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Abstract

The presented work covers a study of selected models of spin chains, con-
ducted to quantify the bipartite quantum entanglement between the spins
of the system. At first, the entanglement is investigated in isolated systems
prepared in the thermal equilibrium state. The subsequent analysis focuses
on the changes in entanglement within open systems with hybrid dynamics
of interaction with the environment. The chain itself is placed in the bosonic
reservoir of a Markovian type, characterized by irreversible information loss
from the system to the environment which describes the Lindblad equation.
The spins of the chain, between which the entanglement is not considered,
are treated as a non-Markovian environment and "excluded" from the analy-
sis by reducing the density matrix. The mean of expressing the entanglement
strength in the considered systems is the concurrence, defined by Wooters
and Hill. The calculations required to prepare the following dissertation
are done numerically, using the authorial procedures settled on the Runge
- Kutta method of the sixth order, used for iterative solving the Lindblad
equation. Based on the preliminary analysis of the forms of Lindblad equa-
tion’s solutions and obtained numerical results, the following conclusions are
drawn: the most beneficial conditions for large entanglement in isolated spin
chains are observed for shorter chains, possibly of even numbers of spins. In
materials described by XXX Heisenberg model prepared in a thermal equilib-
rium state, negative exchange integral with high absolute value is preferable
for the system to exhibit high entanglement; for XXZ exchange interaction
model, the same fact holds for J integral, for Jx integral, however, the sign
does not matter, only its absolute value - the higher it is, the higher is the
entanglement. For XYZ Heisenberg model, this relation is more complicated.
Yet, it can be stated that for evenly numbered spin chains, the product of
exchange integrals for all perpendicular directions should be negative. The
uniform magnetic field mostly negatively impacts the entanglement, except
for a small field for short spin chains of an odd number of spins. The non-
uniform magnetic field can enhance the low entanglement; however, it reduces
the entanglement in systems with its high initial value in a thermal state.
Dzyaloshinskii - Moriya type of superexchange interaction has a slightly neg-
ative effect on the entanglement in most of the analysed systems; Kaplan -
Shekhtman - Entin - Wohlman - Aharony exchange slightly enhances high
entanglement in chains with an odd number of spins, but reduces low entan-
glement for the same chains. Finally, three-spin interactions prove to have a
positive impact on the entanglement in chains with odd cardinality. Analy-
sis of time evolution for spin chains in the Markovian bosonic environment
led to the following observations. For only exchange interaction taken into



consideration, the most robust to decoherence turned out to be the states
in which |Jz| < Jx. A magnetic field constant in time has no impact on
entanglement loss; a time-dependent field raises the entanglement only in
shorter spin chains, and this effect can be benefitted only if one adapts the
frequency of field changes to the number of spin excitations in the initial
state. Dzyaloshinskii - Moriya and Kaplan - Shekhtman - Entin - Wohlman
- Aharony interactions have almost only a negative impact on the entangle-
ment, while three spin interaction is advantageous for short chains; in longer
chains, its effect becomes negative.

Streszczenie

Niniejsza praca obejmuje analize wybranych modeli tancuchéw spinowych
pod katem ilosciowego okreslenia splatania pomiedzy dwoma spinami taricucha.
Splatanie zostalo wyznaczone najpierw w uktadzie izolowanym znajdujacym
sie w stanie rownowagi termicznej z otoczeniem. Nastepnie przeprowadzono
analize splatania w czasie dla uktadu otwartego z hybrydows dynamika odd-
zialywan z otoczeniem: sam lancuch znajduje sie w rezerwuarze bozonowym
o charakterze markowianskim (utrata informacji z taiicucha do otoczenia jest
nieodwracalna), uktad taki jest opisywany przy pomocy rownania Lindblada.
Spiny taricucha, miedzy ktorymi splatanie nie jest wyznaczane, traktowane
sa jako otoczenie niemarkowianskie i "wylgcza" sie je z analizy poprzez re-
dukcje macierzy gestosci. Stosowana miara iloSciowego splatania jest zgod-
noé¢, okreslona przez Wootersa i Hilla. Obliczenia potrzebne do przygo-
towania niniejszej rozprawy zostaly wykonane numerycznie, przy uzyciu au-
torskich procedur opartych na algorytmie Rungego - Kutty széstego rzedu,
ktore zostaly wykorzystane do iteracyjnego rozwiazania rownania Lindblada.
Na podstawie wstepnych analiz ogbélnych rozwigzan réwnania Lindblada i
uzyskanych rezultatéw obliczent numerycznych wyciagnieto nastepujace wnio-
ski: najbardziej korzystne warunki dla splatania termalnego obserwuje sie w
tanicuchach mozliwie krotkich, szczegolnie takich o parzystej liczbie spinow.
W materiatach opisywanych przez model Heisenberga typu XXX catka wymi-
any powinna by¢ ujemna i o mozliwie wysokiej wartosci bezwzglednej, aby
zapewni¢ wysokie splatanie w stanie rownowagi termicznej; taka sama wtas-
ciwos$é obserwuje sie rowniez w modelu typu XXZ dla catki Jz, zas dla catki
Jx jej znak nie ma znaczenia z punktu widzenia splatania, a jedynie jej
warto$¢ bezwzgledna - im jest ona wieksza, tym wieksze jest splatanie. Dla
uktadow opisywanych modelem XY7Z wplyw poszczegolnych catek wymi-
any na warto$¢ splatania jest bardziej skomplikowany, mozna natomiast
stwierdzi¢, ze dla tancuchow o parzystej licznosci w celu uzyskania wysok-
iego splatania, iloczyn trzech calek wymiany odpowiadajacych kierunkom



prostopadtym, powinien byé¢ ujemny. Jednorodne pole magnetyczne prze-
jawia jednoznacznie negatywny wplyw na splatanie, wyjatkiem jest jedynie
mate pole dla krotkich taricuchéw o nieparzystej liczbie spindéw. Niejed-
norodne pole magnetyczne moze wzmacnia¢ splatanie w stanach o malej
wartodci splatania, jednak obniza jego wartos¢ w uktadach o wysokim spla-
taniu wyjsciowym. Oddzialywania nadwymienne Dziatoszynskiego - Moriyi
maja nieznacznie negatywny wplyw na splatanie w wickszosci analizowanych
uktadéw. Oddziatywania Kaplana - Shekthkmana - Entina - Wohlmana
- Aharony’ego nieznacznie podnosza wartosci splatania w uktadach silnie
splatanych, natomiast w uktadach przygotowanych w stanie termalnym o
niewielkim splgtaniu obnizajg to splatanie. Oddzialywania tréjspinowe okaza-
ty sie mie¢ pozytywny wplyw na splatanie w uktadach o nieparzystej licz-
bie spinéw. Analiza ewolucji czasowej stanu ukladu spinowego w otocze-
niu bozonowym o charakterze markowianskim pozwolita z kolei wyciagnaé
nastepujace wnioski: dla uktadéow, w ktoérych pod uwage brane byly tylko
oddzialywania wymienne, najbardziej odporne na utrate splatania w proce-
sie dekoherencji byly tancuchy, dla ktorych |Jz| < Jy. Stale w czasie pole
magnetyczne nie miatlo wptywu na proces dekoherencji. Pole czasowoza-
lezne powodowalto wzrost splatania, jednak efekt ten mozna byto wykorzys-
ta¢ jedynie dla krotkich tancuchéw, oraz wymagalo to uzaleznienia czes-
totliwosci zmian pola od liczby wzbudzen magnetycznych tancucha w stanie
poczatkowym uktadu. Oddzialywania Dziatoszyniskiego - Moriyi oraz Ka-
plana - Shekthkmana - Entina - Wohlmana - Aharony’ego w niemalze kazdej
rozwazane]j sytuacji okazywaly sie niekorzystne z punktu widzenia splatania,
za$ oddziatywania trojspinowe moga charakteryzowac sie¢ pozytywnym wpty-
wem na wielko$¢ splatania w krotkich tancuchach, w dtuzszych jednak ich
wplyw staje sie niekorzystny.






Introduction

When the writing of this work started, one of the most popular topics in the
scientific community was the rivalry between Google and IBM to create the
most efficient quantum computer. I found this topic especially interesting
due to the fact that I have always considered quantum mechanics an excep-
tionally absorbing topic and I was hoping to see this particular device, the
peak achievement of this branch of science, as a fuse for the new techno-
logical evolution. Now, five years later, I still observe the development of
quantum computing with curiosity, and this work here is my timid attempt
to participate in this phenomenon, however small this contribution may be.

