construction of g. Let gbea decreasing function g :
Klo,¢ = Kl[e,1) With g(e) = e. By Lemma 2.4 there exists exactly one symmetrical

extension g of g. Let us define a decreasing function gV : K |[e7 11—~ K |[07e] as follows

e ifx=e,
g/ (x) =1 8x) if x>g(0), @.17)
min{z €10,e]NK: g(x) < z} otherwise.

Using Remark 2.5 we obtain some additional connection between functions g and
g". Let now

e if x=e,
g(x) if x€[0,e]NK,

g(x) =< g"(x if x€le, 1]NK, (2.18)
g(max{z€[0,e]: ze Kandx >z}) if x€[0,¢]\K,
g'(min{z€[e,1]: zeKandx <z}) if x € [e, 1]\ K.

First observe that function g is decreasing. Next we will prove that U is a uninorm.
i) Monotonicity: We prove that if x <y then for all z € L, U(x,z) < U(y,z). The
proof is split into all possible cases.

1. Letx <e.



98 2 Uninorms on the lattice

1.1.y <e,
1.1.1.z<e,

U(x,z) =xAz<yAz=U(y2)

1.1.2. z > e, then U(x,z) € {x,z} and U(y,z) € {y,z}. If U(x,2) = x,
U(x,z) <U(y,z). If U(x,z) = z, then z > g (x). Since x <y and g is decreasing
function, g (x) > g(y). So, z > g(y). Hence, U(y,z) = z. In this case, we have
U(x,z) <U(y,2).
1.2.y > e,
1.2.1. z<e, then U(x,z) = xAzand U(y,z) € {y,z}. In this case, we
have U(x,z) < U(y,z).
1.2.2. z > e, then U(x,z) € {x,z} and U(y,z) = yV z. In this case, we
have U(x,z) < U(y,2).
2.Letx>e. Theny > e.
2.1.z<e,thenU(x,z) € {x,z} and U(y,2) € {y,z}. If U (x,2) =z, U(x,2) <
U(y,z). If U(x,z) = x, then z > g (x). Since x < y and g is decreasing function,
g(x) >g(y). So, z > g(y). Hence, U(y,z) = y. In this case, we have U(x,z) <
U(y,z).
22.z>e,
U(x,z) =xVz<yVz=U(yz)

ii) Commutativity: We demonstrate that U (x,y) = U (y,x) for all x,y € L.

If (x,y) €[0,¢]*, U (x,y) =xAy=yAx=U (y,x). If (x,y) € [e, 1]*, U (x,y) =xV
y=yVx=U (y,x). Andif (x,y) € K, by Theorem 2.11 and Remark 2.5 U (x,y) =
U (y,x) . Thus, we only discuss the condition (x,y) € A(e) and at least one of its
elements belong to the set K. For this, we define b* = min{r € K |t > x}, b, =
max {t € K |7 <x} and we have b,,b* € K.

Letx<eandy > e.

l.xeKandy¢K,

1.1. y < g(x), then U (x,y) = x Ay = x. Since b’ < g (x) and b’ € K,
using commutativity of U on K, U (b”,x) = U (x,b”) = x AD¥ = x. By the mono-
tonicity of U, U (y,x) < U (¥”,x) = x. Since U (y,x) € {y,x}, we have U (y,x) = x
and so, U (x,y) =U (y,x).

1.2.y>g(x), then U

(x,y) =xVy=y. Since ¥ > g(x) and b’ € K,
using commutativity of U on K, U (b X)

=U (x,p") =xVb =b". Thus, x> g ().
By definition of the function g, g (y) = g (#”) and so, x > g (y). Hence, we have
U (y,x) =yVx=yandso, U (x,y) =U (y,x).

2.x¢ Kandy €K,

2.1.x < g(y), then U (y,x) = xAy = x. Since b, < g (y), U (y,by) =
yAby =by. Since b, € K, using commutativity of U on K, U (by,y) = U (y,by) = by.
Thus, y < g (b,) . By definition of the function of g, g (x) = g (b,) and so, y < g (x).
Hence, we have U (x,y) =xAy=xand so, U (x,y) = U (y,x).
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2.2.x>g(y), then U (y,x) = yVx =y. Since b, > g (y), U (y,by) =
yV b, =y. Since b, € K, using commutativity of U on K, U (b,,y) = U (y,bx) = y.
By using the monotonicity of U, U (x,y) > U (by,y) =y. Since U (x,y) € {y,x}, we
have U (x,y) =y and so, U (x,y) = U (y,x).

3.x¢Kandy¢K,

3.1.y < g(x), then U (x,y) = x Ay = x. Since b* < g (x) and b’ € K,
using commutativity of U (case 2) U (b”,x) = U (x,b”) = x Ab” = x. By the mono-
tonicity of U, U (y,x) < U (b”,x) = x. Since U (y,x) € {y,x}, we have U (y,x) =
and so, U (x,y) =U (y,x).

32.y> g(x), then U (x,y) =xVy=y. Since »’ > g (x) and b’ € K,
using commutativity of U (case 2), U (»”,x) = U (x,1”) = xV b’ = 1. Thus, x >
g (). By definition of the function g, g (y) = g (b”) and so, x > g (v). Hence, we
have U (y,x) =yVx=yand so, U (x,y) =U (y,x).

iii) Neutral element: We show that U (x,e) = x for all x € L.

l.Letx <e.Then U (x,e) =xNe=x.

2.Letx>e. Then U (x,e) =xVe=x.

iv) Associativity: We demonstrate that U (x, U (y,z) = U (U(x,y),z) for all x,y,z €
L. Again the proof is split into all possible cases considering the relationships of the
elements x,y,z and e.

U is idempotent, commutative and increasing and has the neutral element e. Due
to Remark 2.3, U is associative for elements of L such that they are comparable with
each elements of L. For this reason, we only discuss elements which are incompa-
rable with some elements of L.

1. Letx <e.
1.1,y <e,
1.1.1.z<e,
Ux,U(y2) =U(x,yAz) =xAyAz
=U (xAy,2)
=U(U(x,),2).

1.1.2. z > e, the condition that x <y and x > y is clear due to Re-
mark 2.3. Consider x || y. Then b, = by and we have g (xAy) = g (x) =g (v) = g (b2)
by definition of the function g. If z < g (x),

Ux,Uy,2)=U(x,yAz) =U(x,y) =xAYy

and
U(U(x,),2) =U(xAy,z) =x Ay Az=xAy.
Ifz> g (x),
Ux,U(y,z))=U(x,yVz)=U(x,z) =xVz=z
and

U(U(x,y),2) =U(xAyz) = (xAy)Vz=z.
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1.2.y>e,
1.2.1. z < e, the condition that x < z and x > z is clear due to Re-
mark 2.3. Consider x || z. Then b, = b, and we have g (xAz) = g (x) = g (z) = g (b,)
by definition of the function g. If y < g (x),

U(x,U(»,2)) =U(x,U(z,y)) =U(x,zAy) =U(x,z) =xAz

and
U(U(x,y),z) =U(xAy,z) =U(x,z) =x Az
Ify> g (x),
Ulx,U(y,2) =U(xU(z,y)) =U(x,zVy) =U(x,y) =xVy =y
and

U(U(x,y),z) =U(xVyz) =U(y2) =U(zy) =zVy=y
1.2.2. z > e, the condition that y < z and y > z is clear due to Re-

~

mark 2.3. Consider y || z. Then »* = b% and we have g (yVz) =g (y) = g (z) = g (V")
by definition of the function g. If x < g (y),

Ux,U(y,2))=U(x,yVz) =U(yVz,x) = (yVZ) Ax=x
and
UU(x,y),2) =UU(y,x),2) =U(yAx,2) =U(x,2) =U(z,x) =xNz=x.

Ifx>g(y),
Ux,U(y,2)) =U(x,yVz) =U(yVz,x) =yVzVx=yVz

and
U(U(x,y),2) =UU(y,x),2) =U(yVx,z) =U(y,z) =yVz.

2. Letx>e.
2.1.y<e,
2.1.1. z < e, the condition that y < z and y > z is clear due to Re-
mark 2.3. Consider y || z. Then by = b, and we have g (yAz) =g (v) = g (z) = g (by)
by definition of the function g. If x < g (y),

Ux,Uy,z2)=U(x,yAN2)=U(yAz,x) = (YA Ax=YAz

and
U(U(x,y),z) =UU,x),2) =U(yAx,z) =U(y,z) =y Az

Ifx>g(y),

Ux,U(y,2))=Ux,yNz) =U(yAz,x) = (yAZ)Vx=x
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and
U(U(x,),2) =U(U(y,x),2) =U(yVx,z) =U(x,2) =U(z,x) =zVx=ux.

2.1.2. z > e, the condition that x < z and x > z is clear due to Re-
mark 2.3. Consider x || z. Then »* = b* and we have g (xVz) =g (x) =g (z) = g (b")
by definition of the function g. If y < g (x),

Ux,U(y,2)) =U(x,U(z,y)) =U(x,z2A\y) =U(x,y) =xAy=y

and

U(U(x,y),2) =U(xAy2) =U(y,2) =U(z,y) =zAy=1y.
Ify> E(x),

U(xaU(y7Z)) = U(x,U(z,y)) = U(xvz\/y) = U()C,Z) =xVz
and

U(U(x,y),z) =U(xVyz)=U(x,z) =xVz

22.y>e,
2.2.1. z < e, the condition that x <y and x > y is clear due to Re-
mark 2.3. Consider x || y. Then 5* = b and we have g (xVy) = g (x) = g (v) = g (b*)
by definition of the function g. If z < g (x),

Ux,Uyz2)=Uxynz)=U(x,2) =xNz=2

and
UU(x,y),2) =UxVy,z)=@xVy)Az=z
Ifz>g(x),
Ux,U(y,2)) =U(x,yVz) =U(x,y) =xVy
and
UU(x,y),2) =UxVyz)=(xVy)Vz=xVy.
222.7>e,

U(x,U(y,z)) =U(x,yVz) =xVyVz
=U(xVy,z)
=U(U(x,y),2).

O

As a consequence of the above consideration we have the following result.

Theorem 2.16. Let (L, <,0,1) be a bounded lattice, all x € L be comparable with
e (0<e<1) Card(L) < X and K be defined by (2.15). Operation U : L — L
is an idempotent uninorm with the neutral element e if and only if there exists a
decreasing function g : K|[0_’e] — K|[e_’1] with g(e) = e, such that U is given by (2.16).
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Example 2.8. a) Let us consider the uninorm given in Example 2.7. Then K =
{0,a,b,1,q,e,s5,t,m,p,1} and the decreasing function g : K [j ;= K 1] is given
as

e xe{eq},

s xe{b,r},

m x=a,

1 x=0.

Its symmetrical extension is given by

xe{p,1},
x e {t,m},
xe€{sz},
x€{e,q},
xe{b,r},

X N Q O

@

3
=

|
£

and gV by

xe{p,1},
x € {t,m},
xE{S,Z},

x € {e}

and finally, the function § on L is defined as

g (x) =

* R T

a xe€{p1},

b xe{t,l ,h,m},

qg x€{sz},
g(x)=Se xe{eq},

s x€{b,c,d,r},

m

1

x=a,

x=0.

b) Let us now consider the function g : K [jg ;= K [¢,1] as follows

p x=0,

m x=a,
gx)=qt x=b,

s x€{rq},

e x=e,
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then its symmetrical extension is given by

p x=0,
m x=a,
t x=b,
s xe€{nq},
gx)=4e x=e,
qg x€{zs},
b x=t,
a x=m,
0 xe{p1}
and the function g is defined as
p x=0,
m x=a,
t  xe€{b,cd},
s xe{nqg},
gx)=<e x € {e,z,s},
roox=t,
b xe{m,l h},
a x=p,
0 x=1.

Using the formula (2.16) we obtain the uninorm given in Table 2.4.

Question 2.2. s it possible to replace the condition that all elements are comparable
with the neutral element by another condition, in such a way to obtain locally inter-
nal operation in the extended sense.

Question 2.3. Can we find two functions g1, g2, such that g; < g» and on A(e) we
have

xA\yify<gi(x),
U(x,y) =14 xVyify>gl(x),
lle if g1(x) <y <ga(x).

2.5 Uninorms on interval-valued fuzzy sets

A special class of bounded lattices is the lattice of intervals associated with interval-
valued fuzzy sets. Here we will present basic information about uninorms on the
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U|O| a| b| c| d| r| q| e| z| s|t| I| h| m| p| 1
0{0{0]0]0[{0]|0]O]|O|O|0O]|O|O[O|O]|O]|1
a|lOlalalalalalalal|la|alalalala|p]|]
b|0|a|b|b|b|b|b|b|b|b|b|l|h|m|p]|1
c|Olalb|c|blc|c|c|clc|c|l|h|m|p]|l
d|0|la|b|b|d|d|d|d|d|d|d|l|h|m|p]|l
r{Olal|b|cld|r|r|r|r|r|t{l|h|lm|p]|l
qg|0la|blc|d|r|lqlql|lqlqlt|l|h|m|p]|]
e|Olal|b|c|d|r|qgle|z|s|t|l|h|m|p]|l
z|0lal|b|c|d|r|qg|z|z|s|t|l|h|m|p]|l
s|0la|b|c|d|r|q|s|s|s|t|{l|h|m|p]|]
t|0fa|blc|d|t|t|t|t|t|t|l|h|m|p]|]
LNO|a|l |\ LL|L|L|L|L|L|L|l{m|m|p]|l
h|O|la|h|h|{h|h|h|h|h|h|hlm|h|m|p|1
m|0|a|m{m|m|m{m|m|mimmm\m|m|p|l
p|O|lp|p|p|p|P|P|P|P|P|P|P|P|P|P]|]
Tt fr|rjr|rfryrjr|rfr|frf1|t
Table 2.4 The idempotent uninorm given in Example 2.8

lattice of intervals L!, where
L' = {x=[x,x]: (x1,x2) €[0,1]* and x; < x3}
with the natural order <;; defined as follows
[e,x2) <pr vyl ©x10 <y, v <y,

and the greatest element 1 = [1, 1] and the least element 0 = [0, 0].