One of the most common physical realizations of qubits are the particles
with spin s = 4. Two distinguishable states, commonness (majority of ions
qualify) and ease of manipulation, make these objects promising elements
of potential quantum registers. They interact with each other by virtual
electron exchange, which is a quantum effect, and therefore, allow for en-
tanglement creation in multipartite systems. However, there is a pinch of
salt in this observation — the mentioned entanglement is extremely fragile
under external conditions, and many environmental effects prove to cause
decoherence in spin systems.

The goal of this work is to provide a broad illustrative analysis of entan-
glement in spin systems, with various additional effects taken into account —
be it different types of exchange interaction models, Dzyaloshinskii - Moriya
or Kaplan-Shekhtman-Entin-Wohlman-Aharony interactions, constant and
time-dependent magnetic field. This examination is carried out in two ways:
first is the determination of entanglement and its dependence on the model
parameters in the thermal state of an isolated system. This part has been
prepared to estimate the quality of entanglement in systems for which inter-
actions with the environment are negligible. The second is the calculation
of the entanglement time behaviour in a non-Markovian chain coupled with
a Markovian environment (this assumption would reflect the fact that, due
to monogamy of entanglement, interactions between the spins of the register
also cause loss of entanglement; however, this loss is reversible, as opposed to
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the loss of entanglement to the environment). Two-, three-, four-, five-, and
six-spin systems were analysed, and original procedures prepared in MAT-
LAB and Python were used as computational tools. The calculations’ results
were then analyzed to search for system parameters that make decoherence,
which is unavoidable in such systems, occur with the lowest possible loss of
entanglement concurrence.

The work is organized as follows: the first three chapters provide a the-
oretical insight into entanglement examination in spin systems. Chapter I
covers the mathematical formalism of quantum mechanics with particular
emphasis on the algebraic tools used to determine the level of entanglement
in pure and mixed states. Chapter II refers to techniques for analyzing the
time evolution of quantum systems, especially the open systems, which are
subjected to environmental influence. Chapter III describes the spin chains
and various coupling effects that may occur in this type of system. This
chapter ends with an overview of recent research done to determine the en-
tanglement behaviour in spin structures. The final, IV chapter covers the
catalogue of results obtained to analyse the impact of particular phenomena
on the bipartite entanglement in spin chains — all the assumptions stated
beforehand can be found in this section, alongside the initial conclusions
from used models and equations, as well as the numerical results for partic-
ular parameters of the models. General conclusions are collected in the final
summary of the work.



Part 1

Theoretical Background for the
Study of Entanglement in Spin
Systems
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Chapter 1

Quantum Entanglement

1.1 Basic concepts of quantum mechanics

Quantum Informatics originates from the combination of two most revolu-
tionary theories of the XX century: quantum mechanics, which changes the
way one describes the world on a subatomic scale, and information theory,
formulated by Shannon in 1948 and underpinning the whole IT industry.
The idea of applying the unusual properties of quantum systems to perform
computational operations was proposed in the late seventies by Richard Feyn-
mann. Yet, it has to wait until 1984 for its first application - the Bennett
and Brassard quantum cryptography protocol. Quantum computers, the fi-
nal products of this branch of science, are believed to be faster and more
efficient than the classical Turing machines (like usual computers), partly
because they have access to the resources impossible to utilize in classical
computation protocols — superposition, uncertainty, and, probably most im-
portant, entanglement.

As it was hinted before, the most precise theoretical framework for dis-
cussing matter properties on a microscopic level is provided by quantum the-
ory. This description is based on the notion of state space: for every isolated
quantum system, one can assign some Hilbert space H 4 (vector space with
additional operations defined alongside the usual addition and multiplication
of vectors by a scalar, namely the scalar product and the norm definition),
which plays the role of state space. For every physical state of the system,
there exists a vector [i)) (state vector) belonging to the mentioned Hilbert
space that represents this state. What is more, this relation can be reversed
- every vector from the Hilbert space represents some achievable state of the
system. This vector stores some knowledge about the state, the results of
the measurements that are possible to conduct on the system, alongside the

15



16 CHAPTER 1. QUANTUM ENTANGLEMENT

probabilities of particular outcomes. This knowledge can then be extracted
from the state vector, as a proper representation of the measurement can be
found in terms of operators.

Hilbert space itself is a complex linear vector space, provided with a
definition of scalar product, the norm of the vector, and with a set of basis
vectors, {|e2)}. The space is complex and linear if, for any vectors |ay),
lag) that belong to the space, every linear combination of them with any
complex coefficients ¢1, ¢o: |a) = c1|aq) + co|az) also belongs to this space.
The definitions of scalar product and norm of the vector are linked:
the scalar product is an operation that assigns to two vectors, be it |¢)) and
|0), a single complex number, denoted by (¢|0), that satisfies the following
conditions:

o (|0) = (O|1)*, where * denotes the complex conjugation;

e (010) > 0, (0]0) is equal to zero only if the |0) is zero vector (a vector
that can be added to any other vector and does not change it);

o if [t)) = c1|¢1) + ca|da), then (0]Y)) = c1(0]¢1) + c2(0]¢a).

The norm of the vector is defined as ||¢|| = /(¢]¢). If the norm of the
vector is equal to 1, the vector is called normalized or unit. It is worth
mentioning here, that if two vectors differ only in the multiplicative factor,
they represent the same physical state - therefore in quantum physics it is
allowed and even recommended to normalize every state vector, as it allows
to apply the Copenhagen interpretation of Quantum Physics, which will be
discussed later. The vector |¢)(1|0) represents the projection of vector |6)
on the direction of vector |¢). Scalar product (¢)|f) can be seen as a measure
of how much two vectors overlap - if it is equal to zero, then the vectors are
perpendicular to each other - they are said to be orthogonal. Finally, the
basis {|e)} is any set of vectors in Hilbert space that are orthonormal
(orthogonal and normalized), (e;'|e!) = d;; and with a number of elements
that are sufficient to express every vector that belongs to the space with
a unique linear composition of basis vectors. This condition designates the
dimensionality of Hilbert space dim(# 4) - which is equal to the cardinality
of the basis. As a consequence, every vector can be uniquely decomposed with
respect to a particular basis:

U= 3 aed)
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with coefficients a; that can be found by projecting the vector mentioned
above on the basis directions:

= {ef'[v*).

As the state of the system changes due to external or internal factors,
there must be a way of representing these changes in Hilbert space formalism.
This role is played by operators - particular mappings in Hilbert space
A:Ha Hy - they assign to every state from the Hilbert state some other
state but belonging to the same space (the set of all operators acting within
the space H4 is denoted sometimes by B(#4)). If the operator A represents
the action that changes the state of the system from |¢;) to |¢F), this action
can be written as:

AWI) = |¢F>

To fully characterize the action of an operator, one has to formulate it with
respect to some basis in the space. It can be done by determining the result
of operator action for each basis vector - without loss of generality one may
say, that operator A changes the i-th basis vector into some combination of
the other basis elements, which translates to the following formula:

Ales) = " Alle;).
J

Generally, the operator is expected to store all the results of its action - for
all the basis elements. Therefore, one more summation is needed:

dim(H )

Z A jlei)(e;l,

The coefficients A; ; might be seen as entries of matrix A, which can be
calculated from equation A;; = (e;|Ale;).

Particularly important concept, related to the matrix representation of
an operator, is trace. Trace of the operator A is defined by the formula:

dim(H4) dim(Ha)

Tr(A) = > (eildles) = Z Ay

%

and in matrix representation can be seen simply as a sum of the diagonal
elements of matrix A. The trace is especially useful in the quantum mechanics
of mixed systems and will be referred to further in the text.
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Operator is said to be linear if for any |aq), |ag) € Ha and for any
coefficients ¢y, ¢ € C the equation holds:

A (Cl|061> + CQ|C\42>) = C1 - A|O[1> +cy - A‘Oé2>

The transposition of the operator /1, AT, is given by definition:

dim(H )
AT =37 (el Ales)]en (el
2%
and in matrix representation is obtained by swapping the rows and columns

of the original matrix. Hermitian conjugate of operator A, At is calculated
by simultaneous transposition and complex conjugate of the elements from

the original matrix:
At = (4ry

Operator A is hermitian if A = A", Hermitian operators are also especially
important in quantum mechanics, for they represent measurable physical
quantities describing the system (so-called observables).

In general, the result of acting with operator A on some state, that has
been previously affected by operator B is not identical to the result of ap-
plying the operator B on the system affected firstly by operator A. In other
words:

A(Blv)) # B(Al$))
or, assuming the convention in which the order of operators runs from right
to left, without the brackets:

AB|y) # BAR).