Definition 2.12 (cf. [69]). Operation U : (L')? — L! is called a uninorm if it is com-
mutative, associative, increasing and has the neutral element e € L. Ife=1then it
is called a t-norm and if e = 0 it is called a t-conorm.

A

[0,1] 1

0
Fig. 2.7 The lattice of intervals L!

Let us denote
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E ={xecll:x<e},
El={xelLl:x>e},
D = {[x,x] : x €[0,1]}.

If we want to get a similar description as in (1.12) then we have to make the
appropriate assumptions because of the following result.

Theorem 2.17 (cf. [69]). Let e € L'\ {0,1}. If e & D, then it does not exist an in-
creasing bijection ®, : L' — E, such that ®, ! is increasing and it does not exist
an increasing bijection ¥, : L' — E! such that ¥,”" is increasing.

Theorem 2.18 (cf. [68]). If a uninorm U has the neutral element e € D\ {0, 1}, then
there exist a t-norm T and a t-conorm S such that

Ulx,y) = T*(x,y) if x,y<e,
VS (y) ifxy e,

where

T*(xvy> = ¢;1 (T(¢e(x)a¢e(y)))a ¢e(x) = (61X1,61X2), x,y € E,
S (r,y) =B (S(We(x), e (v)), Welx) = (e1 +x1 —erxi,er + (1 —e1)x2) in E}.

Lemma 2.10. If U is a uninorm with the neutral element e € L' then for all x,y € L
such that x < e <y we have
x<U(x,y) <y.

Lemma 2.11 (cf. [80]). If U is a uninorm with the neutral element e € L then for
all x,y e LI such thatx < e <yory<e<xwehave

min(x,y) < U (x,y) < max(x,y).
Moreover we have the following property.

Lemma 2.12. Let U be a uninorm with the neutral element e € L'\ {0,1}. Then it

holds:

(a) U(x,y) <x for x€ L',y €E,
(b) U(x,y) <y for x€E,y€ L,
(c)U(x,y) >x for x€ L',y €E,
(d)U(x,y) >y for xe E,ye L'

Question 2.4. Whether the neutral element must belong to the diagonal?

Definition 2.13 (cf. [68]). A uninorm U : (L')?> — L! is called t-representable if
there exist uninorms Uy, U : [0, 1]% — [0, 1] such that for all x,y € L

Ul(x,y) = [Ur(x1,y1),U2(x2,y2)].
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Theorem 2.19. If U is a t-representable uninorm with the neutral element e =
[e1,e2], then e € D.

Lemma 2.13 (cf. [69]). If U is a uninorm with the neutral element e € L'\ {0,1}
then for all x € L we have

U(0,1) =U(U(0,1),x).

Lemma 2.14 (cf. [69]). If U is a uninorm with the neutral element e € L'\ {0,1}
thenU(0,1) =00rU(0,1) =10rU(0,1)|le.

Example 2.9. Let U,, be the uninorm on [0, 1] given by

max(x,y) ifx,y€ [er,1],
min(x,y) else,

Uel (x,_)’) = {

then for the uninorm

U(xay) = [Uel (xl 7yl)a Uel (x27y2)]
on L we have U(0,1) = [0,1] and U is neither conjunctive nor disjunctive.

Lemma 2.15. If U is a t-representable uninorm with the neutral element e € L then
U0,1)=00rU(0,1)=10rU(0,1) =[0,1].

Question 2.5. Does the arbitrary uninorm U with the neutral element e € L/ satisfy
condition
U(0,1)=00rU(0,1)=10rU(0,1)=10,1]?

Question 2.6. Let e € L'\ {0,1} and z € L/, such that z||e be fixed. Does it exist
a uninorm U with the neutral element e and zero element z?

If neutral element is from the set D, then Deschrijver [68] presents the construc-
tion of uninorms that positive answer the above questions.

Theorem 2.20 (cf. [68]). Let e = [e1,e1] € D\ {0,1}, 2= [z1,22) € L, T\ and T> be
t-norms, Sy and Sy be t-conorms on [0,1] such that

(i) z|le,
(ii) there exist t-norms T, and Ty, such that Ty is an ordinal sum of Ty, and Ty, with
intervals [0,0(z1)), [@(z1),1],
(iii) there exist t-conorms S1, and Sy, such that Sy is an ordinal sum of S1, and Sy
with intervals [0, y(z2)], [y(z2),1],
(iv) Ty (x1,y1) < Ta(x1,y1) and Sy (x1,y1) < S2(x1,y1), for all x1,y1 € [0, 1].

21 if x1 <zyandy; > z1 and y; > e

ory| < z1 and x1 > z1 and xp > ey,
UE)i=1 0 "(Ti(¢(x1),0(1))) if max(x;,y1) <ei,
y (81 (w(x1), w(y1))) if min(xy,yi) > ey,

min(xy,y;) else,
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2 if (x2>zand y) <z and y; < e;
or (y» > zp and xy < 73 and x| < ey,
Uxy)2=14 ¢ (T2 (¢(x2),0(y2))) if max(xy,y2) <ei,
v (S2((x2), w(y2))) if min(xa,y2) > ey,

max(x2,y2) else.
Then U is a uninorm on L' with the neutral element e for which U(0,1) = z.

Another way to construct uninorms on a lattice of intervals is to use a construc-
tion on an arbitrary lattice. Sometimes the construction is too general and doesn’t
lead to a new class of uninorms, but sometimes we get uninorms that we didn’t get
from interval calculus by imposing too many restrictions.

Theorem 2.21 (cf. [137]). Let e € L' \ {0,1}. Then U given by

X1 AyL,X2 Ay ifxy <ep, x2,y2 < e,
X1 VyL,xVy if (x1 <ep <yjandx; < ey <y)

or(y1<ey <xjandy; <ey <x
U152l ya)) = > f )’

v1,y2] ifx1 < ei,x2 < eyand [y1,y2] || [e1,e2],
[x1,x2] ify1 <ei1,y2 < ey and [x1,x] || [er, €],
[1,1] otherwise

is a uninorm with the neutral element e.

2.6 Discrete uninorms

Having a finite number of alternatives that can be ordered linearly and whose values
are, for example, in the unit range, we need aggregations on such a set. Since the
essence of the set is not important here, we can use another model, i.e., we may
number the alternatives from 0 to n and consider aggregations on such a set. Both
of these approaches can be found in the literature, as well as operations on such sets
(see [192, 234]).

Thus, given any positive integer n, we will deal from now on with the finite chain
L, ={0,1,2,...,n} or equivalently using the interval notation L, = [0, n].

Definition 2.14 (cf. [177]). A uninorm on L, is a function U : Lﬁ — L,, which is
associative, commutative, increasing in each variable and such that there exists some
element e € L,, called neutral element, such that U (e,x) = x for all x € L,,.

If e = n then the function U becomes a t-norm and when e = 0 U becomes
a t-conorm. Let us denote E = [0,¢) x (e,n]U (e,n] X [0,¢€).

Theorem 2.22. Let U : L,zl — L, be a uninorm with the neutral element e € L,,. Then
there exist a t-norm T on the interval [0,e], and a t-conorm S on the interval [e,n]
such that
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S(x,y) ifx,y€lel].

Moreover, min(x,y) < U(x,y) < max(x,y) for all (x,y) € E and U(0,n) € {0,n}.
A uninorm U is called conjunctive in the case when U (n,0) = 0 and disjunctive in
the case when U (n,0) = n.

Uley) = {T(m) ifx.y€0.e)

Example 2.10. These are the basic triangular norms and their dual triangular conorms
defined for x,y € L,:

* minimum t-norm and maximum t-conorm
Tu(x,y) =min(x,y),  Su(x,y) =max(x,y),
* Lukasiewicz t-norm and t-conorm
Ty (x,y) = max(x+y—n,0), Sp(x,y) = min(x+y,n),
e drastic t-norm and t-conorm

To(x,y) min(x,y) if max(x,y) = n,
‘x7 = .
DAY 0 otherwise,

max(x,y) if min(x,y) =0,

Sp(x,y) =
p(®y) 1 otherwise.

Instead of the continuity at L,, we will consider the smoothness property.

Definition 2.15 (cf. [192]). A function f : L, — L, is said to be smooth whenever
|f(x) = f(x—1)] <1 forall x € L, such that x > 1.

Definition 2.16 (cf. [192]). A binary operation F : L,% — L, is said to be smooth
when its vertical and horizontal sections, F(x,-) and F(-,y) are smooth.

The Archimedean t-norm (7' (x,x) < x for all x € L, \ {0,n}) are described as
follows.

Theorem 2.23 (cf. [192, 234]). The only Archimedean smooth t-norm and t-conorm
on Ly, are, respectively, the Lukasiewicz t-norm Ty, and the Lukasiewicz t-conorm Sy.

Smooth t-norms were characterized in [191, 192], using ordinal sum construc-
tion.

Theorem 2.24 ([192]). A t-norm T on L, is smooth if and only if there exists a nat-
ural number k with 0 <k <n—1and a subset I of L,, [={0=ap <a; <...<
ax < agy1 = n} such that T is given by

T( ) max(ai7x+y_ai+1) lf(x7y) € [ai?ai+1]2 andoslgk?
x’ = .
Y min(x,y) otherwise.
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There exist dual results for t-conorms that states that they are the maximum, the
Fukasiewicz or ordinal sums of them [192].

As in the case of uninorm on the lattice, attempts are made to obtain analogous
classes for discrete uninorms as in the case of uninorm on the unit interval. Idem-
potent uninorms are described in Subsubsection 2.4.1.1. Here we will present only
uninorms from the classes %, and %max and uninorms with the underlying Archi-
medean operators. Other uninorm classes can be found in [234, 175].

Definition 2.17 (cf. [177]). A binary operation U : L% — L, is a uninorm in %yuin
with the neutral element 0 < e < n whenever there are a t-norm T on [0,e] and
a t-conorm S on [e,n] such that U is given by

T(xy) if (x,y) €[0.¢],
Ux,y)=qSy)  if (x.y) € [e,n]?,
min(x,y) elsewhere.

A binary operation U : Lﬁ — L, is a uninorm in %pax with the neutral element
0 < e < n whenever there are a t-norm T on [0,¢] and a t-conorm S on [e,n] such
that U is given by

T(xy)  if(x,y) €[0,e]?,
Ulxy)=qSkey)  if (xy) € [en],
max(x,y) elsewhere.

Note, that the only Archimedean smooth t-norm and t-conorm are the Lukasiewicz
operators. So, we have the following results.

Theorem 2.25 ([234]). Let U be a conjunctive uninorm on L, with the neutral ele-
ment0<e<n IfT =T then U € Umin.

Theorem 2.26 ([234]). Let U be a disjunctive uninorm on L, with the neutral ele-
ment 0 < e<n IfS=Sy then U € Upax.

The general structure of a uninorm with the underlying t-norm and t-conorm
given by the ordinal sum of Lukasiewicz operators is described as follows

Theorem 2.27 ([234]). A binary operation U : L% — L,, with the neutral element
0 < e < n and idempotent elements J = {0 =qap < a; < ...<a,=e=by < b <
... < bg=n} is a uninorm with the smooth underlying operators T and S if and only
if there exists a decreasing function g : [0,e] — [e,n| with the fix point e that satisfies
the following conditions:

(i) for all a; € J there exists bj € J such that g(a;) = bj,
(ii) if x € [ai,aiy1), then g(x) = g(aj),

and U is given by
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T(xy)  if(xy) €0,

Sy)  if(ry) €len],

min(x,y) if (x,y) € E, y < g(x) and x <g(0),
max(x,y) elsewhere

U(x7y) =

where g is the only symmetric extension of g defined by

g(x) ifx<e,
g(x) = { max{z €[0,¢] : g(z) > x} ife <x<g(0),
0 if x> g(0).

More information about the uninorms of such types can be found in [234, 49].



Chapter 3
Generalization of uninorms

One should always generalize.

C.G. Jacobi

In this chapter, we will give a brief overview of generalizations of uninorms without
describing them in detail. One of the generalizations is to weaken the condition of
the neutral element by dividing unit interval into subintervals in which operation
has a neutral element (different in each case). These are the so-called n-uninorms,
a special case of which are nullnorms, or uni-nullnorms, null-uninorms, etc. Another
generalization involves omitting the commutativity condition. We get pseudo uni-
norms here. It turns out, however, that in the case of joint operations, some classes
of these operations are commutative, or have a finite number of points for which the
operation is non-commutative. An example of operations for which the condition of
the neutral element has been weakened and the commutativity has been omitted are
pseudo t-operators (in the literature also known as semi t-operators).

3.1 Pseudo uninorms

Definition 3.1. Operation U : [0,1]?> — [0, 1] is called a pseudo uninorm if it is as-
sociative, increasing and has the neutral element e € [0, 1].

Remark 3.1. If e = 1 then we obtain pseudo t-norm and if e = 0 then we obtain
pseudo t-conorm.

Theorem 3.1. Let U be a pseudo uninorm with neutral element e € (0,1). Then
there exists a pseudo t-norm T and a pseudo t-conorm S such that U is given by

T(%,2 ' €[0,e]?

U(.X, ): e (e?e) e ye lf(xay) [ ,6]27 (31)
et(1—e)S(i=5,1=¢) if(x,y) €[e, 1]

To describe some properties of pseudo uninorms we can use Lemma 1.4

More details can be found in [168, 207, 208]
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3.2 n-uninorms

n-uninorms were introduced by Akella [5] in 2007 to generalize the concept of
a neutral element.

Definition 3.2 (cf. [S]). Let n € N be natural number, U : [0,1]> — [0, 1] a binary
operation. The set {e1,e2,...,€4}7, 2.2, , is called n-neutral element, where 0 =
0<z21<22<...<z,=1and ¢ € [z_1,z] such that, U(e;,x) = U(x,e;) = x for
all x € [zj_1,z] fori=1,2,...,n.

Definition 3.3 (cf. [5]). Operation U : [0,1]* — [0, 1] is called a n-uninorm if it is
commutative, associative, increasing and has the n-neutral element.

As an example of n-uninorm (rn = 2) we can give nullnorms.