To determine, how much the sequence of operators differs depending on their
order, one can recall the commutator, given as:

[A,B]= AB— BA; [A,B]=—[B,A].

When two operators commute, i.e. their commutator is zero, [A, E] = 0,
the order of the operations they represent has no impact on the results. From
the point of view of the uncertainty principle, which limits the precision of
determining the results of simultaneous measurements in quantum mechan-
ics, the commutator equals zero informs that the results of the operations
under consideration can be measured with any accuracy.

The last, and yet extremely important from the point of view of quantum
mechanics concept is the eigenvalues problem of the operator. Solving
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the operator A eigenvalues problem means finding all the pairs consisting of
scalar (a; - eigenvalue) and vector (|z;) - eigenvector) for which the following
relation is satisfied:

A|93j> = aj|%‘>~

The importance of the eigenvalues and eigenvectors in quantum mechanics is
the consequence of representation: the measurement of some physical quan-
tity associated with the operator A results in obtaining some value from a
discrete set of all allowed outcomes - and this set is identical to the set of
eigenvalues {a;}. What is more, the measurement itself leads to the collapse
of the state vector into a form that stores the obtained result and excludes the
others - the set of eigenvectors {|z;)} is the same as the set of all allowed vec-
tors post-measurement with A. Moreover, the outcome a; allows to specify
the state of the system after measurement as |z;). One may notice however,
that several eigenvectors may correspond to one eigenvalue - systems with
this property are said to be degenerated with respect to operator A and it
is impossible to uniquely determine the particular vector of the system after
measurement resulting in degenerated eigenvalue [1-3].

1.2 The phenomenon of quantum entanglement

The description settled on the vectors from Hilbert space becomes even more
nuanced in the case of composite quantum systems: the system consisting of

n interacting subsystems will be described within the Hilbert space H, re-
n

sulting as the tensor product of the subsystem spaces H = @) H;. Similarly,
=1
the basis of composite systems is the set of vectors, which originates from

the tensor product of basis vectors from each subsystem (it is the most intu-
itive, however, not to only one allowed method of constructing the basis of a
composite quantum system - in fact, every set of orthonormal vectors with
cardinality equal to dim(#), can be treated as a basis). According to the
superposition rule, the state of a composite system can therefore be written
as:

A
\Wcomp. = Z Ci|\) (1.1)
A=1
where the summation goes to A = dim(#;) - dim(Hs) - ... - dim(#,,) and |\)
covers all composite basis vectors.
All the possible states of the composite system can be divided into two
subgroups:
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e separable states - states represented by vectors that can be decomposed
into vectors from the individual subspaces:

(W) spp. = |¢1) € Hi ® |d2) € Ho @ ... ® |pn) € Hn (1.2)

Such states are an equivalent of classical composite systems - one can
fully characterize the system by describing the state of each individual
particle separately.

e entangled states (quantum correlated states) - states that cannot be
decomposed with respect to component subspaces; it is impossible to
find the set of states |¢;) to satisfy equation (1.2). It implies that one
cannot assign the particular state to each subsystem, and therefore,
one cannot characterize the overall system by describing each subsys-
tem individually. In this case, the composite system is described more
precisely than the components [4-6].

As an example of quantum entanglement, one can refer to a composite
system consisting of two particles with two quantum degrees of freedom. Let
there be a particle A whose states belong to the Hilbert space H 4 spanned by
the basis {|0)4,|1)a} and particle B with states from the Hilbert space Hpg
of basis {|0) g, |[1)p}. The simplest basis of the composite system H 4 ® Hp is
{10)4 ®|0)p,[0)4 @ |1)p, [1)4 ® |0)p, |1)4 ® |1) 5}, but more interesting case
is so-called Bell (or EPR) basis, with vector defined as® [7]:

) = (o) +[10)) ) = —

1

V2

States of the Bell basis have a peculiar property: the measurement con-
ducted on any subsystem can result in state |0) or |1) with equal probability,
yet the measurement on the second subsystem will be perfectly correlated
with the measurement on the first subsystem: measurements on the ® states
will always result in identical outcomes (|00) or |11)), while measurements
on ¥ will always return the opposite states (|01) or [10)).

(100) + [11))

S

1

) 73

(01) = [109)  [@7) (100) —[11)).

'Tn case of composite system vectors it is accustomed to omit the sign of tensor product;
moreover, if the order of subsystem coupling is given in a context, also the lower index is
neglected. The state is then written in a single ket-vector, so |0) 4 ® |1) 5 becomes simply
|01).
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1.3 EPR Paradox, Bell Inequality

The most surprising features of quantum mechanics are its indeterminism and
non-locality. The non-deterministic nature of quantum mechanics results
from the fact, that in general, it is not possible to predict the result of a
measurement conducted on a quantum system beforehand, regardless of the
amount of information gathered about the system or experimental setup.
One can at best provide a probability distribution of particular results. This
stands in opposition to the paradigm of classical Physics where the results of
experiment are supposed to be fully deterministic - one can precisely predict
the outcome of random? classical experiment (tossing the coin, throwing
the dice etc.), provided that the complete amount of information about the
system is collected.

Entanglement raised another unique feature of quantum theory - the non-
locality. Classical physics states that action performed in a point cannot
result in a simultaneous response in a place spatially separated from the
aforementioned place - this is the so-called locality of classical physics. As
it is presently known, this is not the case in quantum mechanics. The coun-
terintuitive behaviour of the entangled states was the source of the famous
problem of physics in the XX century - the EPR paradox.

The paradox was first presented in a paper by Einstein, Podolsky, and
Rosen (hence the name, EPR) [5] from 1935, but the most common formula-
tion of it was provided by Bohm in 1952 [8]: the system in question contains
two particles of spin s = % interacting with each other. The system can be
initially prepared in the singlet state (the lower index marks the axis, on
which the spin component is measured):

1
Y]

What is worth mentioning here, there is no limitation on the distance between
the particles - they can be spatially separated by any length. After the
initial state preparation, the measurement is carried out: the spin of the first
particle is measured with respect to the arbitrarily chosen axis containing
the unit vector 4, spin of the second one is measured concerning the axis
containing the unit vector wg. If both of the axes were set to be the z
axis, Wy = Up = éz, the results would be in perfect (anti)correlation -
measurement conducted on the first particle has the probability of 50% to

be g (spin up) and 50% to be —g (spin down), but the spin of the second

V) (| t24z) — [1z12)).

2Given it can be predicted, a better term would be pseudorandom. The randomness
comes not from an intrinsic property of the experiment, but from unwillingness of deter-
mining the outcome.
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particle will always be in the opposite direction - it is impossible to get the
same results in both measurements with this choice of axis. One can easily
prove, that a similar result can be derived by measuring the spin projections
for any axes as long as they are chosen to be the same for both spins - the
result may be in perfect correlation for different axes, but this fact does not
change the argument. For example, if the spin is measured with respect
to x axis (transformation of the states results from the properties of Pauli
matrices):

1

7 (I12) =1 12))

== (1) +112) 1) =

!
V2

Quantum mechanics states that the value of the observable is undetermined
beforehand, and only the measurement can lead to the collapse of the quan-
tum superposition, which results in a particular value of the observable as
a result of the experiment. However, given that the distance between the
spins in the situation described above can be arbitrarily long, one must take
into consideration that some unexpected interaction acts immediately on the
second particle during the measurement of the first. This conclusion stands
in opposition to the special theory of relativity, which assumes that no inter-
action can be propagated faster than the speed of light.

The paradox mentioned above was the foundation of the opinion, that
quantum physics is not complete: instead, Einstein was inclined towards
the belief that outcomes of the quantum measurements are set before the
measurement. Quantum theory can only provide the probability distribution,
not the certain results, due to the existence of some hidden variables. The
tools of quantum theory were considered to be insufficient to disclose these
variables. This hypothesis therefore was called the local hidden variables
model (LHVM).

This hypothesis was disproved by John Bell in 1964 |7]. His derivation
was based on the parameter A which was supposed to serve as a local variable
proposed by Einstein. If it was meant to be, there would have to exist some
functions A(ii4, A) and B(ip, A) with the values taken from the set {2, —1},
that serves as a result of the measurement. The particular outcome would
depend therefore only on A - if A € A the measurement will result in A = g,
if A\ € A— A}, then the outcome will be A = —2 (here, A is a set of all
possible values of \).

Bell introduces correlation function E(u4,up) defined as a product of
expectation values of measurements in respect to the axes containing 44 and

V) (I TxTx) — [Ixdx))-
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g, divided by Z—Q for convenience - therefore:
—1 < E(ua,up) <1

One can express this function as well as:

4

E<6A7 ﬁB) = ﬁ

/ PO AT, \) B(ifs, \)dA

where P()) describes probability distribution of A values; or, in quantum
mechanical interpretation:

Lo 4 5 o A -
E’(uA,uB):ﬁ@If]SA-uA@SB-uB]\II)

Bell’s theorem. If the hypothesis of hidden local variables is true, then
the inequality:

will be satisfied for every wa, up, @y, Ug.
Bell’s theorem proof. Let the function S(A) be defined as:

therefore one can rewrite Bell’s inequality as:

%AP(A)S(A)dA’ <2

It is easy to check by examining all the possibilities, that the function S(\)
can be equal only to %2 or —%. The P()), as a distribution function, has to
satisfy two conditions: P(A) > 0 for all A € A and [ P(\)d\ = 1. Hence, the
expression on the left-hand side of the inequality, putting aside the absolute
value, can be either —2 or 2, which fulfills Bell’s assumption.

However, if one assumes that the local hidden variables do not exist, and
the result of the measurement depends only on the axes choice, it is sufficient
to find a set of axes, for which the Bell’s inequality will not be satisfied. These
axes are for example:

U = €y ip = (éx +éz)
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L I .
Wy = éx “B:E(QX_QZ)

therefore:

V2

Up-Up=1Up-Ug=1Uy Ug=—U, Ug=
which obviously violates the Bell inequality:
|E(iia, i) + B(iy, @) + B(iia, Tp) — E(y, @) = 2V2.

Bell therefore provided a recipe for experimental verification (or falsifica-
tion) of Einstein’s hypothesis: someone had to build an experimental setup
allowing to measure the spin of a particle projected on the given axes. If
the expected (mean) results violate the Bell inequality, the hypothesis of the
local hidden variables would turn out to be false.

The first trials to verify the quantum mechanics accuracy in the context
of Bell’s inequality are dated to the seventies. Instead of the spin projec-
tions, they employed photon polarisation, as more convenient to implement.
The | Tz) and | |z) were substituted to vertical | {) and horizontal polariza-
tion | <»), while | Tx) and | |x) were substituted by diagonal polarizations
perpendicular to each other, | ) and | N). The experiments of Fry and
Thomson [9] and Aspect’s group [10,11] managed to prove a violation of the
Bell inequality in the correlation experiments. Their results clearly proved
the correctness of the quantum theory formulations - with all its non-locality
and nondeterminism - and disproved the hypothesis of local hidden vari-
ables [2].

1.4 Entanglement in pure states

Quantum state [¢)) is entangled if and only if it cannot be written as any
tensor product of states belonging to component subspaces:

V) #la) € Ha® [B) € Hp (1.3)

However, the problem arises if one notices, that the vectors |a) and |3) can
be of any choice. Therefore the separability of state |¢) requires careful
examination. The method that allows one to relatively simple determination
of state separability is to use Schmidt decomposition.

Let the subspace H 4 be spanned by the basis {|e’,)} and Hp be spanned
by {|e};)}. All the states belonging to the space Hap = Ha @ Hp can be
therefore written as:

dim(Ha) dim(Hp)

Z Z Aijlels) © |ep) (1.4)
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One may interpret the factors A;; as elements of a matrix. If the matrix is
diagonalizable, namely if dim(H ) = dim(Hp), one can find the eigenvalues
of this matrix and its eigenvectors, rewriting vector |¢)) as:

[0) =Y Agleh) @ Jef) (1.5)

where A, is ¢-th eigenvalue of the matrix {4;;} and |€%), |e}) are identical
linear combination of vectors from the {|e,)} and {|e)} basis, respectively.
This transformation is called Schmidt decomposition, and it gives a clear
answer, whether the pure state is separable or entangled. The Schmidt rank,
the number (counted with multiplicity) of amplitudes A, that have positive
value, denotes the entangled states when it is greater than one. Schmidt rank
equal to one corresponds then to the separable state. What is also notewor-
thy, if all the coefficients A, are non-zero and equal, the state described by
this decomposition is maximally entangled [12,13].

1.5 Entanglement in mixed states

In the real implementations of quantum mechanics one usually works on
many non-interfering, identical copies of selected system. In such situations,
the more general description of the quantum state is provided by a density
matrix (or density operator), in place of a state vector. The density matrix
is defined as follows:

p= ZPwi)ww, (1.6)

where P(1);) is the statistical probability that the system will be in state |¢;),
and {|¢;)}; is a complete, orthonormal set of states of the aforementioned
system. The density operator is self-adjoint, hermitian, and positive semi-
definite, with trace equals to one. If there is a certainty that the system
resides in one particular state |¥), then the system is in the pure state,
and its density matrix for such state can be expressed simply as p = |¥)(U|.
If this isn’t the case, then such a system is called to be in the mixed state.
To definitely check, whether the system is pure or mixed, one can check the
trace of the p? - for the pure state Tr(p?) = 1, while for the mixed ones:
Tr(p?) < 1 [4].

The mixed states can also exhibit entanglement. In general, the state p
is entangled with respect to subsystems A and B, if it cannot be expressed
as a Kronecker product of the density matrices describing the component
subsystems:

p=> Pi-rh®pp (1.7)

J
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However, the basis of states regarded in definition (1.6) can be arbitrarily
chosen, and the index j refers exactly to these multiple choices. Therefore,
it is extremely difficult to judge the separability based solely on this defini-
tion. For this reason, there arose a need for more applicable separability
conditions |14, 15].

1.5.1 Separability criteria for mixed states. Measures
of entanglement

In the case of mixed states, the determination of separability turns out to
be an exceptionally complicated issue - to use the Bell inequality or Schmidt
decomposition one should know the statistical probability distribution, as
the mixed separable state can be composed of the entangled pure states. For
this reason, there exist special separability criteria for mixed states, usually
limited to some specific cases.

Peres - Horodecki criterion of positive partial transposition

The criterion of positive partial transposition was formulated by Peres [16]
and Horodecki et al. [17] and it is a necessary and sufficient condition to
prove separability of subspaces with dimensionality 2 ® 2 and 2 ® 3 [14].
The operation necessary to specify this condition is partial transpose. Let
{]c;) } be a basis in H 4 Hilbert space and {|5;)} - basis in Hp Hilbert space.
The partial transpose done on some density matrix p € Ha ® Hp returns
matrix p!' with elements given by formula:

(il p" e Bi) = (cuBilpla; B;) (1.8)
Peres - Horodecki criterion states that the state p is separable if and only if

its partial transposition matrix p' also fulfills the condition to be a density
operator - in explicit, its eigenvalues have to be non-negative.

Positive but not completely positive maps

Let B(H) be the space of all bound operators that act on the elements of
Hilbert space H. Operator A € B(H) is positive if is hermitian and its
eigenvalues are non-negative; and completely positive, if I®Ais positive
for any dimensionality of identity operator I. Tt has been proven [17] that
positive, but not completely positive map A : B(Hpg) — B(H4) generates
a necessary and sufficient condition of separability of states - state pap is
separable if and only if the inequality:

(jA®A> pag = 0
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is satisfied for all positive but not completely positive maps A. This concept
lies at the core of the idea of entanglement witnesses - see sect. 1.6.

Entanglement monotone

There are several ways to associate a quantitative measurement as a means
to express the amount of entanglement in a particular state p. One of them
is to define the appropriate entanglement monotone, which is a function
of non-negative values, which does not increase under local transformations.
Such a function p, pu(p) — R4 U {0} has to have following properties:

1. u(p) = 0 for separable states;
2. (optionally) u(p) = 1 for maximally entangled states;

3. u(p) decreases monotonically under local operations (action on only
one part of the composite system) and classical commutations.

The examples of entanglement monotones involve negativity and concur-

rence, among others [18].