Definition 3.4 ([34]). Operation V : [0,1]?> — [0,1] is called nullnorm if it is com-
mutative, associative, increasing, has a zero element z € [0, 1], and satisfies

V(0,x) =x forallx <z, (3.2)
V(l,x)=x forallx >z (3.3)

Theorem 3.2 ([34]). Let z € (0,1). A binary operation V is a nullnorm with zero
element z if and only if there exists triangular norm T and triangular conorm S such
that

28(%,%) ifx,y €[0,2],
V(xy) =1 2+ (1 -2)T (1=, =) fxy € lz1] (3.4)

z otherwise.

Additional information on n-uninorms can be found in [6, 201, 283, 206].

3.3 Weak uninorm

Instead of assuming that there is a division of the unit interval into n subintervals in
which the operation has a neutral element, we can assume that for each point there
is a neutral element and we get the concept of weak uninorms.

Definition 3.5 (cf. [162]). Operation U : [0,1]> — [0, 1] is called a weak uninorm
if it is commutative, associative, increasing and for any x € [0, 1] there exist some
identity element u, € [0, 1] such that U (x,u,) = x.

For more information about weak uninorms one can see [132].

Other generalizations are left and right uninorms that have a one-sided neutral
element instead of a neutral element. In addition, we also drop the commutativity
condition here. This means that they are generalizations of pseudo uninorms. For
more details see [184, 185].
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Chapter 4
Inverse fuzzy implications

One of the most popular approaches to knowledge representation are the fuzzy pro-
duction rules. In such situation, they are often presented in the form of IF-THEN and
interpreted as implications. They are employed in inference schemas like modus po-
nens, modus tollens, etc. There exist uncountably many implication functions in the
field of fuzzy logic, and the nature of the fuzzy inference changes variously depend-
ing on the implication function to be used. The variety of implication functions exist-
ing in the fuzzy set framework has always been seen as a rich potential for modeling
different shades of expert attitude in the inference process (e.g. [138]), although no
precise, practical interpretation was provided for the different implication functions
[193]. Moreover, it is very difficult to select a suitable implication function for actual
applications. In the process of selecting the appropriate implication in forward and
backward reasoning, it is important to construct inverse implications with respect to
the antecedent and the conclusion. As shown in the papers [248, 249, 246], among
the typical examples of fuzzy implications, there is the problem of inversibility over
the entire unit square. Since the implication family forms a lattice, one way to solve
the problem is to find the largest or smallest implication with respect to the inverse
implication in a given subset (the partition depends on the selected family of impli-
cations) and combine them to obtain the optimal implication. In this chapter we will
show that the (UN)-implication is invertible with respect to the antecedent as well
as the conclusion, assuming that the uninorm is representable, and that the family
of (UN)-implications form an ordered family with respect to the parameter e, with
a fixed generator of a uninorm. Thus, we can more easily choose the appropriate
implication for the problem under consideration.

4.1 Fuzzy implications

We recall here some facts according to the notion of a fuzzy implication.

Definition 4.1 ([17] p. 2, [101] p. 21). A function / : [0, 1]*> — [0, 1] is called a fuzzy
implication if it is:
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(I1) decreasing in its first variable,

(I2) increasing in its second variable,

and

(13) 1(0,0) = 1,

M I(1,1)=1,

(15) I1(1,0) = 0.

Example 4.1 (cf. [17] pp. 4,5,57). There are many known examples of fuzzy impli-

cations. We recall here only those used later.
Let us present a family of fuzzy implications with parameter o € [0, 1]

0, ifx=1,y=0
Io(x,y) =<1, ifx=00ry=1.
o otherwise

The operations Iy and I; are the least and the greatest fuzzy implication, respectively.
1, ifx=0o0r y=1 0, ifx=1,y=0
Io(x,y) = Ii(x,y) =
0(x,3) {O, otherwise 1) { 1, otherwise

Some other, well-known, examples of fuzzy implications are listed below.

. 1, ifx<
i) =min(1—x+3,1) Tog(ry) =4, 1=
<, otherwise

X, = X, =
GOy Yy, otherwise RSL%Y 0, otherwise
1, ifx=0andy=0
eley) =1-xtxy  hgley)={ 5 Tr=Oady
y*,  otherwise
1, ifx <
Ixp(x,y) = max(1 —x,y) Irp(x,y) = / y.
max (1 —x,y), otherwise
, » fr=1
1, ifx<1 :
Iyp(x,y) = { / _ Ipp(xy)={1-x, ify=0
y, otherwise .
1, otherwise

I X, = ’ I/ X, — ’
b(x.) {y, otherwise b(x.) { 1—x, otherwise

There are many potential properties of fuzzy implications (see, e.g. [17] p. 9,
[238]). We list below those that are considered further in this chapter:
e the consequent boundary property

I(x,y) >y, x,y€0,1], (CB)

e the neutral property
I(lay):y, yG[O,l], (NP)

e the identity principle
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I(x,x)=1, x€]0,1], (IP)
e the exchange principle
I(x,1(y,2)) =1(y,1(x,2)), x,y,z€]0,1], (EP)
e the left ordering property
x<y=1I(x,y)=1, x,y€][0,1], (LOP)
e the right ordering property
I(x,y)=1=x<y, xy€e][0,1], (ROP)
e the ordering property
I(x,y)=1<x<y, x,yel0,1], (OP)
e the strong boundary condition
I(x,0)=0, x¢€(0,1], (SBC)
e the strong corner condition for O
I(x,y)=0=x=1landy=0, x,yecl0,1], (SCCO)
e the strong corner condition for 1
I(x,y)=1=x=0o0ry=1, x,y€]0,1]. (SCC1)
Definition 4.2. Let / be a fuzzy implication. The function N; defined by
Ny =1(x,0), x€0,1]

is called the natural negation of /.

Example 4.2. Below we list the natural negations of the basic fuzzy implications
from Example 4.1:

Nix =Ns Nigp = No Nige = Ns
Nipy = Ns Nige = No Nigs = No
Niye =No Niyp = Ni Nipp = Ns

4.2 (UN)-implications

In order to be able to define a special family of inverse implications, we consider
(UN)-implications for the particular class of a uninorm.



118 4 Inverse fuzzy implications

At the beginning we will recall the concept of (SN)-implication, and then its
generalization will be given.

Definition 4.3 ([17]). A function 7 : [0,1]> — [0, 1] is called an (S, N)-implication if
there exist a t-conorm $ and a fuzzy negation N such that

I(x,y) =S(N(x),y), x,y€][0,1]. 4.1)

If N is a strong fuzzy negation, then / is called a strong implication or S-implication.
Moreover, if I is an (S, N)-implication generated from S and NN, then we will denote
it by IS,N-

A natural generalization of (S, N)-implications in the uninorm framework is to
consider a uninorm in the place of a t-conorm in Definition 4.3.

Definition 4.4 ([17]). A function 7 : [0,1]> — [0,1] is called a (U, N)-operation, if
there exist a uninorm U and a fuzzy negation N such that

I(x,y) =U(N(x),y), x,ye€l0,1]. 4.2)

If I is a (U,N)-operation generated from a uninorm U and a negation N, then we
will denote it by Iy y.

Theorem 4.1 ([17]). Let U be a uninorm with the neutral element e € (0,1) and N
any fuzzy negation. Then the following statements are equivalent:

(i) The (U,N )-operation Iy y is a fuzzy implication.
(ii) U is a disjunctive uninorm.

Example 4.3 (cf. [17] Example 5.3.6.). In the following, we give examples of
(U,N)-implications obtained using the classical strong negation Ny and different
uninorms.

(i) Let us consider a disjunctive uninorm U;"* from the class %nax generated by

the triplet (7z,S1,0.5). Then

max(y—x+0.5,0) if max(l—x,y) <0.5,
Iymax N (x,y) = ¢ min(y—x+0.5,1) if max(1—x,y) > 0.5,
Ixp(x,y) otherwise.

(ii) Let us consider the disjunctive representable uninorm U¢ from Example 1.14
with the neutral element e = 0.5. Then

1 if (x,y) €{(0,0),(1,1)},

2o otherwise.

(iii) Let now U,Z . be the disjunctive representable uninorm with arbitrary, but fixed
neutral element e € (0,1) (see Example 1.14). Then
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1 if (x,y) € {(0,0),(1,1)},
Iyg, ns (%) = (1—e)(1—x)y

W otherwise.

Fig. 4.1 Implication from Example 4.3 (ii) (left) and with using another negation than Ns (No.g)
(right)

Theorem 4.2. Let us consider the implications Ij;a  \ and Ij;a from Example 4.3
ue» u,en»
with the neutral element of uninorms ey and ey respectively. Then I;a  n <Iya
u,eq u,en
ife; > es.

Proof. We get the thesis directly from the inequalities in Lemma 1.4 and Exam-
ple 1.9.

Corollary 4.1. Using Theorem 4.2 we can obtain a monotonic family of implica-
tions with respect to the parameter e.

Remark 4.1. If we consider the fixed point a of a fuzzy negation N and the neutral
element of a uninorm U then we can obtain two parameters e and a which can act
as threshold parameters for the antecedent as well as for the consequences of the
implication, or both.

Remark 4.2. Iy y, implication is symmetric about the line y = 1 —x (because of the
commutativity of the uninorm), so in a sense, increasing the antecedent by some
value is equivalent to decreasing the consequent by the same value.

If we use a different negation, we can manipulate this dependency (see Figure 4.1,
right part).
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4.3 Constructing a fuzzy implication from given one(s)

In the next sections we recall chosen ideas of constructing a fuzzy implication from
given one(s).

4.3.1 Threshold Generation Method

In 2012 Massanet and Torrens [189], generalizing the construction of h-implications
from f- and g-implications, introduced the threshold generation method of a fuzzy
implication from two given ones which was based on an adequate scaling on the
second variable of the initial implications.

Definition 4.5 ([189]). Let I}, I, be two fuzzy implications and e € (0, 1). Then the
function I, _, : [0,1)> — [0, 1], called the e-threshold generated implication from I;
and I, is defined as

1 ifx=0,
I p(x,y) =< eI (x,2) ifx>0,y<e, 4.3)
et+(1—e) L (x,1=5) ifx>0,y>e.

b

I

1
Fig. 4.2 Visualization of the structure of a fuzzy implication given by (4.3)

Theorem 4.3 ([189]). The function Ij,_y, : [0,1]> — [0, 1], given by (4.3) is a fuzzy
implication.

Example 4.4. Let ]Ud()s N be the implication from Example 4.3, e = % Using the

formula (4.3) we obtain the following implication

1 if x =0,
(1=x)y ifx>0,y<1,

s udy s )= )1C+2y_4x'2)1 )(2y—1) 1
—0)(2y— .
2 Ty Hx>0,y> 5.
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Fig. 4.3 Implication from Example 4.4

4.3.2 Multi-threshold Generation Method

Next, we present a construction, which is a kind of combination of the constructions
from Definition 4.5, and ordinal sum construction. We consider a finite or count-
ably infinite number of fuzzy implications as construction generators whose linearly
transformed values in the appropriate areas are supplemented by Ip implication.

In the sequel, |a,b| denotes one of the intervals (a,b), (a,b], [a,b) or [a,b].

Definition 4.6 ([87]). Let {I; }rc.s be a family of fuzzy implications, {|a,by| }re.or
be a family of pairwise disjoint subintervals of [0, 1] with a; < by for all k € «7. The
operation I: [0,1]> — [0,1] called multi-threshold fuzzy implication is defined by
the following formula (see Figure 4.4)

1 ifx=0,
1(x,y) = ¢ ar+ (be — an) Ik (x, b);__aa"k) if x>0, y € |ag, bl, (4.4)
y otherwise.

Theorem 4.4 ([87]). The function I : [0,1]> — [0, 1] given by (4.4) is a fuzzy impli-

cation.
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—

y
3
4
2 Io
3 y
1
2 A
1
3
1 Yy
7

I,

0 | . 1m0

Fig. 4.4 2D and 3D-visualization of the structure of a fuzzy implication given by (4.4)

4.3.3 Vertical threshold generation method

In 2013 Massanet and Torrens [190], introduced the vertical threshold generation
method of a fuzzy implication from two given ones which was based on an adequate
scaling on the first variable of the initial implications.

Definition 4.7 ([190]). Let I}, I, be two fuzzy implications and e € (0, 1). Then the
function I, 1, : [0, 1]2 — [0, 1], called the vertical e-threshold generated implication
from I; and I, is defined as

1 ify=1,
Inp(xy)=qe+(1—e)-I (f,y) ifxe[0,e), y€[0,1), 4.5)
e~12()1‘%2,y) ifxele 1], ye[0,1).

Theorem 4.5 ([189]). The function Iy, : [0, 112 — [0, 1], given by (4.5) is a fuzzy
implication.
Example 4.5. Let IUdOS N be the implication from Example 4.3, ¢ = % Using the

formula (4.5) we obtain the following implication (see Figure 4.5)

1 ify=1,
1 (1-2x)y 1
Ild I a (x,y): §+m lf))<17x2§7
Tuos 5 un s s (1 x)y ify <1 1
Thy-Tt—dy HLy<5L xXx<j3.

4.3.4 Left ordinal sum of fuzzy implications

Here, we propose new definitions of ordinal sums of fuzzy implications which are
modifications of the constructions recalled in Subsection 4.3.3.
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Fig. 4.5 Implication from Example 4.5

Definition 4.8 (cf. [85]). Let {/; }xca be a family of fuzzy implications, { [ag, D] trea
be a family of pairwise disjoint subintervals of [0, 1] with a; < by for all k € A, where
A is a non-empty, finite or countably infinite index set. The operation I : [0,1]> —
[0, 1] defined by the following formula (see Figure 4.6)

_ _ X—ag .
I()C,y) = { (1 bk)+ (bk ak)lk (bkfllk%y) 1fx€ [ak,bk]ay S [Oa 1)7

4.6)
I (x,y) otherwise

is called the left ordinal sum of fuzzy implications {\ }reca.

Ip

11

0o il
Fig. 4.6 2D and 3D

1 2 3
1 5 3 1

2
-visualization of the structure of a fuzzy implication given in Example 4.6

Theorem 4.6 (cf. [85]). The left ordinal sum of fuzzy implications given by (4.6) is
a fuzzy implication.
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Example 4.6. Let us consider fuzzy implications I, = I}, It, = Ip, It; = Iy and
a family of intervals {[0, 1], 3, 3],[3, 3]}. The following operation / : [0, 1]* — [0, 1]
is a fuzzy implication generated by the left ordinal sum (4.6) (see Figure 4.6)

1 ify=1,
1, 1. 11
7+7y lfxg(faf}vye[ovl)v
I — 206
CD=91 e 23 ye o),
1 —x otherwise.

4.4 Inverse implication with respect to antecedent

4.4.1 Definition and basic properties

Consider the basic fuzzy implication I(x,y) where x,y € [0, 1]. Suppose the value
of y is the truth value of the consequent and is known, the value z = I(x,y) is the
truth value of the implication and is also known. In order to determine the value of
the truth of the implication’s antecedent x the inverse function Invi(y,z) has to be
determined (see [248]). Note that in order to invert a function, it should be injective.

Example 4.7. Let us consider the implication Ipy (see Figure 4.7) from Example
4.1. Note that Ipy is not surjective. So, the domain of inverse fuzzy implication is
the set {(y,z) :y <z<1andy € (0,1)}. The inverse fuzzy implication of Ipy is

Invlpy(y,2) = 1—z.

00,7

Fig. 4.7 Implication Ipy and its inverse implication Invipy
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Example 4.7, as well as the examples presented in paper [248] show that the do-
main of the inverse implication is contained in the triangle above the main diagonal.
This problem is explained in the following theorem.

Theorem 4.7 (cf. [86]). If implication fulfills the condition (NP) then the domain of
inverse fuzzy implication is included in a half of the unit square, where y < 7 < 1
andy € (0,1).

In the next example, we will show the implication for which the domain of the
inverse implication is the whole unit square (excluding the boundary points, which
will be discussed later).

Example 4.8. Let be given (U,N)-implication generated by the representable uni-
norm (see Example 4.3) with the neutral element e = 0.5 and standard negation

/ (x.) {1 ifx=0o0ry=1,
vl Ng\Y) = (1—x)y .
1,0.5'S (e otherwise.

Then the inverse implication is given by the formula

1 ify=0,z=00ry=1,z=1,
InVIU;ioAs-,NS(y’Z) _{ (1-2)y

m otherwise.

Remark 4.3. Note that the inverse implications presented in Example 4.7 and 4.8
and examples from the paper [248] are all increasing for the first variable and de-
creasing for the second. Therefore, they do not meet the conditions set for the basic
logical connectives. If, however, we consider the inverse of the fuzzy implication as
a function of the variables z and y, then we obtain the monotonicity consistent with
the monotonicity of the fuzzy implications. Other conditions for fuzzy implication
will be also preserved, so we will adopt such a concept later in the book.

Remark 4.4. Note that the implication is constant for x = 0 and for y = 1. Therefore,
taking Remark 4.3 into account, we complete the definition of the inverse implica-
tion on the boundary of the unit square. So, we assume that InvI(0,x) = Invl(x,1) =
1 for all x € [0, 1].

Example 4.9. Let I be (U,N)-implication generated by the representable uninorm
(see Example 4.3) with the neutral element e

I ( ) {1 ifx=0o0ry=1,
Ule N 5 Y) = (1—e)(1=x)y .
o W otherwise.
The inverse implication is given by the formula
1 ify=0,z=00ry=1,z=1,
Invlyg n(2,y) = { (1—e)(1-2)y i 4.7
e WMZZU—H otherwise.
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Fig. 4.8 Inverted implication for e =0.3 and e = 0.8

Theorem 4.8 (cf. [86]). Let Iya, ng be (U,N)-implication generated by the repre-

sentable uninorm (see Example 4.3) with the neutral element e. Then the inverse
implication InVIU;le,NS given by (4.7) is a fuzzy implication.

Theorem 4.9 (cf. [86]). Let us consider the implications I;a N and I;a N from
ueq u,en >

Example 4.3 with neutral element of uninorms e and e, respectively. Then
< ] > en.
I”VIU;ZCI Ng S InVIUd‘fe27Ns ife1 > e

Corollary 4.2. Using Theorem 4.9 we obtain the family {InvluinS}ee(oJ) which is
a monotonic family of inverse implications with respect to the parameter e. Note
that the family {IU,,‘{(,,NS}eE(O,l) is also monotonic family of implications with respect
to the parameter e.

4.4.2 Threshold parameter

Sometimes, having a threshold parameter, we want the value of the truth of the
implication’s antecedent to be consistent with the truth value of the implication.
We can get it using the vertical threshold generation method of fuzzy implications
described in Subsection 4.3.3 or left ordinal sum of fuzzy implications described
in Subsection 4.3.4. In such case, also the value of the truth of the implication’s
antecedent will be consistent with the truth value of the inverse implication.

Example 4.10. Let I; I
Uff.o.S'NS‘ Uito.sNs
verse implication is given by the formula:

be the implication from Example 4.5. The in-
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1 ify=1,
1 (1-2z)y : 1
Invly , ,,a (zy)=1912 12y —8y ify<l,z>3,
ULLO.S’NS ULLO.S’NS (1—2 y f 1 1
-1ty Try<hL z<j3.

4.4.3 Selection of implications

Another problem considered in the paper [248] is how to choose the appropriate
function from the basic fuzzy implications. The first option is to select the impli-
cations with the largest or smallest values in a given subset (see also [86, 246]).
But the authors proposed a different method of selecting the implications. Their
method allows the comparison of two fuzzy implications. If the logical value of the
consequent and the logical value of the implication are given by using the inverse
fuzzy implication we can easily optimize the truth value of the implication’s an-
tecedent. In other words, we can choose the fuzzy implication that has the largest
or smallest logical antecedent of the implication. The basic results for this problem
consist in choosing an implication from a set of implications (e.g. implication from
Example 4.1). If the choice is not satisfactory for us (some implications are incom-
parable), we divide the domain into several subsets (there are 19 in paper [248])
and on each subset we choose the one with the greatest inverse implication. Since,
according to Theorem 4.9, the family of inverse implications from Example 4.9 is
a linearly ordered set, we can select implications with the appropriate values (larger
or smaller) by changing only the e parameter. This also solves the problem consid-
ered in paper [246], where looking for the optimal implication for given one, we get
several chains, and for each of them we get the optimal implication. From the set of
these implications, we should choose one, but this is not always possible (this is not
considered in the paper [246]). However, considering the implication family from
Example 4.3 we have a linear order with respect to the parameter e, so the problem
is partially solved. In all considered problems, the use of a one-parameter family of
implications (depending on e) will also reduce the computational complexity of de-
termining the values of selected implication, for example, if we do no need to check
whether a point belongs to one of the regions of the domain, as it was in paper [248].

4.5 Inverse implications with respect to consequent

4.5.1 Definition and basic properties

Another problem considered in the literature is finding the second type of inverse
implication function (see [249, 86]). Given a basic fuzzy implication I(x,y), where
x,y € [0,1]. The value x is the truth value of the implication’s antecedent and is
known. The value z = I(x,y) is the truth value of the implication and is also known.
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In order to determine the value of the truth of the consequent y the inverse function
Inv'I(x,z) has to be determined.

As in the previous section not every of basic implications can be inverted. The func-
tion can be inverted only when it is injective with respect to the consequent.

Example 4.11. Let us consider the implication Ipy (see Figure 4.7, left part) from
Example 4.1 (see also Example 4.7). The domain of inverse fuzzy implication is the
set {(x,z): 1 —x<z<1andx € (0,1)}. The inverse fuzzy implication of Ipy is

InV'Ipy(x,2) = z.

Fig. 4.9 Implication from Example 4.11

The domain of the inverse implication in Example 4.11 is the triangle above the
diagonal. The general dependence concerning the domain of the inverse implication
will be presented in the following theorem

Theorem 4.10 (cf. [86]). The domain of inverse fuzzy implication is included in the
region, for which Ni(x) <z <1 and x € (0,1).

Proof. According to the definition of N; we have N;(x) =I(x,0) <I(x,y) < 1, which
gives the thesis.

It is easy to check that the following property hold.

Theorem 4.11. If the domain of inverse fuzzy implication is [0,1]? then fuzzy impli-
cation fulfills the condition (SBC).

Theorem 4.12. If the implication fulfills the condition (SCCO) then the domain of
inverse fuzzy implication is a proper subset of (0,1)2.

Example 4.12. a) The domain of inverse fuzzy implication given in Example 4.11
is a proper subset of (0,1)2.
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b) Let U::jo.s be the uninorm from Example 4.3 with e = 0.5. Then

1 ifx=0,y=1o0rx=1,y=0,
Utlo5(x,y) = { o therw
STy Otherwise
and
/ (5,3) 1 ifx=y=0o0rx=y=1,
Ul sNs oY) = (1=x)y ;
0.5VS TS otherwise,
'l (4.2) 1 ifx=0,z=10rx=1, z=0,
nv X,7) =
Udy5:Ns % Tl otherwise.

So, we can see, that Inv'[, 4 = U4 .. Moreover, the domain of inverse fuzzy
Uy 5:Ns u,0.5

implication is the whole unit square.

Fig. 4.10 InV'I from Example 4.12

Remark 4.5. Note that the inverse implication from Example 4.12 is increasing with
respect to both variables. Moreover, implication Ijja Ng is constant on the bound-
u,0.5°

ary. Using the second line of the formula describing IUdO g Ve obtain the formula

for the inverse fuzzy implication outside the corner points. At these points, we can
insert any value in the [0, 1]. In our considerations, we will assume the value of 1,
so that the obtained result will be a disjunction.

Question 4.1. Are there any fuzzy implications that, when inverted with respect to
the consequent, are the implications defined on the entire unit square?

More general examples of inverse implications are as presented below.
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Example 4.13. Let consider the uninorm U,j{ . from Example 4.3 with fixed e. Then

, ) {1 ifx=0o0ry=1,
UtsleaN x7y = (176)(17)6)}' 3
werts W OtherWISG,
1 ifx=0,z=1orx=1,z=0
IVl y (x,2) = { N 7 7
uer'S m otherwise.

Remark 4.6. Note that the inverse implications related to Example 4.12 and 4.13 and
the paper [249] are increasing for both variables. Moreover, in the case of Example
4.12 and 4.13 we return to the uninorm which was used to build the implication. We
get the same property for (S, N)-implications from the paper [249].

From the above we obtain the following property

Theorem 4.13. Let IU{{’L)-,NS be the (U,N)-implication generated by the representable
uninorm (see Examplé 4.3). Then the inverse implication I”V/IU,;Q,NS is a repre-
sentable uninorm. '

Theorem 4.14. Let us consider the implications IUzii,el g and IU{Zez N from Example

4.3 with the neutral element of uninorms ey and e, respectively. Then
/ / .
Iny IUud,elNS <Inv IU,;’,est ife; > e;.

Corollary 4.3. Using Theorem 4.14 we can obtain the family {InV' IUM‘{e,NS}ee(O.,l)
which is a monotonic family of inverse implications with respect to the parameter e.
Note that the family {Iug_e,Ns}ee(O,l) is also a monotonic family of implications with
respect to the parameter e.

Remark 4.7. Considering other families of representable uninorms (see Section 1.9)
we can obtain various families of fuzzy implications and their inverses and create a
lattice of them, which will allow us to select the appropriate implication for a par-
ticular application.

4.5.2 Threshold parameter

Sometimes, having a threshold parameter, we want the value of the truth of the
consequent to be consistent with the truth value of the implication, i.e. both values
are below the threshold parameter, or both are above the threshold parameter. We
can get it using the threshold generation method of fuzzy implications or multi-
threshold generation method of fuzzy implications described in Subsections 4.3.1
and 4.3.2.
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Example 4.14. Let I;U 4 . be the implication from Example 4.4. The in-
u,0.5’ s

verse implication is given in the open unit square by the formula

Ng ~lyd

X ifx>0,z<

1

Inv/II B (x Z) — ) 1—x—2z-4xz 2
vd Ng Ul NN 1, (=27 1
05Ns  UuosNs 2+ e—ara s ifx>0,z> 5.

In fact, we get an operation that is built like an implication using the threshold gener-
ation method of fuzzy implications but with representable uninorms as components.






Chapter 5
Short notes on classifiers

Science is the systematic classification of experience.

G.H. Lewes

In the next chapters we will use the concept of a classifier and evaluate its qual-
ity. In order not to repeat the information in each of them, in this chapter we will
present a very short introduction to classifiers and their evaluation. The main task
of the classification constituting one of the important methods of data mining is the
creation of models, called classifiers (also classifying algorithms or decision algo-
rithms), describing dependencies between the given class (category) of objects and
their characteristics. Discovered classification models are then used to classify new
objects of the unknown class membership. In literature there can be found descrip-
tions of numerous approaches to constructing classifiers, which are based on such
paradigms of machine learning theory as classical and modern statistical methods,
decision rules, decision trees, neural networks, and inductive logic programming
(cf. [211, 19, 24, 20]). We will consider a problem of approximation of concepts
(classes) based on a finite set of observations containing examples of positive and
negative concepts. This finite set of observations may be represented using data ta-
bles. In this representation individual observations correspond to rows of a given
data table and attributes to columns of a given data table. In this contribution, we
consider decision tables of the form T = (U,A,d) in Pawlak’s sense (cf. [219]) for
representation of data tables, where U is a set of objects (rows) in the data table,
A is a set of attributes or columns in the data table, and d is a distinguished attribute
from the set A called a decision attribute (in this book, we consider problems for the
case of a 2-class classification, e.g., for decision classes YES and NO or for decision
classes 0 and 1, etc.).

object age blood pressure d

ul 56 147 0
u2 71 154 1
u3 66 120 0
u4 64 131 0
u5 64 140 1

Table 5.1 Decision table
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During classification, the classifier assigns a certain classification weight to the
object (see Figure 5.1). For a set range of the threshold parameters ¢ € (0, 1), the
test objects are tested in such a way that if the classification weight of the test object
obtained from the classifier is greater than ¢, the object is classified into the main
class (e.g., YES or 1). However, if the weight is less than or equal to ¢, then the
object is classified into a subordinate class (e.g., NO or 0). In this way, we obtain the
decision value for the test object, which may be correct (consistent with the actual
decision in the test table) or incorrect (we made a mistake in the classification).