Negativity. The negativity is a measure of entanglement resulting from
the Peres - Horodecki criterion, defined as [17]:

N(p) = Trl(p")'pt] - 1 (1.9)

The above definition is equivalent to the absolute value of the sum of all
negative eigenvalues of partially transposed matrix p':

Np) =D Nl (1.10)

A;<0

Concurrence. In aim to determine the concurrence C' of the entanglement
for a two-qubit system in state p one needs to perform a transformation of
the state to obtain matrix R:

R=p(c¥ @ a")pl(c¥ @) (1.11)
and then diagonalize it. Concurrence is defined as:
C(p) = max{0,v/ Ay — VA3 — VA2 — Vi1 } (1.12)

where A1, Ao, A3, A4 are eigenvalues of the R matrix, ordered increasingly
[19,20].
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Entropic measures of entanglement

In quantum informatics the entanglement can manifest itself not only by
the non-classical correlations but also by the unexpected behaviour of the
quantum information. As it turns out, the von Neumann entropy, defined
as [4]:

S(p) = =Tr[p-log(p)] (1.13)

which was established as a means to distinguish the mixed and pure states
(S = 0 for pure states and S = dim(H) for maximally mixed state) can
also be interpreted as a number of qubits necessary to transmit the state
generated by the statistical source [21]. It is the equivalent of Shannon
entropy, defined as H(X) = >, p;(z) - log (p;(x)), which is the number of
classical bits needed to send a message associated with the random variable
X, of probability distribution p;(x) [22].

As it was pointed out by Schrédinger [6], the information of the whole
entangled system is more complete than the information of the subsystems,
therefore one can conclude, that the entropy of the whole system is smaller
than the entropy of the subsystems. In the classical information theory, the
following inequalities have to be satisfied:

H(X,Y) > H(X), H(X,Y)> H(Y)

The same holds for the pure, separable quantum states, in terms of von
Neumann entropy; what is more, these inequalities can be extended to the
a-Renyi entropies:

Sa(pAB) > Soc(pA)v Sa(pAB) > Sa(pB)‘ (1'14>

a-Renyi entropy (a generalization of the entropies used in the information
theory to quantify the randomness, uncertainty, unpredictability, and so on
of a set random experiment outcomes) is defined as:

= -log (Tr[p?]) for a#1
Su(p) = (1.15)
—Tr[p-log(p)] for a=1

If the inequalities (1.14) are not satisfied in the case of the pure state,
then the state is entangled [23-25].

Entanglement of formation. For the pure state psp von Neumann en-
tropies of reduced density matrices are equal, which can be proven based
on Schmidt decomposition. One can define the measure, which can be
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viewed as a number of Bell states necessary to copy the state psp using
the local operations and classical commutations - entanglement of forma-
tion. Therefore, for pure state entanglement of formation is defined as
Er(pap) = S(pa) = S(pp). In the case of mixed state, this measurement is,
minimized after all the decompositions of the statistical mixture into pure
states, the weighted average of pure states entanglements [20]:

Er(pap) = min (Z P(@/)i)EF(%)) (1.16)

where Ep(i;) = Ep(P(:)|v:) (¥i])-
Entanglement of formation is connected to the concurrence C' by the
relation:

Er(p) =

B [1+\/21—76210g2(1+\/21—7€2) (1.17)

1-V1-C? 1-v1-C?
I A

Relative entropy of entanglement. Let p and o be some quantum
states. One can define the function of relative entropy as [26]:

Sr(plo) = Tr[p-logy(p) — p - logy(0)] (1.18)
Relative entropy of entanglement is defined as:
Er(p) = min Sg(plos) (1.19)
os€D

where D is a set of all separable states, which can be determined based on
Peres - Horodecki criterion [27].

1.6 Entanglement witnesses

There is also a purely experimental way of detecting entanglement, by us-
ing the so-called entanglement witnesses. In the mathematical formalism
of quantum systems, all the possible measurements are represented by her-
mitian operators (observables). The operator is hermitian if simultaneous
transposition and complex conjugation of its elements (hermitian conjugate)
results in an identical operator:

A= (AT = A
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By the spectral theorem, every observable can be written in diagonal form:

A= ap|o) (ol (1.20)

where ay, are the eigenvalues of the operator and possible measurement results
of the observable, while |ay) are eigenvectors of the corresponding operator
- if the measurement results in outcome equal to a;. It will also lead to the
collapse of the measured state, whatever it would be before measurement, to
the final state |ag). The probability of a particular outcome, while acting
with observable A on state [¢), can be calculated using the formula:

P(ar) = [{exl)]*. (1.21)

The most likely result of the measurement, expected value (A), of observ-
able A acting on state |¢)) reads:

(A) = (V]Al). (1.22)
The same quantities can be written for mixed state p as:
Plax) = Tr(low) (x| - p)

(4) = Z P(4i) - (il Alepi) = (A) = Tr(A - p). (1.23)

The observable W can play the role of an entanglement witness, if it has
at least one non-zero eigenvalue and the expected value for this operator on
any separable state is non-negative (so-called block-positive map):

(Wl(oWp)|¢) =0 for any |¢) € Ha and |¢) € Hp

An example of such an operator is a state swap operator, defined as:

 dim(Ha)dim(Hp)
V= > |2) (7l @ 17) (il
i#]

If this operator acts on the entangled state, the result will yield a negative
value. Therefore, the measurement gives a clear answer as to whether the
examined state is separable or entangled [28,29].

There is a method of generating the entanglement witnesses using positive
but not completely positive maps. The map A is positive if for every vector
|4) € H the following condition is met:

(WIAlY) >0,
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and completely positive if positive is every direct product of this map with
the identity operator A ® I, regardless of the dimensionality of the latter.
Then, given that A is indeed the positive, but not completely positive map,
the entanglement witness associated with it can be obtained by the formula:

W =(I®A)P* (1.24)

where Pt is a projection operator on the maximally entangled state |®+)

defined as: .
) == el
Vi

Pt =0T\ (dH].

1.7 Local Quantum Uncertainty. Local Quan-
tum Fisher Information

Another method of quantifying the entanglement (and, by extension, any
other non-classical correlations, see 1.9 for exemplification) in a quantum
system is an applying the local quantum uncertainty - the minimal un-
certainty introduced by acting with the local operators on only one part of
the joint quantum system [30]. This method is based on the fact, that every
measurement conducted on a composite system locally would lead to an in-
crease in the uncertainty of the result (only the non-correlated in quantum
sense states will not exhibit this increase) and on the notion of skew infor-
mation. This quantity, defined by Wigner and Yanase [31], was introduced
as a means of expressing the amount of information stored by the quantum
state of a system with respect to some observable defined on this system.
Let there exist some conserved, additive observable labeled by K. Skew
information, stored in state p in relation to K is given by the formula:

Fv(p, K) =~ (V7. KP) (1.25)
= Tr(pKk?) — Tr(\/pK /pK).

It can be easily seen that for pure states (p*> = p) this expression reduces to
the variance of this state:

Iy (p, K) = Tr(pK?) — (Tr(pf())z = Var(p, K).

which expresses the uncertainty of pure state p”. For the mixed states, the
uncertainty is the sum of variances resulting from the statistical mixture of
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states that create the ensemble. As it has been proven [32], skew information
indeed allows for a reliable estimation of uncertainty in mixed states. The
definition (1.25) was later extended by Dyson and Lieb [33], to the form:

oyp(p K) = —2Tx ([0 K] - [p=, K)) (1.26)

= Tr(pK?) — Tr(p*Kp'“K).

where « takes any value from the range (0;1). This extension, depending on
the particular « serves as a symmetry monotone [34].

Local Quantum Uncertainty (LQU) is defined as a minimal skew infor-
mation that can be achieved by local operations on the particular subsystem
of a composite quantum system:

LQU = min Iyy (p, K4 ® Ip), (1.27)
Ky

where the minimization goes over all the conserved and additive operators
existing in the bound operator space of H 4. However, for systems being the
conjunction of the qubit with some larger subsystem (H = Hy ® Hp) this
minimization is done by the formula [30]:

LQU =1- max{)\l, )\2, )\3}, (128)

where A1, A2, A3 are the eigenvalues of matrix M, defined element-by-element
as:

@M1y = Te (Vo(o' @ In)ol(o? @ 1)) (1.20)

X oY o7 for the system of dimension-

with o¢, 07 being the Pauli matrices, o
ality 2.

Local Quantum Fisher Information (LQFT) is yet another technique
to express the amount of non-classical correlation in the system. Let this

system undergo a unitary time evolution:
p(7_> — e_iﬁTp(O)e_iHT.