, weight

T T T T T T T T

5bject
Fig. 5.1 Certain classification weights assigned by the classifier to objects and the threshold pa-
rameter 7 € (0,1)

5.1 Quality measures of classifiers

To calculate the global classification quality of a given classifier with the fixed pa-
rameter ¢t we use the accuracy (ACC) of the classification which is the quotient of
the number of correct classifications to the number of all classifications.

Using the following notion:

e TP — True Positives — elements from the main class classified into the main
class,

* TN — True Negatives — elements from the subordinate class classified into the
subordinate class,

¢ FP — False Positives — elements from the subordinate class classified into the
main class,

* FN - False Negatives — elements from the main class classified into the subor-
dinate class,

* ACC - accuracy

we can calculate the accuracy according to the following formula
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TP+TN
TP+FP+TN+FN
We can also put the above information in the table, where the rows contain ele-
ments from the main class and subordinate class, respectively, while the columns
contain elements classified by the classifier into the main class and subordinate
class, respectively.

ACC =

Elements classified by the classifier as
from main class subordinate class
main class P TP FN
subordinate class N‘ FP TN

Table 5.2 Table of parameters

Accuracy calculated for the test objects from the main class is called sensitivity
(TPR - true positive rate), and the accuracy calculated for the test objects from
a subordinate class we call specificity (TNR — true negative rate). In addition, we
will consider FPR — false positive rate and PPV — precision. Using the above notion
we can calculate the mentioned parameters according to the following formulas

TP TP
TPR=— = ——
P TP+FN
TN TN
TNR="— = ———
N ~TN+FP
FP FP
FPR=—=——_
N ~ FP+TN
FPR=1—TNR
TP
PPV = ——
TP+FP

If the sensitivity is unsatisfactory, e.g., in medicine when trying to predict the
occurrence of a disease of a patient, it may turn out that the sensitivity of the clas-
sification to the main class “’sick” is too low, we can balance between sensitivity
and specificity, i.e., increasing sensitivity at the expense of decreasing specificity.
This approach leads to the concept of the ROC curve (receiver operating character-
istic curve), where each point of the ROC curve corresponds to one setting of the
classifier’s performance (the parameter ¢).

ROC shows the dependence of sensitivity on error of the first type (FPR) during
calibration of the classifier (at various threshold settings).

For classifiers with this property (sensitivity and specificity regulation), the AUC
parameter was used to assess their quality. AUC is the measure of the quality of
a classifier which is the area under the ROC curve (cf. [94, 250]). The greater is the
AUC value the better is the classifier.
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Another measure of the quality of a classifier is F1-score. The F1-score combines
the precision and recall of a classifier into a single metric by taking their harmonic
mean. It is primarily used to compare the performance of two classifiers. Suppose
that classifier A has a higher recall, and classifier B has higher precision. In this case,
the F1-scores for both the classifiers can be used to determine which one produces
better results.

The F1-score of a classification model is calculated as follows:

2(PPV % TPR)
PPV +TPR

5.2 k-NN algorithm

In 1951 Fix and Hodges introduced a non-parametric method for pattern classifica-
tion that has since become known as the k-nearest neighbor algorithm [95]. Next,
some of the formal properties of the k-nearest neighbor rule were obtained [50]. The
k-NN algorithm is a method for classifying objects based on the k closest training
examples in a feature space. An object is classified by a majority vote of its neigh-
bors, with the object being assigned to the class most common amongst its k nearest
neighbors (k is a positive integer). If k = 1, then the object is simply assigned to the
class of its nearest neighbor. It is a type of instance-based learning.

Fig. 5.2 k-NN classifier

For classification also a useful technique can be used, to assign weight to the
contributions of the neighbors, so that the nearer neighbors contribute more to the
decision than the more distant ones. For example, a common weighting scheme
consists in giving each neighbor a weight of 1/d, where d is the distance to the
neighbor [91]. There were considered also another methods [28, 136, 139] and their
applications [21].



Chapter 6

Aggregation of uncertainty from many
classifiers by uninorms

It is clear that there is no classification of the Universe that is
not arbitrary and full of conjectures. The reason for this is very
simple: we do not know what kind of thing the universe is.

J.L. Borges

In this chapter we want to present the concept of uncertainty area of classifiers and
an algorithm that uses uninorms to minimize the area of uncertainty in the prediction
of new objects by complex classifiers (cf. [84]).

The classifier assigns to the object a certain weight (classification coefficient)
to classify the object. For a set range of the threshold parameter ¢ € (0, 1), if the
classification weight of the test object obtained from the classifier is greater than
t, the object is classified into the main class (e.g., YES). However, if the weight is
less than or equal to t, then the object is classified into a subordinate class (e.g.,
NO). However, for some neighborhood threshold ¢ very small differences in the
classification weight can lead to opposing decisions. In order to avoid the incorrect
classification, we propose to introduce an uncertainty area, which if the classifier
returns the classification weight from the certain neighborhood of a threshold, will
lead to abstain from the decision.

In other words, in the case of classifying test objects, the so-called area of un-
certainty is considered for which we abstain from the decision because we are not
sure enough about it. Thanks to this, the classifier may make fewer mistakes while
classifying, but from time to time, instead of the decision value, the classifier returns
I do not make decisions” or I do not know”.

Since the most errors of classification are made when the classification weight
is close to the threshold parameter, we will refrain from the decision for this area.
In this situation, the aforementioned ROC curve generation concept can be modified
by introducing the uncertainty area. For this purpose, instead of simple threshold
parameter 7, we consider parameter € such that € € [0,min(z,1 —7)]. For the set
value of parameters ¢ and &, classification of the test objects is performed in such
a way that if the classification weight of the test object obtained from the classifier
is greater than ¢ + € , then the object is classified into the main class (e.g. YES).
On the other hand, if the classification weight is less than or equal to 7 — €, then the
object is classified into the subordinate class (e.g., NO).

In other cases, the object is classified into the so-called uncertainty area (see Fig-
ure 6.1). Similarly as before, for the calculation of the global classification quality
of the given classifier with the parameters ¢ and &, we use classification accuracy
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, weight

Fig. 6.1 The uncertainty area

for objects from the main class called sensitivity and accuracy calculated for the test
objects from a subordinate class (specificity). In addition, for each experiment we
obtain a third parameter, which we call a measure of the uncertainty of classifica-
tion, which is a quotient of the number of test objects classified to the uncertainty
area and the number of all test objects.

When classifying objects, we can construct different classifiers. Often the deci-
sions obtained differ for some elements. Therefore, a conflict appears between the
classifiers that operate on the basis of different sources or parameters, which must
be resolved in order to finally classify the test object. For this purpose we suggest
aggregation of values obtained by the individual classifiers using uninorms. As a re-
sult, we build a new compound classifier, which additionally reduces the measure
of uncertainty area, and thus increases the coverage (i.e. the number of classified
objects) of the entire test data.

6.1 Classifiers using different aggregations

When classifying objects, we can construct different classifiers (based on different
systems or based on different data sources, e.g., using several diagnostic devices
—see [19, 24, 50]). Often the decisions obtained differ for a certain class of test
elements. Therefore, a conflict appears between the classifiers that operate on the
basis of different sources or parameters, which must be resolved in order to finally
classify the test object. To get a final decision, we should create a new classifier that
will take into account previous results. One way to obtain complex classifiers is to
use an aggregation of the values obtained by individual classifiers. As a result, we
build a new compound classifier.

In this chapter, we suggest aggregating of the classification weights obtained by
individual classifiers, and we propose two algorithms.
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The first is when we use the means, denoted by the Algorithm M (Algorithm 1)
and, in fact, we get a complex classifier.

Algorithm 1: Classification of a test object by the M classifier

Input:

. training data set represented by decision table T = (U,A,d),
. collection Cy, ...,C,, of classifiers,

. test object u,

. aggregation M (mean),

. threshold parameters 7 and €.

[ N R R

Output: The membership of the object u to the “main class” or to the ’subordinate class”
or ”’no decision”

1 begin

2 fori:=1tomdo

3 Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier C; and assign it to p;

4 end

5 Determine the final weight p for the object u by aggregating (with a use of the mean

M e.g., arithmetic mean) the weights p,...,pm.

6 if p >t + € then

7 ‘ return u belongs to the “main class”

8 else

9 if p <t — € then

10 ‘ return u belongs to the ”subordinate class”
1 else

12 ‘ return we abstain from the decision

13 end

14 end

15 end

Unfortunately, if we apply a quality assessment method that takes into account
the uncertainty area, then it turns out that the measures of the uncertainty area for
the M classifier is very high, which will be visible in the results of the experiments
(see e.g. Table 6.4).

This is due to Lemma 1.1, because for example, for two classifiers with classi-
fication weights p; and p, that classify an object to the uncertainty area (weights
p1, p2 belong to the interval [t — €, + €]) our classifier M will classify the object to
the uncertainty area (the weight p of the aggregated M classification will belong to
the same interval). In addition, if only one of the weights will belong to the interval
[t — &, + €], the weight of the final classification may belong to that interval.

Thus, by creating a classifier in this way, we increase the measure of the uncer-
tainty area, not necessarily significantly increasing the accuracy of classification of
the new classifier M in relation to the accuracy of aggregated classifiers.

Therefore, we propose also another method for aggregating classifiers based
on uninorms with the neutral element being a value from the interval (0, 1). This
method will be denoted by Algorithm U (Algorithm 2).
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Algorithm 2: Classification of a test object by the U classifier

Input:

1. training data set represented by decision table T = (U,A,d),
2. collection Cy,...,C,, of classifiers,

3. test object u,

4. uninorm U,

5. threshold parameters ¢ and €.

Output: The membership of the object u to the ”main class” or to the ”subordinate class”
or "no decision”

1 begin

2 fori:=1tomdo

3 Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier C; and assign it to p;

4 end

5 Determine the final weight p for the object u by aggregating (with a use of the

uninorm U e.g., representable uninorm ) the weights py,...,py,.

6 if p > 1+ ¢ then

7 ‘ return u belongs to the "main class”

8 else

9 if p <t — ¢ then

10 ‘ return u belongs to the ”subordinate class”
1 else

12 return we abstain from the decision

13 end
14 end
15 end

We assume here that the neutral element e of a uninorm U will be equal to the
threshold parameter 7. Then, using Theorem 1.10, Lemma 1.4 and Example 1.9, for
two classifiers with classification weights p; and p, belonging to the interval [0,7]
our classifier U assigns the classification weight of the object, which is less than or
equal to the min(py, pp). That is, if at least one of the weights p;, p; is less than
t — € then the object will be classified to the subordinate class. In other cases, the
object can be classified to the subordinate class or to the uncertainty area.

If the weights p; and p; belong to the interval [¢,1], then the classifier U as-
signs the classification weight of the object, which is greater than or equal to the
max(py, p2). It means that if at least one of the weights py, p, is greater than ¢ + ¢,
then this object will be assigned to the main class. In other cases, the object can be
classified to the main class or to the uncertainty area.

In both cases the degree of membership of the object to the main class or subordi-
nate class is increased. If the object is classified to the uncertainty area with weights
p1 and pa, such that p; <t < p», then the classifier U will classify the object to the
uncertainty area.
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6.2 Experiment

Now, we present detailed information about the experiments. The experiments have
been performed on data sets obtained from UC Irvine (UCI) Machine Learning
repository [252]. Table 6.1, shows the summary of the characteristics of the data
sets. The considered attributes have numerical values only.

UCI data Objects Attributes Classes

australian 690 15 2
biodeg 1055 43 2
breast_cancer 699 11 2
diabetes 768 9 2
german 1000 25 2
ozone 2536 742
parkinson 1040 29 2
red_wine 1599 12 2
rethinopathy 1151 20 2

Table 6.1 Experimental data set details

Here, we provide a brief description of the considered data sets.

* Australian (Australian Credit Approval) This file concerns credit card applica-
tions. All attribute names and values have been changed to meaningless sym-
bols to protect confidentiality of the data. This dataset contains a good mix of
attributes — continuous, nominal with small numbers of values, and nominal
with larger numbers of values.

* Biodeg (QSAR Biodegradation Data Set, cf. [170]) — data set containing values
for 41 attributes (molecular descriptors) used to classify 1,055 chemicals into 2
classes (ready and not ready biodegradable). The data have been used to develop
QSAR (Quantitative Structure Activity Relationships) models for the study of
the relationships between chemical structure and biodegradation of molecules.

* Breast cancer (Breast Wisconsin Original Data Set) — the creator is Dr. William
H. Wolberg (physician, University of Wisconsin Hospitals Madison, Wisconsin,
USA, [258]). The classification is into classes benign or malignant.

* Diabetes — Diabetes patient records were obtained from two sources: an auto-
matic electronic recording device and paper records.

* German (German Credit Data) — classifies people described by a set of attributes
as good or bad credit risks.

* Ozone (Ozone Level Detection Data Set) — two ground ozone level data sets are
included in this collection. One is the eight hour peak set, the other is the one
hour peak set. Those data were collected from 1998 to 2004 at the Houston,
Galveston and Brazoria area. The following are specifications for several most
important attributes that are highly valued by Texas Commission on Environ-
mental Quality (TCEQ): O 3 — local ozone peak prediction, Upwind — upwind
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ozone background level, EmFactor — precursor emissions related factor, Tmax —

maximum temperature in degrees Fahrenheit, Tb — base temperature where net

ozone production begins (50 Fahrenheit), SRd — solar radiation total for the day,

WSa — wind speed near sunrise (using 09—12UTCforecastmode), WSp — wind

speed mid-day (using 15-21 UTC forecast mode). More details can be found in

the relevant paper [270].

Parkinson (Parkinson Speech Dataset with Multiple Types of Sound Recordings

Data Set) — the training data belongs to 20 Parkinson’s Disease (PD) patients

and 20 healthy ones. From all patients, multiple types of sound recordings are

taken.

* Red wine (Wine Quality Data Set) — two data sets are included, related to red

and white “’vinho verde” wine samples, from the north of Portugal. The goal is

to model wine quality based on physicochemical test.

Retinopathy (Diabetic Retinopathy Debrecen Data Set) — this dataset contains

features extracted from the Messidor image set to predict whether an image con-

tains signs of diabetic retinopathy or not. All features represent either a detected
lesion, a descriptive feature of a anatomical part or an image-level descriptor.