Quantum Fisher Information is defined as [35, 36]:
1
F*(p(7)) = 7T (p(7) L*(7)) (1.30)

where L(7) is operator satisfying the equation:

d 1

7P =5 (L(M)p(7) = p(7) L(7)).
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For a state p =) pm|m)(m|, py, > 0 for any m and > p,, = 1, Quantum
Fisher Information simplifies to the form:

2 1 Pm —
F2(p>H) = §

m#n

pn - 2
m|H|n 1.31
pm+pn|< |H|n)| (1.31)

If the system in question is composite, H = H4®H p, where the dynamics
of the first subsystem is described by Hamiltonian H, ® I and the second
by I4 ® Hg, one can define Local Quantum Fisher Information as [37]:

m|H a|n)|? 1.32
P——— | H z|n)| (1.32)

F*(p, Ha) = Tx(pH3) —

m#n
by minimization over all local Hamiltonians, one obtains the measure Q%:

Q% = min F(p, ) (1.33)
Ha
which vanishes for all states that are non-correlated in the quantum sense -
therefore may serve as an entanglement measure.
If the minimization is over the two-level subsystems (qubits), the formula
above may be simplified to:

Qi‘ =1- max{)\l, )\2, )\3}

where A\j, Ay, A3 are the eigenvalues of a matrix defined as [30]:

(M) = Z%—'?<m\ai®ﬂn><nyaﬂ'®ﬂm>. (1.34)

m n
m,n

1.8 Multipartite Entanglement

The composite quantum system consisting of only two smaller parts is only
a simplification - in many cases, the systems designed to be used in quantum
technologies consist of three or more interacting subsystems. Each of the
subsystems has quantum degrees of freedom that form the most natural
basis for describing the physical phenomena behind its actions. Also, the
entanglement, besides its bipartite aspect (which, after all, is best understood
and most commonly used quantum correlations even in multipartite systems)
has a more global nature.

The simplest multipartite system is the tripartite one; however, the way
the generalization proceeds provides a clear recipe to expand this consider-
ation further. Let the system in consideration be described in the product
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Hilbert space, H4 ® Hp ® Hce. If the state of the system can be written as:
p= P ph@pp®@pe; Py € Hx (1.35)

the system is in a separable state, the state of each subsystem is perfectly
known. If this is not the case, the system exhibits some degree of entangle-
ment. This entanglement may be bipartite (the state of one subsystem is
clearly specified, and the two remaining systems are entangled):

pep = Piphp®pb 3t phg £ Pl ®p
( J

or in genuine tripartite entangled state [38] - the state of the entire system

is more precisely defined than the state of any component subsystem [39].
From the perspective of the pure states of tripartite systems consisting of

two-level subsystems, the maximally entangled tripartite states are:

e GHZ (Greenberg - Horne - Zeilinger) state [40,41]:
1
V2

The tripartite entanglement in the GH Z state can be accused of some
competitiveness regarding bipartite entanglement - tracing out any of
the subspace results in a bipartite separable state. Despite that, the
GHZ is widely applied in photonic protocols [42-46]| - the component
states represent the situation in which all the photons have the same
polarization.

IGHZ) = —= ([ L) +[111)

o IV state [47]:
_ L

V3

The W state, while also genuine tripartite entangled, is more resilient
than GHZ - tracing out any subspace results in a mixed entangled
state. This state gained popularity in quantum devices based on spin
structures [48-52] - all component states have identical magnetization,
which makes them easy to prepare.

W) (0 + ) +[311)

These states can be easily generalized for any size of the composite system:

\GHZ ) = LQ (| T2 e tar) + [ dada o dan))
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1
VM
with all properties mentioned above.

In terms of separability criterion, any positive but not completely
positive map still can serve as a base of the necessary condition of sepa-
rability: if the map A : B(Hy ® ... ® Har) — B(Hi) is positive, but not
completely positive, the separable states satisfies the equation:

|WM> = (| \L1T2 TM> + | T1\L2 TM> + ...+ | T1T2 \l/M>)

[E@A}PZO-

Similarly, the notion of entanglement witness can be expanded - there
exists operator W, which has expectation value Tr(Wp) > 0 for separable
states p, and Tr(Wp) < 0 for entangled states - such operator plays the role
of entanglement witness in multipartite systems.

1.9 Quantum Discord

Quantum entanglement is not the only non-classical correlation that can
be detected in composite quantum systems; the other is quantum discord,
also widely used in Quantum Information Theory. The uniqueness of this
resource results from the fact, that it can be present in mixed states, that
are separable in the sense of quantum entanglement - quantum discord arises
as a consequence of the non-commutativity of quantum operators, which is
in general not related to entanglement.

The measure of quantum discord is closely connected to the informational
entropy (average level of uncertainty of particular outcome when a measure-
ment is conducted upon the mixed state) of composite system state. Let us
define two measures of mutual information stored in the state of the bipartite
system, pap € Ha @ Hp:

I(pa) = S(pa)+S(ps) — S(pas) (1.36)
Ja(pag) = S(ps) — S(pBlpa)

where: ps = Trp(pag), p = Tra(pas), S(p) = —Tr(p-logp) - von Neu-
mann entropy, and S(pg|pa) = S(pas) —S(pa) - conditional entropy. Quan-
tum discord is then given as a difference between these measures [53-55]:

QD 4(pag) = 1(p) = Ja(p) = S(pa) — S(pas) + S(palps)- (1.37)

It is noteworthy, that this discord definition is asymmetric; generally, QD A F
QD |56], and basis-dependent. To remove the basis impact on the discord,
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one may apply the extended definition, with maximization over all the pro-
jection operators on the eigenbasis of H 4:

QDa(pas) = I(pap) — nl%a}‘x Jﬁf(ﬂ)' (1.38)

J

where I = |a;) (o] is projection operator.

Also the problem of non-symmetry in quantum discord can be solved
by application of von Neumann projection operators, ﬂJA ® ﬂkB . To define
the symmetric quantum discord, SQD, = SQDpg, one needs to refer to
auxiliary measures from (1.36) in terms of relative entropies (definition of

which is identical to (1.18)):
I(paB) = Sr(paslpa ® pp) = —Tr (pap -logpap — pap - log(pa @ ps)) -

Ja(pag) = max Sr(®a(paB)|Palpa) ® pp),

where the maximization goes over the ® 4 - projective valued measures (PVM)
of rank 1. The symmetric form of discord is then:

SQD(pap) = ﬁ{_{gfﬁlB [Sr(paBlpa ® pp) — SrPap(paB)|Pa(pa) @ ®5(pr))],
T (1.39)

where: A ) ) )
Pap(pan) = Y (I} @ [IF)papll) @ 11
ik
Da(pa) = ZﬁfﬂAﬁf-
J

The same definition can be written shortly as:

SQD(pap) = ﬁgnill%lB [L(paB) — I(®ap(par))] -

J®k

Such discord can be interpreted as a minimal amount of correlation that is
lost during the measurement [57, 58].

In recent years quantum discord has proven to be another important
resource in Quantum Computing, with lesser vulnerability to dissipative en-
vironment and temperature increase than the entanglement [59-61].



Chapter 2

Open Quantum Systems

2.1 Dynamics of an open quantum systems

2.1.1 Liouville - von Neumann Equation

It is beyond question that the quantum system, to be useful in practical
applications, has to be analysed as open - interaction with the environment is
inevitable and therefore must be taken into account. However, the description
of open quantum system dynamics is paradoxically worth starting with the
characterization of dynamics for closed systems, to be able to develop it
further by analogy. The time evolution of pure state |1)(t)) is governed by
Schrodinger equation:

d A
S1(t) = —iH (D) (1)

where H is the Hamiltonian of closed system. One can define unitary evolu-
tion operator, U(t, ty), which translates system from some initial state [1(to))
into state of the system in a time ¢:

¥ (1)) = U(t, to)|¢(to)) (2.2)
This operator has to satisfy the following properties:
1) Ut to) Ut (t, to) = UT(t,t0)U(t, o) = 1
2)  Ulto,to) =1
Substituting (2.2) in (2.1) one can obtain:

%U(t,to)h[;(to)) = —iHU(t,to) | (to))-

37
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The initial state of the system is independent of time and, therefore can be
neglected:

%U(t, to) = —iHU(t, t) (2.3)

so the solution of the differential equation above reads:

—in(T)dT
U(t,to) =e

This can be simplified further if the Hamiltonian is time-independent:

Ult, ty) = e (=t

Hence, the explicit form of vector |¢(t)) reads:

() = e g (1)),

However, if the system is in a mixed state, it must be characterized in
terms of density matrix - its initial form can be assumed as:

p(to) = ijle(to»(%(fo)!,

where p; indicates the probability that the system selected to measure will be
in state |1;(to)). The time evolution of the density operator will be a result
of every component vector evolution that is governed by the Schrédinger
equation:

p(t) = ijl%(t»(%(t)l = ijU(t, to)[th;(to)) (5 (o) U (2, to)

p(t) = U(t’ tO)p(tO)UT<t? tﬂ)'

The differentiation over ¢ turns this equation into the Liouville - von Neu-
mann equation:

%p(t> = Zpj%|¢j<to)><¢j(to)|yﬁ(t, t())
f
*;mewwmw%ﬂQ%@
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substituting the derivative of the unitary operator in accordance with (2.3)
results in:

L) = =i Y pU ) ) s )V 4 1)

dt
i > piU( to)ly (1) o5 (o) U7 (8 o) H

J

It is worth emphasizing here, that one can omit the hermitian conjugation in
Hamiltonian without additional assumptions - Hamiltonian represents real,
physical quantity, total energy of the system, and therefore has to be self-

adjoint. Thus,
d

—p(t) = =i (Hp(t) = p(1)H)

% (1) = ~i [F.p(0)] (2.4)

which describes the time evolution of a density matrix in an isolated system
[4].

2.1.2 Intrinsic decoherence - Milburn Equation

The previous derivation assumes that the time evolution of a closed quantum
system is unitary - however, aiming to explain the fact that macroscopic
systems are not able to exhibit the quantum correlated states, Milburn [62]
assumed the opposite. His investigation was to introduce decoherence (loss of
quantum correlation; the decoherence itself will be further discussed later on)
in closed system formalism. He hypothesized that in macroscopic systems
the decoherence coefficient is so large that correlated states are immediately
destroyed. The transformation of state during a short time interval 7 can be
calculated from the formula:

plt+7) = Mp(t)e !,
Milburn however postulated otherwise:

— for sufficiently short 7 the change of state may not even happen - let
the probability of change be denoted by p(7);

— if the change of state occurs, the new state can be described by formula:
pt+71)= e’me(ﬂp(t)eim(ﬂ = o7p(t)
where 0(7) describes the change of phase - it can be postulated to be,

for example, 6(7) = ek
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— there exist some minimal change of phase:

lim ‘9(7’) = 00.

T—0

In regards to these assumptions, one can divide the time ¢ into K identical
intervals, each lasting 7, t = K -7, and write the state p(t) as a result of time
evolution:

) = 3 () )1 = )t o)

k=0
= (L+p(r) - U(r))"p(0)

where
U(r) =46(r) —
Milburn noted, that this result is similar to the description of a sub-Poissonian

pumped laser [63] and used the rate of change from that model to formulate
the equation:

%p(t) = mln ((L+p(r)U(7)p(t))

which, for infinitesimally short time interval 7 takes the form:

d 1
Splt) = I (1+ pol)p(1)
oPo
By setting the probability of change py = 0 one can expand the equation
above: p .
Lo = = —iH06o t iH0o
gt = goepb)e
and, by expanding it further to the first order of 6, one can get the Milburn
equation, describing the closed system with intrinsic decoherence:

%p(t) = —i[H, p(t)] + [H [ﬁ,p(t)]} :

where v = %0 is a decoherence factor for a closed system. This result is

somehow surprising - in general, a loss of correlation in a closed system is not
expected. However, from the mathematical point of view, it is easy to see that
both unitary and Milburn time evolution lead finally to the eigenstate of the
Hamiltonian. In the Milburn equation decoherence occurs in the relaxation
process [64], while most commonly the decoherence is associated with the
influence of the environment - this aspect will be discussed in section 2.5.
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2.2 Concept of open quantum systems

2.2.1 Composite quantum system

To extend the description of time evolution in quantum mechanics to open
systems, it is advantageous to recall the concept of a composite quantum
system. As mentioned, when two quantum subsystems, A, B, described in
corresponding Hilbert spaces H4 and Hp, come into interaction, they will
create a composite quantum system. The system in question will be spanned
over the Hilbert space H 45, being the tensor product of component subspaces
Hap = Ha @ Hp. If we choose the basis {|¢?)} in the subspace H4 and
{Wf)} to be the basis in the subspace Hp, then we can write down the
general formula on a state vector in system A + B as:

|W)ap = Z Z a ;160 @ 7).

The interaction and correlation between the quantum systems do not rule
out the acting on or analyzing only one of the subsystems; let the S4 be an
operator acting on subsystem A. Its action on a state of a composite system
can be written as:

(5@ 17) 1Was = 3> i - S161) @ 1f)

where 1B is the identity operator in the subspace Hp. Analogously, the
action of the operator SP defined for subsystem B can be written as:

fA o OB A AB| 4B

(1@ 87) 19)ap = 30D aislof) @ $7107)
(]

Therefore, if the operator acts on both subsystems simultaneously, it is a

tensor product of operators from corresponding subspaces. As a matter of

fact, every operator defined on the composite subspace can be decomposed
as a sum of operators from the component subspaces:

S =>"8'e S

Analysis of the parameters describing only one of the subsystems may
force one to reduce the overall density matrix in accordance with the formula:
dim(Hp)
pa = Trp(pap) = Z <IA ® <¢JB|) PAB (]A ® |¢f>>
j=1
so the expectation value of some parameter S4 can be calculated as:

(S*) = Tra[S* - Trp(pas)]
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2.2.2 Open quantum systems

The term open quantum system relates to the composite system, consist-
ing of the smaller quantum system, described in terms of canonical opera-
tors (so-called reduced system), and the bigger one, described in statistical
terms, called environment. The dynamics of the reduced system is changed
due to interaction with the environment, so it can be no longer characterized
by the unitary time evolution operators.
The general form of a Hamiltonian describing the open quantum system
reads: R ) ) )
H(t):HS+HE+H[(t) (25)

where Hg is the Hamiltonian of the reduced system, taken as if it was isolated,
Hp is a free Hamiltonian of an environment, and H; (t) is the operator of the
interactions between the reduced system and the environment. In most cases,
the environment acts only as a surrounding, and all of the physical quantities
of interest refer to the reduced system. Therefore it is a common practice
to reduce the overall density matrix to a form describing only the system of
interest:

ps = Trg(p).

For example, the time evolution of a density matrix describing the reduced
system is simply:

d :

GpPs(t) = =i Teg [H(t), p(t)] -
However, due to the interaction term in Hamiltonian (2.5), the attempts to
analyse the behaviour of the open system using the equation above are far
from trivial, some simplifying assumptions are therefore necessary.

2.3 Markovian time evolution

Markovian process belongs to a class of stochastic processes in which the
memory effect of the system is very short. This allows for the assumption,
that only the present state of the system has an impact on its future be-
haviour; its future is statistically independent from its history. Markovian
processes are rather simple in mathematical analysis, given that all the hi-
erarchy of joint probabilities can be effectively simplified - one can consider
some random variable X (¢). Its probability distribution can be written gen-
erally as:

px (X (t) = 2| X (tn) = 2p; X (tn-1) = Tn-1; ... X(t1) = 215 X (to) = 20)

t>t, >th_1>..>t1>1
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which expresses the probability that the mentioned variable will take value
x in time ¢, if it was equal to z, in time t,, x,_; in time ¢,,_;, and so on.
However, if for this variable the Markovian assumption is applicable, this
distribution simplifies to the form:

px(X(t) = 2| X (tn) = Tp; ... X(to) = 0) = px(X(t) = 2| X (t,) = x,).

In practice, the Markovian processes are some idealization of the real
system behaviour. However, if the evolution of the system is characterized
by the clear difference in time of relaxation of the reduced system and the
environment in favor of the former, one can assume that the memory effect in
the environment is negligible and approximate the process to the Markovian
evolution.

Analysing the open systems that interact with the Markovian environ-
ment, we assume that for some initial time ¢ = 0, the state of the reduced
system and the environment can be described independently from each other:

p(t =0) = ps(0) @ pp.

Markovian assumption allows also for treating the state of the environment
as fixed, so the time dependency was omitted. The Liouville - von Neumann
equation and mathematical formalism behind the composite quantum sys-
tems leads to the formula for reduced system state after some time ¢, which
reads:

ps(t) = Trg [U(t,0)(ps(0) ® p)U'(t,0)] (2.6)

According to the spectral theorem, the density matrix of the environment
can be decomposed into form:

PE = Z%Wf)@ﬂ
J

This, and the definition of the partial trace, leads to following form of equa-
tion (2.6):

ps(t) = (6F|U(t,0)ps(0) Zw Wor|UT(t,0)]¢:)

%

ZZ VA GEIU (L, 0)l68)ps(0)y/ A0 1UT (1,0 6)
One can then mtroduce the operators W;;:

Wii(t) = V/A(er U, 0)|o7)
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which reduces the above equation to the following form:

ps(t) = Z Z Wi (t)ps ()W (2).