The binary result of quality assessment is bad quality or sufficient quality. The

underlying method image analysis and feature extraction as well as the classifi-

cation technique is described in [9].

* Spam (Spambase Data Set) — the collection of spam e-mails coming from post-
master and individuals who had filed spam. The collection of non-spam e-mails
coming from filed work and personal e-mails, and hence the word ‘george’ and
the area code ‘650’ are indicators of non-spam. These are useful when con-
structing a personalized spam filter. One would either have to blind such non-
spam indicators or get a very wide collection of non-spam to generate a general
purpose spam filter. The last column of Spam denotes whether the e-mail was
considered spam (1) or not (0), i.e. unsolicited commercial e-mail. Most of the
attributes indicate whether a particular word or character was frequently occur-
ring in the e-mail. The run-length attributes (55—57) measure the length of se-
quences of consecutive capital letters. Creators are Mark Hopkins, Erik Reeber,
George Forman, Jaap Suermondt from Hewlett-Packard Labs, 1501 Page Mill
Rd., Palo Alto, CA 94304.

To get the C; classifiers we use the k-nearest neighbor algorithm with different
values of k. In this algorithm the Euclidean metric is applied for measuring dis-
tances. Each data set is divided into two training and test parts, in the proportion
of 50% to 50%. The training part of the data is used to construct the C; classifiers.
Each experiment is repeated 20 times and the average AUC and standard deviation
are reported using test part of data. We assume that all analyzed data have only two
decision classes. Furthermore, for Algorithm M we use arithmetic mean and for
Algorithm U we use a representable uninorm with the appropriate neutral element.
The results represent the largest AUC for a given algorithm with a fixed uncertainty
area. In this chapter, we will mainly present the results for the data from the sets
diabetes, biodeg, german and red wine.



6.2 Experiment

143

Consecutively, Tables 6.2—-6.5 show examples of experimental results for dia-
betes, red wine, biodeg and german data using Algorithms 1-2.

Method measures of the uncertainty area STDDEV m.u.a.

AUC STDDEV AUC

M 0.204 0.003
M 0.251 0.003
U (e=0.4) 0.134 0.004
U (e=0.5) 0.148 0.004

0.8 0.010
0.817 0.007
0.789 0.009
0.792 0.010

Table 6.2 Example of results of experiments for diabetes data set

Method measures of the uncertainty area STDDEV m.u.a.

AUC STDDEV AUC

M 0.228 0.007
M 0.266 0.001
U (e=0.6) 0.154 0.007
U (e=0.4) 0.154 0.005

0.842 0.007
0.863 0.005
0.821 0.006
0.82 0.005

Table 6.3 Example of results of experiments for red wine data set

Method measures of the uncertainty area STDDEV m.u.a.

AUC STDDEV AUC

M 0.143 0.003
M 0.169 0.005
U (e=0.4) 0.08 0.003
U (e=0.5) 0.097 0.003

0.92 0.005
0.929 0.005
0.909 0.006
0.911 0.004

Table 6.4 Example of results of experiments for biodeg data set

Method measures of the uncertainty area STDDEV m.u.a.

AUC STDDEV AUC

M 0.203 0.003
M 0.275 0.002
U (e=0.5) 0.166 0.004
U (e=0.4) 0.15 0.004

0.722 0.012
0.774 0.01
0.721 0.01
0.717 0.013

Table 6.5 Example of results of experiments for german data set

As we can see in Tables 6.2-6.5 the Algorithm M yields a slightly larger AUC
than Algorithm U. However, in each case, the measure of area of uncertainty using
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Algorithm M is much larger than the measure of area of uncertainty when using
Algorithm U. In fact, if we use the U Algorithm, we will get a more accurate clas-
sification.

The experiments were performed with a fixed width of the uncertainty area. As
we can see in Tables 6.3 and 6.2, in the case of data from the red wine and diabetes
sets, the amount of data that are in the uncertainty area is about 10—12 percentage
points greater when using Algorithm 1 than in the case of using Algorithm 2 , while
in the case of the biodeg and german data sets (see Table 6.4 and 6.5) it is a differ-
ence of 5-8 percentage points. It means that the use of Algorithm M almost doubles
the number of unclassified objects in relation to Algorithm U. However, the differ-
ence in the AUC measure ranges from 0.001 (in the case of the german base) to 0.05
(in the case of the red wine base). Therefore, we believe that it is reasonable to use
Algorithm U.



Chapter 7

Method of building multi-classifiers based on
uninorms

Crude classifications and false generalizations are the curse of
the organized life.

H.G. Wells

In this chapter the method for selecting classifiers to build a multi-classifier (an en-
semble classifier) is presented. When classifying objects, we can construct different
classifiers. Sometimes we get many classifiers that classify an object based on var-
ious premises (attributes) or different sources. Often the decisions obtained differ
for some elements. Therefore a new classifier is being built that takes into account
the weight of individual classifiers. Many of them are of low quality. Among other
things, for this reason, in general, it gives better results than individual classifiers.
The use of all classifiers (especially those of low quality) does not always give sat-
isfactory results. However, the use of all classifiers and their later aggregation is
sometimes very expensive. Therefore, we present a method that allows to eliminate
some classifiers while increasing the quality of classification.

Our approach is characterized by, compared to the majority of existing ones, that
classifiers are not only aggregated, but dynamically selected when testing a particu-
lar test object. The purpose of this selection is to improve the global quality of the
classification and it is based on the raw results of the test object classification by all
aggregated classifiers or based on certain selection parameters learned from training
data. This approach is based on the paper [23].

Here we use the aggregation method based on the arithmetic mean and the repre-
sentable uninorm for the experiments. The reason for this is that these aggregations
in practice give good classification results obtained by multi-classifiers based on
them, often better than other aggregations known from the literature.

7.1 Classification algorithm

When classifying objects, we can construct different classifiers (based on differ-
ent systems or based on different data sources, e.g., using several diagnostic de-
vices). Often the decisions obtained differ for a certain class of test elements. There-
fore, a conflict appears between the classifiers that operate on the basis of different
sources or parameters, which must be resolved in order to finally classify the test
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object. To get a final decision, we should create a new classifier that will take into
account previous results. For this purpose we suggest aggregation of values obtained
by the individual classifiers. As a result, we build a new compound classifier.

In this chapter, we use aggregating of the classification weights obtained by in-
dividual classifiers, and we propose Algorithm 3 (method WAS — weight arithmetic
mean selection). This algorithm uses M aggregation, which is based on the arith-
metic mean.

Algorithm 3: Classification of a test object by the M classifier

Input:

1. training data set represented by decision table T = (U,A,d),
2. collection Cy,...,C,, of classifiers,
3. test object u,
4. aggregation M,
5. threshold parameter #, e.g., t = 0.6.
Output: The membership of the object u to the ”main class” or to the ’subordinate class”
1 begin
2 fori:=1tomdo
3 Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier C; and assign it to p;
4 end
5 Determine the final weight p for the object u by aggregating (with a use of the
aggregation operator M e.g., arithmetic mean) the weights py,...,pp.
6 if p >t then
7 ‘ return u belongs to the "main class”
8 else
9 ‘ return u belongs to the ”subordinate class”
10 end
11 end

7.1.1 Modification of the algorithm

Some classifiers assigns a weight to an object that differ from the weights of other
classifiers or their aggregation obtained in Algorithm 3.

That is why we decided to check their impact on the quality of the classification.
In other words, we decided to check whether eliminating these classifiers would
improve the quality of the classification.

The problem that appeared here was the choice of classifiers that we will use for
classification, or in other words — the choice of classifiers that we will remove.

Here we propose four methods to choose from classifiers which we will use in
the further part of the classification.



7.1 Classification algorithm 147

The first method is to choose those classifiers that give the weights closest to the
value obtained in Algorithm 3 , i.e., those that are the most distant from the aggre-
gate value are rejected (method WTS — weight threshold selection, see Algorithm
4).

Algorithm 4: Classification of a test object by the WTS classifier.

Input:

. data set represented by decision table T = (U,A,d), with card U = n,
. collection Cy,...,Cp, of classifiers,

. test object u,

. aggregation M,

. threshold parameter ¢, e.g., t = 0.6,

. parameter €, e.g., € =0.8.

AN N AW =

Output: The membership of the object u to the “main class” or to the ’subordinate class”
1 begin
2 fori:=1tomdo
3 Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier C; and assign it to p;
4 end
Determine the weight p’ for the object u by aggregating (with a use of the aggregation
operator M e.g., arithmetic mean) the weights py,...,py.
fori:=1tomdo
\ Compute a distance d; between p’ and p; for the given test object u
end
Choose the classifiers for which d; < €. In this way we receive the sets
K= {C\'] 7"'7C\'k}
10 Determine the final weight p for the object u by aggregating (with a use of the
aggregation operator M) the weights py, ,...,ps, .
11 if p >t then

[

e ® 9 &

12 ‘ return u belongs to the “main class”

13 else

14 ‘ return u belongs to the ”subordinate class”
15 end

16 end

Unfortunately, for small values of € we can get an empty set of K. That is why
we suggest modifying this algorithm by selecting a certain percentage of classifiers
for each test object. The selection method will be presented in Algorithm 5 (method
WPS — weight percent selection).

The third construction, which differs from the previous two, consists in the selec-
tion of classifiers that have been recognized as the most stable based on the training
set. Based on training data, we determine accuracy, sensitivity and specificity for
each classifier (see Figure 7.1). We choose those for which the distance between the
point of intersection of sensitivity and specificity and the maximum value of accu-
racy is the smallest. The selection method will be presented in Algorithm 6 (method
SSAS - sensitivity, specificity, accuracy selection). Then, we aggregate the selected
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Algorithm 5: Classification of a test object by the WPS classifier.

Input:
1. data set represented by decision table T = (U,A,d), with card U = n,
2. collection Cy,...,C,, of classifiers,
3. test object u,
4. aggregation M,
5. threshold parameter ¢, e.g., t = 0.6,
6. parameter r € (0,1].
Output: The membership of the object u to the “main class” or to the subordinate class”

1 begin

2 fori:=1tomdo

3 Compute a certain weight (“main class” membership probability) for the given

test object u using the classifier C; and assign it to p;
4 end
5 Determine the weight p’ for the object u by aggregating (with a use of the aggregation
operator M e.g., arithmetic mean) the weights py,...,p,.

6 fori:=1tomdo

7 ‘ Compute a distance d; between p’ and p; for the given test object u

8 end

9 Choose 100 r % classifiers that are closest to the aggregate value p’. In this way we

receive the sets K = {C,,...,Cy, }
10 Determine the final weight p for the object u by aggregating (with a use of the
aggregation operator M) the weights py, ,...,py, .

11 if p >t then

12 ‘ return u belongs to the “main class”

13 else

14 ‘ return u belongs to the ”subordinate class”

15 end

16 end

weights using the arithmetic mean. The weight obtained in this way is used to clas-
sify the object to the main class or subordinate class, depending on the assumed
threshold parameter.

The fourth construction is very similar to the third. As before, we select the clas-
sifiers for which the distance between the point of intersection of sensitivity and
specificity and the maximum value of accuracy is the smallest. The selection method
will be presented in Algorithm 7 (method SSASU - sensitivity, specificity, accuracy
selection using a uninorm).

Then, we aggregate the selected weights using a uninorm (in our consideration
we use a representable uninorm). The weight obtained in this way is used to clas-
sify the object to the main class or subordinate class, depending on the assumed
threshold parameter.
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Fig. 7.1 Graph of dependence of accuracy, sensitivity and specificity on the threshold parameter s

7.2 Experiments

According to the above algorithms, we have m classifiers as input. Because of this,
we need a set of classifiers. Here we will use k-NN classifiers.

The experiments have been performed on data sets obtained from UC Irvine
(UCI) Machine Learning repository. They are listed in Table 6.1 (see also Section
6.2.

To get the C; classifiers we use the k-nearest neighbor algorithm with different
values of k. In this algorithm the Euclidean metric is applied for measuring dis-
tances. Each data set is divided into two training and test parts, in the proportion
of 50% to 50%. The training part of the data is used to construct the C; classifiers.
Each experiment is repeated 10 times and the average AUC and standard deviation
are reported using the test part of data. We assume that all analyzed data have only
two decision classes. In this work, we will mainly present the results for the data
from the sets diabetes and red wine.

Consecutively, Table 7.1 shows examples of experimental results for diabetes
data using Algorithms 3—7. Table 7.2 and 7.3 show the average AUC for the results
of experiments for individual algorithms for the diabetes and red wine data sets, and
Figure 7.2, 7.3 show the graphical interpretation of these results.

As we can see in Figure 7.2 and Figure 7.3 the methods SSAS and SSASU gives
the highest of all the AUC and is the most stable value without deviation up or
down. It means that this two (SSAS and SSASU) are the most effective, and that
there are stable values obtained using Algorithm SSAS and SSASU, while the other
methods have high AUC dispersion. In addition, we see that the worst results are
obtained for the WTS Algorithm. Therefore, we presented a method that allows to
eliminate some classifiers while increasing the quality of classification. In addition,
if the classifiers use different attributes, using the reduction of classifiers we can
decide which attributes are important and which can be omitted.
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Algorithm 6: Classification of a test object by the SSAS classifier.

Input:

training data set represented by decision table T = (U,A,d), with card U = n,

. collection Cy,...,C,, of classifiers,

. collection of weight thresholds 7 = {1, ...,#,} used during computation of ROC curve,
. test object u,

. aggregation A — arithmetic mean,

. threshold parameter ¢, e.g., t = 0.6,

. parameter &, e.g., € = 0.8.

Nk W~

Output: The membership of the object u to the ”main class” or to the ”subordinate class”
1 begin
2 fori:=1tomdo
3 For the C; classifier, perform calculations such as for determining the points of
the ROC curve based on the training table and the collection 7', obtaining a list
of points LP; = Py, ..., P;; assume that each point on this list is the triplet
(sensitivity, specificity, accuracy).
4 Based on the list of LP; determine the point Py = {sens, specss,accss} € LP; for
which the distance between sensitivity and specificity is the smallest (closest to
the point of intersection of sensitivity and specificity)

5 Based on the list of LP; determine the point P, = {sen,,spec,,acc,} € LP; for
which the value of accuracy is the highest

6 Compute the distance d; between % and acc,,.

7 end

8 Choose € - m classifiers for which the distance d; is the smallest. In this way we

receive the sets K = {C,,...,Cy, }

9 for i:=1to kdo

10 Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier Cy, and assign it to py,

11 end

12 Determine the final weight p for the object u by aggregating (with a use of the
arithmetic mean A) the weights py, ,...,py, .

13 if p >t then

14 \ return u belongs to the "main class”

15 else

16 return u belongs to the ”subordinate class”

17 end

18 end
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Algorithm 7: Classification of a test object by the SSASU classifier.

2
3

13
14
15
16
17

Input:

1. training data set represented by decision table T = (U,A,d), with card U = n,

2. collection Cy,...,C,, of classifiers,

3. collection of weight thresholds T = {r1,...,#,} used during computation of ROC curve,
4. test object u,

5. uninorm U,

6. threshold parameter ¢, e.g., t = 0.6,

7. parameter &, e.g., € = 0.8.

Output: The membership of the object u to the “main class” or to the ’subordinate class”
1 begin

fori:=1tomdo

For the C; classifier, perform calculations such as for determining the points of
the ROC curve based on the training table and the collection 7', obtaining a list
of points LP; = Py, ..., P;; assume that each point on this list is the triplet
(sensitivity, specificity, accuracy).

Based on the list of LP; determine the point Ps; = {senss, specss,accss} € LP; for
which the distance between sensitivity and specificity is the smallest (closest to
the point of intersection of sensitivity and specificity)

Based on the list of LP; determine the point P, = {sen,,specq,acc,} € LP; for
which the value of accuracy is the highest

Compute the distance d; between % and acc,.

end
Choose € - m classifiers for which the distance d; is the smallest. In this way we
receive the sets K = {Cy,,...,Cy, }
fori:=1tokdo
Compute a certain weight (“main class” membership probability) for the given
test object u using the classifier Cy;, and assign it to py;
end
Determine the final weight p for the object u by aggregating (with a use of the
uninorm U) the weights py, ..., ps, -
if p > t then
‘ return u belongs to the "main class”
else
‘ return u belongs to the ”subordinate class”
end

18 end
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Method data reduction AUC STDDEV

WPS 0.5 0.813 0.002
SSAS 1.0 0.813 0.003
wTs 09 0.812 0.003
SSASU 1.0 0.812 0.004
wTSs 1.0 0.812 0.003
wWPS 0.2 0.811 0.003
wPS 0.7 0.811 0.003
SSAS 0.8 0.811 0.004
WPS 0.8 0.81 0.002
SSAS 0.3 0.81 0.006
SSASU 0.3 0.81 0.005
SSASU 0.6 0.81 0.003
SSAS 0.6 0.81 0.003
SSAS 0.7 0.81 0.004
wTSs 0.8 0.809 0.003
SSAS 0.4 0.809 0.004
SSASU 0.5 0.809 0.004
SSAS 0.9 0.809 0.002
SSAS 0.2 0.808 0.004
wPS 0.6 0.807 0.004

Table 7.1 Example of results of experiments for diabetes data set

Method average of AUC STDDEV

WAS 0,765 0,071
WTS 0,752 0,065
WPS 0,762 0,076
SSAS 0,778 0,027
SSAS 0,777 0,028

Table 7.2 The average AUC for individual algorithms using data set diabetes

Method average of AUC STDDEV

WAS 0,781 0,081
WPS 0,768 0,062
WTS 0,782 0,078
SSAS 0,800 0,017
SSASU 0,800 0,016

Table 7.3 The average AUC for individual algorithms using data set red wine
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Chapter 8
Use of uninorms to classify phishing emails

Finding an alternative to supplement military ways of resolving
international conflicts has been taken up by many people skilled
in various areas such as political science, economics, social
studies, modelling and simulation, intelligence and expert
systems, military strategy and weaponry as well as private
business and industry.

H. Chestnut

In this chapter, we will create models to detect phishing e-mails. Prediction of phish-
ing e-mails can be based on two sources of information: e-mail content and links in
e-mails. Although the links appear in the body of the e-mail, both of these sources
of information are usually treated separately and require the development of special
methods of their analysis. So, the analysis of datasets containing e-mails content
and datasets containing links from e-mails results in two classifiers. The first one
is able to classify the content of an e-mail by predicting phishing content. The sec-
ond one allows you to predict whether any link in the message is a phishing link.
If, when classifying a specific e-mail, both of the above classifiers match, the situa-
tion is clear. However, if they do not match, then we need to propose a method for
resolving the conflict between these classifiers. This method can be based on various
approaches. In this chapter, we propose a method based on the aggregation of the
classification weights of both classifiers, using the methods of the fuzzy set theory.
Both of the above-mentioned classifiers, together with the established method of
resolving conflicts between them, can be treated as a complex classifier for recog-
nizing phishing. Therefore, the use of an optimally selected method of resolving the
above-mentioned conflict is of key importance for the effectiveness of the complex
classifier.

In addition, it should be mentioned that company FreshMail does not have its
own examples of phishing. Therefore, the prediction only applies to a fixed numer-
ical level of suspicion that the e-mail is phishing. This is calculated based on the
similarity to external phishing e-mails and external links from phishing e-mails.

8.1 The phishing problem

The Oxford Dictionary has defined phishing as “the fraudulent practice of sending
e-mails purporting to be from reputable companies in order to induce individuals to
reveal personal information, such as passwords and credit card numbers.”
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One of the main ways of phishing is to send e-mails to potential victims. This
problem is becoming more and more common.

In the literature, we can find many works dealing with the recognition of phishing
e-mails (see e.g. [259] for a literature review). The proposed methods are to protect
us from the effects of phishing by filtering e-mails or blocking links.

FreshMail (FM) is a Polish company specializing in comprehensive support for
e-mail marketing activities, as well as providing a popular e-mail marketing tool.
Every month, with its help, thousands of marketers from all over the world send
over a billion messages.

When implementing the SendGuard project, FreshMail wants to be able to rec-
ommend, based on an intelligent analysis of the enormous data sets at the stage of
creating an e-mail project by the marketer, whether the e-mail should be addressed
to all recipients. In addition, in order to protect recipients, as part of the SendGuard
project, FreshMail undertook the task of developing methods of predicting phishing
e-mails in order to automatically filter them out before sending the e-mail (cf. [22]).

In our work, closely related to paper [22], we assume that the prediction of phish-
ing e-mails can be based on two sources of information: e-mail content and links in
e-mails. Although the links appear in the body of the e-mail, both of these sources
of information are usually treated separately and require the development of special
methods of their analysis. So, the result of e-mail content analysis and link analysis
are two classifiers. The first one is able to classify the content of an e-mail by pre-
dicting phishing content. The second one allows you to predict whether any link in
the message is a phishing link.

If, when classifying a particular e-mail, both of the above classifiers are consis-
tent (both classify it as ’phishing” or both classify it as “normal’), then the situation
is clear. However, if they do not match (e.g. one classifies as “phishing” and the
other classifies as "normal”), then we need to propose a method for resolving the
conflict between these classifiers. This method can be based on various approaches.
In this chapter, we propose a method based on the aggregation of the classification
weights of both classifiers, using the methods of the fuzzy set theory.

Both of the above-mentioned classifiers, together with the established method of
resolving conflicts between them, can be treated as a complex classifier for recog-
nizing phishing. Therefore, the use of an optimally selected method of resolving the
above-mentioned conflict is of key importance for the effectiveness of the complex
classifier.

8.2 The methodology

The inspiration for proposing this methodology was the fact that FM does not have
its own examples of phishing e-mails (sent by FM clients), but only examples of
texts of such e-mails obtained from external sources. Therefore, it was assumed that
a given e-mail is not obligatorily classified as ’phishing” or “normal”, but it is ex-
amined to what extent the e-mail is similar to the phishing e-mails obtained from
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the outside. The interpretation of this similarity may be presented to analysts, who
can make decisions related to stopping the sending of the suspicious e-mail. In or-
der to determine the degree of similarity to phishing e-mails, the system assigns
two weights to the degree of certainty that a given e-mail is phishing e-mail (wt —
based on the analysis of the e-mail text, whereas wl — based on the analysis of the
links in the e-mail). Each of these weights is a number in the range [0.1]. These
weights are used to estimate the degree of certainty that a given e-mail is phishing
e-mail. In order to easily illustrate and interpret the confidence level using the wt
and wl weights, a number of concepts are defined to represent different levels of
confidence in phishing recognition. For the purposes of this chapter, we will refer
to these concepts as predictive concepts for phishing. Multiple phishing predictive
concepts can be defined based on different wt and wi thresholds and different ways
to combine them. They can have different marketing meanings. For example, one
example of a predictive concept might be a concept defined by the following for-
mula: wt > 0.2 and wl > 0.9. This concept includes all e-mails for which wr > 0.2
and wl > 0.9.

8.2.1 The method of calculating the weight for an e-mail based on
the analysis of the e-mail text

One way to predict a specific e-mail as a phishing e-mail is to analyze the content
of the e-mail. The analysis of the content of the e-mail should provide a weight that
indicates the degree of similarity of the e-mail to phishing e-mails.

One of such methods may be the analysis of the presence in the e-mail of words
characteristic for phishing e-mails, which were previously determined by a different
method, i.e. based on the analysis of the difference in the frequency of occurrence of
words in non-phishing e-mails and e-mails with phishing. A set of such words has
been denoted in this paper by PHIS_WORDS. Examples of words in PHIS_WORDS
are: update, improve, verify, block, detect and many others. Thus, the method of de-
termining the weighting of an e-mail from a phishing point of view discussed in this
section begins by analyzing the presence of specific phishing words in an e-mail,
taking into account their order as well. As a result of the analysis, the result is
a sequence of words characteristic of phishing, in which the order of the words cor-
responds to the order in which the words appear in the e-mail. Then, the determined
sequence of words is matched to the analogous sequences previously determined for
all available sample phishing e-mails. The method described in this paper uses the
Needleman-Wunsch algorithm to match a fixed e-mail to a sample phishing e-mail
(for more details on the Needleman-Wunsch algorithm you can see at [215]). More
precisely, if we have a given sequence from the m test e-mail (sm), which we match
to the sequence from a certain pm — phishing e-mail (spm), then by NW (sm, spm)
we denote the number which is the length of the sm sequence matching to spm us-
ing the Needleman-Wunsch algorithm. It is a natural number less than or equal to
the length of the sequences sm and spm. By matching a sequence from a specific
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test e-mail m with different sequences from phishing e-mails (included in the PHIS
collection), we get different match values, which strongly depend on the length of
the phishing e-mail sequence. Therefore, to find a good (fairly complete) match to
a phishing e-mail, we normalize the number of matched words by the length of the
word sequence from the phishing e-mail. Thus, for a test e-mail m with a word se-
quence sm and a phishing e-mail pm with a word sequence spm, the value of the
MM (m, pm) match of the e-mail m to pm is expressed by the formula:

MM (m,pm) = NW (sm,spm)/length(spm)

We use the above measure to find the most suitable phishing e-mail for a given
test e-mail m. If the m test e-mail and the phishing e-mail collection PHIS =
{pmi, ..., pm;} are given, then the MM (m,PHIS) match of the e-mail m to the PHIS
collection is calculated according to the formula:

MM (m,PHIS) = max(MM (m, pm;), fori=1,...,k).

So, we obtain the value of the first classifier.

8.2.2 The method of calculating the weight for an e-mail based on
the analysis of links in the e-mail

In addition to the analysis of the texts of the e-mails, the links contained in the
e-mails were used to recognize phishing. Therefore, during the implementation of
the project, a collection of LINKSS links was used, prepared at an earlier stage
of the project. It contains all links appearing in FM datasets as well as all links
observed in the world in phishing e-mails, included during the period for which
the experiments were performed. Links from phishing e-mails were obtained from
various organizations collecting such links. In addition to the links themselves, a set
of link properties has been added to the LINKSS5 set for each link. Due to the fact
that in the LINKSS file there is also an attribute with the information about the time
of the first observation of the link in e-mails, the LINKS5 file can be divided into
sets using cut-off dates.

In addition, based on the LINKSS5 set, we can create decision tables that will
generate the CDLINKSS classifier used to predict phishing for individual links in
the e-mail. Because there are often many links in e-mails, and in order to determine
whether a phishing link is inserted in a given e-mail, you need to make predictions
on all links from the e-mail. That is why we define a new type of classifier for
prediction of links in e-mails, which we mark with MCDLINKSS. It works in such
a way that it first predicts the weights of belonging to the bad” class of all links
from the tested e-mail. Then it determines the prediction result for the tested e-mail.
In other words, the MCDLINKSS classifier for a given e-mail returns the weight of
the most suspicious link from that e-mail.
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8.3 Algorithm for constructing classifiers for identifying phishing

In this section, we describe the classification algorithm (classifier) for e-mail predic-
tion and the proposed procedure for testing the introduced classifier. It is streaming,
i.e. the classifier is trained before each testing day d based on the 30 days preceding
that day. Using this approach, to test over 40 million transactional e-mails (this is
how many e-mails are counted by the analyzed data), you need to stream classifiers
for many days. In the experiment, the results of which we present in this chapter,
the days from February 1, 2021 to November 30, 2021 (303 days) were analyzed.
From this period, there were over 40 million transactional e-mails.

Algorithm 8: Classification of e-mails by the classifier

Input:

. the predictive concept of phishing C,

DAYS - a collection of all days

PHIS — a sample of all available phishing e-mails,

. PHIS_TRAIN - a training sample of phishing e-mails
PHIS_WORDS - a "phishing words” in e-mails,

. LINKSS — an array of phishing links

. DSMT - table of transactional e-mails

N v RN

>

Output: The membership of the e-mail m €DMST to the “’phishing class’

1. ACTUAL_LIST =]
2. PREDICTED_LIST =[]
3. For each day d from the DAYS collection

a Generate DLINKS5_TR tables.
b Generate DLINKS5_TRD tables.
¢ Generate the MCDLINKSS5 TR classifier.
d Generate the MCDLINKSS5 _TTD classifier.
e Generate a dataset for DSMT (d).
f For each e-mail from DSMT (d)
wt1l = NMM (m, PHIS_TR)
wt2 = NMM (m, PHIS_TRD)
wll = MCDLINKS5_TR (m)
wi2 = MCDLINKS5_TRD (m)
if RESOLVE (w2, wi2) = ”phishing” then add the “phishing” decision to the
ACTUAL_LIST
else: add the decision “normal” to the ACTUAL_LIST
if RESOLVE (wt1,wl1) = ’phishing” then add the ”phishing” decision to the
PREDICTED_LIST
else: add the decision "normal” to the PREDICTED_LIST

4. Verify the correspondence of the ACTUAL_LIST and PREDICTED_LIST lists by
calculating the necessary measures of the classifier’s quality.
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8.3.1 Explanation of notions

In this part we explain some of the notions used in Algorithm 8.

* The concept of predictive phishing C is defined for the wt and wl thresholds.

* DAYS denotes a collection of all days arranged chronologically from February
1, 2021 to November 30, 2021.

» PHIS denotes a collection of all available phishing e-mails.

e PHIS_TRAIN denotes a training set of phishing e-mails obtained by randomly
separating 50% of lines from PHIS.

* PHIS_-WORDS denotes a set of characteristic words appearing in the texts of
phishing e-mails.

e LINKSS denotes an array of links and their features, including links that ap-
peared in 2021.

e DSMT denotes the table of transactional e-mails sent from FM and their at-
tributes for 2021.

e ACTUAL_LIST denotes the decision list ("phishing” or “normal”) describing
the actual membership of transactional e-mails to the concept of C (at the be-
ginning of the algorithm it is an empty list).

e PREDICTED_LIST denotes the decision list ("phishing” or “normal”) describ-
ing the prediction of whether transactional e-mails belong to the concept C (at
the beginning of the algorithm it is an empty list).

» The DLINKSS5_TR tables is generated from the 30 days preceding day d.

e The DLINKS5_TRD tables is generated from the 30 days preceding day d and
day d.

* The MCDLINKSS5_TR classifier is generated for links based on DLINKS_TR,
optimizing its creation parameters on the table DLINKS5_TR.

* The MCDLINKSS5_TTD classifier is generated for links based on LINK5_TRD,
optimizing its creation parameters on the table DLINKSS5_TRD.

* The dataset DSMT (d) denotes the transactional mails from day d and it is gen-
erated from DSMT based on attributes.
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* The wtl weight is the weight generated for the m e-mail using the NMM
(m, PHIS_TR) function including the PHIS_TR sample and words from the
PHIS_WORDS collection.

* The wt2 weight is the weight generated for the m e-mail using the NMM (m,
PHIS_TRD) function including the PHIS_-TRD sample and words from the
PHIS_WORDS collection.

» The wll weight is the weight generated for the m e-mail using the MCD
LINKS_TR (m) function, for the most suspicious link from m by the classi-
fier built for the DLINKS_TR table.

* The wi2 weight is the weight generated for the m e-mail using the MCD
LINKS_TRD (m) function, for the most suspicious link from m by the clas-
sifier built for the DLINKS_TRD table.

8.3.2 Comparing the results of the classification

To calculate the prediction value for individual e-mails, it is enough to perform only
part of the algorithm marked in black. However, here we will also want to evaluate
the quality of the classifier. Therefore, we perform the entire algorithm, and the
weights wr1 and wi1 will be used to test the quality of the classifier obtained.

8.3.3 Procedure RESOLVE

One of the most important elements of the algorithm is the RESOLVE procedure.
This procedure has two weights as input, the weight wt obtained from the classifier
based on the analysis of the e-mail text and the weight wl obtained from the clas-
sifier based on the analysis of links contained in the e-mail. On the basis of these
weights, it decides to which class the tested e-mail belongs, i.e. to PHISHING or
NORMAL. In this paper, to construct this procedure, we used weight aggregation
methods that we recalled earlier in Section 1.2, such as arithmetic and geometric
means, or triangular norms, nullnorms and uninorms from various classes. Since all
of the above aggregations are commutative, we expect both classifiers to have the
same decision threshold. However, if it were not so, we will scale one of the weights
(for the purposes of this work, we assume that the information obtained from both
classifiers is equally important). Then using the fixed aggregation for the weights wr
and wl we get some value. Depending on this value, RESOLVE returns PHISHING
or NORMAL.
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8.4 Results

During the experiments in the RESOLVE procedure, we used the various aggre-
gations described in Chapter 1. As we can see in Table 8.4, the best results were
obtained for two aggregations: Uy, uninorm and 7j; t-norm.

Aggregation| ACC PPV TPR | F1 score
Unin 0.99999 | 0.99975 | 1.00000 | 0.99987
Unmnax 0.98942 1 0.99398 | 0.99161 | 0.99279
11 0.99999 | 0.97025 | 0.99558 | 0.98275
Tu 0.99999 [ 0.99999 | 0.99999 | 0.99999
Ay 0.73264 | 0.98362 | 0.98362 | 0.77831

Table 8.1 The results for different aggregations

The proposed method of recognizing phishing mails differs from that proposed
in the literature. Other authors usually had e-mails labeled phishing or normal in
their works. This cannot be the case in this paper, because FM does not have its own
examples of phishing. Therefore, the prediction only applies to a fixed numerical
level of suspicion that the e-mail is phishing. This is done based on the similarity to
external phishing e-mails and external links from phishing e-mails. This level can be
set in various ways, depending on the current needs of analysts. It is worth adding
that if the thresholds level is set high (e.g. 0.9), the number of suspicious e-mails
will be lower than if the thresholds level is set lower (e.g. 0.6). In this chapter the
main purpose of prediction is to select e-mails to be checked by experts in order to
decide whether the e-mail should be sent or not. In the case of transactional e-mails,
we have to be sure that the blocked e-mail is bad (phishing e-mail). Therefore, the
above dependencies are useful here and the obtained results are satisfactory.



Chapter 9
Concluding remarks

The monograph aimed to present a full picture of uninorm theory relevant to the
2023 deadline, taking into account the latest developments. While finishing the
book, I received an alert about new results that had just appeared. (...) And at this
point I would like to apologize to all scientists whose results regarding uninorms
were not included in this book, while being happy that the theory I deal with in my
scientific work enjoys so much interest among scientists from all over the world.

To summarize this monograph, it should be pointed out that the reader will find
here both full information about the structure of uninorms from known classes
(which were compared at the end of the first chapter) as well as several applica-
tions of uninorms in the construction of classifiers.

Mathematically, uninorms are ordered semigroups on [0, 1] with a neutral ele-
ment and/or solution of the associativity equation. The first solutions to this prob-
lem can be found in Abel (1826) where differentiable, symmetric, strictly increas-
ing solutions in R were obtained. The next stages are Holder’s paper (1901) where
Archimedean, naturally ordered semigroups were considered. In 1946 Climescu
considered the sum of semigroups. Aczél in 1948 described continuous, cancellative
semigroups for open and half open interval. Clifford in 1954 introduced the notion
of ordinal sum of semigroups. Schweizer, Sklar in 1960 introduced the notion of
triangular norms and conorms. Ling in 1965 described continuous, Archimedean
semigroups for closed intervals and many others descriptions can be found in the
literature.

Later in the literature we can find many considerations regarding this type of
operations. Those that are close to uninorms include the papers [70], [141] and [52],
where some kind of aggregation operators combining minimum and maximum were
considered, and finally appeared as uninorms in the papers [107] and [268].

The idea of uninorms was deeper studied in [102], where the structure of such
operators was analysed and two first classes of uninorms were introduced: uninorms
in %pin (given by minimum on A(e)), and Zmax (given by maximum on A(e)) — see
Sec.1.7, and representable uninorms %, (extremely related with Dombi’s oper-
ators introduced in [70], see also [71, 141]) — see Sec.1.9. After this, some other
classes of uninorms were introduced and characterized. Some of theses classes are:
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* Idempotent uninorms %y, those that satisfy U (x,x) = x for all x € [0, 1]. In this
family, T = min and S = max. From results stated by Czogata and Drewniak
[52], they were firstly studied by De Baets [57]. The characterization of idem-
potent uninorms is due to Martin et al. [177] and corrected by Ruiz-Aguilera et
al. [235] — see Sec. 1.11.

* Representable uninorms, those that have an additive generator. They are the
only uninorms that are continuous in [0,1]>\ {(0,1),(1,0)}. They were intro-
duced by Dombi [70] and characterized by Fodor et al. [102], by Ruiz-Aguilera
and Torrens [229], and by Fodor and De Baets [98] — see Sec. 1.9.

* Uninorms continuous in (0, 1)2, s, characterized by Hu and Li [124] and
Drygas [78] — see Sec.1.10.

 Uninorms with the continuous underlying operators %,,,. First presented in the
2003 Linz Seminar [100], where the general idea of the structure of this family
of uninorms was presented (see also [61]).

* Uninorms with the continuous underlying operators, which have been charac-
terized for the cases whenever T and § are strict or nilpotent [98, 154, 150].

* Uninorms locally internal on A(e), that is, those uninorms that satisfy that
U(x,y) € {x,y} for all (x,y) € A(e). They have been studied by Drewniak and
Drygas [72, 76, 79, 82] — see Sec. 1.12.

¢ Uninorms locally internal on A(e), with the continuous underlying operators,
characterized by Dryga$, Ruiz-Aguilera and Torrens [90] — see Sec. 1.13.7.

e Uninorms with the continuous underlying operators, described by Mesiarova-
Zeméankov4 using set-valued function [203], using a set of discontinuity points
[202], using ordinal sum construction [200] and use separating functions — see
Sec. 1.13.8.

* Uninorms locally internal on the boundary, for which some properties are given
by [151] — see Sec. 1.14.

* Uninorms not locally internal on the boundary, which are presented in the pa-
pers [121, 260] — see Sec.1.15.

* Uninorms constructed by paving, whose constructions can be found in the pa-
pers [31, 284].

All the above classes were recalled in the first chapter, and their characteriza-
tion was given. In addition, a description of uninorms with continuous underlying
operations using a separating function was presented, and some properties of uni-
norms locally internal on the boundary and not locally internal on the boundary are
presented. Especially the description using the separation functions seems to be the
most intuitive and easy to describe.

Since uninorms on unit interval are always conjunctive or disjunctive (U (0, 1) =
0 or U(0,1) = 1) they have been extensively studied in the framework of logical
connectives and they have been used in fuzzy set theory and fuzzy logic [145].
In this line, uninorms are useful not only as conjunction and disjunction, but also
in other tasks of fuzzy sets and fuzzy logic. For instance, they have been used to
generate fuzzy implication functions [17], such as RU-implications [4, 59], (U,N)-
implications [18] and QL or D-implications [186]. Uninorms have been also the
basis for constructing new fuzzy logics as generalization of substructural logics
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[209, 105,210, 171]. These uninorms logics are obtained by generalizing the t-norm
based approach to interpret conjunction and implication connectives by conjunctive
uninorms and their residual or RU-implications.

In Chapter 4 we have presented ways to construct inverted fuzzy implications.
As shown in the papers [248, 249, 246], among the typical examples of fuzzy im-
plications, there is the problem of inversibility over the entire unit square. Since
the implication family forms a lattice, one way to solve the problem is to find the
largest or smallest implication with respect to the inverse implication in a given sub-
set (the partition depends on the selected family of implications) and combine them
to obtain the optimal implication. However, this is a very complex process. This
is why we have shown that the (UN)-implication is invertible with respect to the
antecedent as well as the conclusion, assuming that the uninorm is representable,
and that the family of (UN)-implications form an ordered family with respect to the
parameter e, with a fixed generator of a uninorm. Thus, we can more easily choose
the appropriate implication for the problem under consideration.

In our further considerations (not included in this book), we plan to use the con-
structed operations in real-world problems. For this purpose, the PNeS system (see
[247]) has been supplemented with appropriate modules and Petri Nets are con-
structed using uninorms and inverted fuzzy implications. Backward and forward
reasoning simulations are also conducted.

Another application of uninorms is to use them in expert systems [33, 60]
(where uninorms were used in the medical system MYCIN or the geological system
PROSPECTOR), neural network, neural networks [148, 149, 163, 220, 221, 118],
fuzzy systems modelling [265, 267], image processing [56, 112, 108], image com-
pression [25], edge detection [109, 111, 110], decision making [266, 166], consen-
sus [128, 157, 277], fuzzy integrals [142, 144] and other [140, 255].

In Chapters 67 we presented an application to creating multiclassifiers using
uninorms. Two approaches are presented here. The first one allows for the selection
of classifiers, so that only the weights of the best classifiers from our point of view
are allowed into the aggregation process. In the second approach, we used the so-
called the uncertainty area of the classifier, which allows us to not classify objects
whose classifier weights are close to the threshold parameter (for such objects, the
most classification errors are made during classification). As it turns out, the use of
a uninorm to aggregate the weights of classifiers reduces the number of unclassi-
fied objects without reducing the quality of classification. All considerations were
carried out for two-class classifiers obtained using the k-NN method. In the future,
we plan to examine the effectiveness of these methods for other types of classifiers
(larger number of classes and classifiers obtained using other methods). Finally,
in Chapter 8, we presented the use of uninorms to classify phishing emails. The
methods used allowed for increasing the effectiveness of dealing with the phishing
problem.

If we use uninorm as logical connectives (conjunction or disjunction), we can
check what logical properties they satisfy. This leads to different kinds of func-
tional equations, like distributivity [180, 181, 224, 232, 74, 88, 134, 261], modular-
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ity [179], migrativity [182, 183, 242, 276, 158, 279, 280] and others [34, 67, 120,
225, 187, 152, 3, 205].

Due to the generalization of fuzzy sets, there was also a description of uninorms
on interval valued fuzzy set [68], Atanassov’s intuitionistic fuzzy set [69], chains
[192, 234, 65, 240], lattices [137, 30, 46] and others [227, 251].

Finally, it should be pointed out that only some of the papers on uninorms (over
two thousand papers according to Google Scholar) are mentioned in this book. More
precisely, those for the unit interval contained the final results, and the others are
those representative of the problem under consideration regarding uninorms.
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