The action of the operators W;;(t) transforms the initial state of the reduced
system into its form after the fixed time; so in the notation above the oper-
ators can be replaced by the dynamical map V' (¢) - the operator that acts
in the Hilbert space according to the formula ¢:

V(t): Hs — Hg
ps(t) = 3 3 WopsOW(0) = Vin)o(0)

Dynamical map V (¢) is convex linear, positive (maps one density matrix into
another, both positive by definition), and trace-preserving operator, since:

> Wiy tWht) = I

TrsV (t)p(0) = Trgps(0) =1

and has, rather obvious, semigroup property:

- the left-hand side of the formula above corresponds to the sequence of
operators transforming the initial state firstly to state after ¢, and then to
state after t;, right-hand side corresponds to the operator which transforms
the initial state into its form after time ¢; + ¢o at once [65-67].

Completely positive, trace preserving operators (CPT)

The equation for the time evolution of the density matrix which properly
describe its evolution in time, has to be associated with observable (previ-
ously mentioned dynamical map V'(t)), that transforms the density matrix
into the density matrix. In other words, the result of V(t) action on the
initial density matrix has to be positive and with a trace equal to one. This
implies, that V() has to be:

1. trace - preserving. Operator V is trace-preserving if Tr(V p) = Tr(p)
for every p € p(H), where p(H) is a set of all density matrices defined
in the Hilbert space H.
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2. completely positive. Operator V is positive if all its eigenvalues are
positive. The operator V' is k positive if the operator V ® I, is positive,
where I, is the identity operator of dimensionality k& x k. The operator
V' is completely positive if the operator V ® I is positive for every k.

Operators fulfilling the conditions listed above are called CPT (completely
positive and trace-preserving) maps.

2.3.1 Born - Markov equation

If the open system is described by Hamiltonian (2.5), its overall time evolu-
tion will result from Liouville - von Neumann equation:

% (t) = —i [ﬁ[(t),p(t)] : (2.7)

However our main interest is an evolution of the reduced system labeled with
S, so the density matrix will be then traced over the environmental degrees
of freedom:

ps = Trep(t).

Having made these preliminary observations, one can assume (without loss
of generality) that the term describing the interactions between the reduced
system and its environment in (2.5) can be written as:

Hi(t) =a- hy(t),

where o works only as a scaling factor of energy - it carries the information of
the magnitude of the interacting part. The Liouville - von Neumann equation
can be therefore expanded as:

% (t) = —i [ﬁ[s + Hp + ahy (1), p(t)] 7 (2.8)

and, given that only the interacting part is time-dependent, such an equation
is more convenient to analyse in the interaction picture. In quantum me-
chanics, there are three leading formulations: Schrédinger picture, which
assumes that the time evolution concerns solely the state vector (and, in
the bigger picture, also the density matrices), while the operators are con-
stant in time (with the exception being the time-dependent potential in the
Hamiltonian, as it is in the case of open systems - ﬁj(t) plays its role); the
Heisenberg picture is based on state vectors that are constant in time,
and the evolution results from time-dependent operators; and interaction
picture mentioned before, where both operators and state vectors carry out
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the time evolution. Given that neither the vectors nor the operators are
available for direct observation (only the values of individual observables can
be extracted from the system), these three formalisms are not contradictory,
they need only a specific theoretical approach. Up to this point, all the equa-
tions were written in Schrodinger picture, to convert the Hamiltonian and
the density matrix to the interaction picture (indicated by a tilde over the
entry) one has to perform the following operations:

hi(t) = e HsHHRE fy(p) . e~ i(HsHHR)E (2.9)

pt) = cH(Hs+Hp)t p(t) - e~ i(Hs+Hp)t (2.10)
These transformations appear in the Liouville - von Neumann equation as:

(1) = o (1), (1)) (211)

so it can be solved "forcefully”

3(t) = 7(0) — ia / [ (s). 5(5)] ds. (2.12)

To use some simplifications related to this equation, the solution should be
implanted back into (2.11), to get:

t

%ﬁ(t) = —ia [ﬁf(ﬁ,ﬁ(oﬂ —a? / [ﬁ,(t), [hr(s), ﬁ(s)]} ds. (2.13)

0

The robust method from above can be applied once again, resulting in:

o) = 0(0) ~ i [ [hus).50)] ds = a2 [ [ [but@)lhats). 5)] s,

(2.14)

—p(t) = —ia[ﬁz(t),ﬁ(o)]—OéQ/[ﬁf(t)[ﬁz(S),ﬁ(S)]} ds (2.15)
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Of course, these actions can be iterated indefinitely, so it’s worth applying at
this point a simplification - Born assumption: for weak coupling between
the system and the environment, the terms with higher powers of o are neg-
ligible. What is more, it is common to assume the initial state as a separable
combination of reduced system and environment states, p(0) = ps ® pg;
therefore the first term (commutator) vanishes. Applying this observation to
the equation above results in the Born - Markov equation:

G0y == [ [0lhs(). ()] ds. (2.16)

To complete the search for the time evolution of reduced system state, one
needs to return to Schrodinger picture and trace out the environment - the

result is:
t

%ps(t) :_TYE/ [ﬁ(t),[H(S),p(S)] ds. (2.17)

0

2.3.2 Lindblad master equation

The derivation of the Lindblad equation is based on the assumption, that
one can write the interaction part of Hamiltonian (2.5) as a sum of operators
in a form:

H=S®B'+5t'eB (2.18)

where S acts in the Hilbert space of the reduced system and B in the space of
the environment. Let the S commute with the reduced system Hamiltonian
- this implies that its interaction picture representation will be identical to
its Schrodinger picture form:

[HSS] —0, S(t)=2.
The Hamiltonian of the environment can be written in its statistical form as:

k

where dL and aj are respectively: creation and annihilation operators of
boson with energy equal to wy. This approach allows for defining the B as:

B =Yg (2.20)
k
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In the equation above g, is a complex constant factor acting as a coupling
coefficient. In the interaction picture, the formula for the B operator reads:

B(t) = e Bt Boitlpt _ Zgz&ke_wkt. (2.21)
k

Applying this form of B(t) to (2.18) makes it similar to Jaynes - Cummings
model of interaction between the optical cavity and two-level atom [68] (the
direct product sign has been omitted for brevity):

hi(t) =S graje ™ + ST grage . (2.22)
k k

However, the aim here is to express the integrand from (2.16) in terms of S
and B(t):

= STB(t)S'B(s)p(t) + STB(t) B (s)Sp(t)
— STB(t)p(t)STB(s) — STB(t)p(t)Bf(s)S
— $'B(s)p(t)STB(t) — B'(s)Sp(t) St B(t)
+ p(t)STB(s)STB(t) + p(t)Bi(s)SSTB(t) (2.23)
+ SBI(t)STB(s)p(t) + SB'(t) B (s)Sp(t)
— SBY()p()S1B(s) — SBi()p(t) B! (5)S
— STB(s)p(t)SBI(t) — B'(s)Sp(t)SBI(t)
+ p(t)STB(s)SB'(t) + p(t) Bt (s)SSBH(t)

The next step is to trace out the environment from the equation. To do this,
one can refer to the following simplification: let the state of the environment
not be affected by the presence of the reduced system - from the point of
view of Markov’s assumption it can be said that all the excitations outside
the system relax so quickly, that it can be neglected in comparison with
the timescale of reduced system evolution. Such environment is therefore
effectively in a thermal state:

¢ BHE 1

G 22

PE

and the whole open system is described by the separable (with respect to
environment and reduced system) state:

p(t) = ps(t) ® pg. (2.25)
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Moreover, it is easy to verify with (2.21) that the following relation holds:
Trg [B(t)é(s)pE} = Trg [BT(t)BT(s)pE =0 for t#s. (2.26)

This fact, and the cyclic property of the trace (Tr[ABC] = Tr[BCA| =
Tr[C AB]) allows to simplify the equation (2.23) term by term:

Tep [hi(t), [ha(s), (1)) =

n
v ps0)8St Trg [ BB (s)pi] (2.27)
N
n

SSps(t) - Tre [BI) Bl (s)ps] (= 0)

— Sps(t)S Tep | BN (1) B(s)px)

)
)
)
)
)
)
)
88Tps(t) - Trg | BY (1) B(s)pee|
)
)
)
)
)
+ ps(t)gTS-TrE__B(s)ET )
)

(t
+ ps()8S - Trp | Bi(s)Bl(t
At this point, it is preferable to adopt the following notations:

f(t,s) = Tep | B(t) B (s)p)
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g(t, s) = Trp [Bf(t)f;(s)pE

and rearrange the equation (2.27) into:

Teg [Rr(0), [ (), 6] = (S"Sps(t) = Sps(®)ST) - £ (t,9)
+ (878ps(t) — STps(t)S) - glt,s)  (2.28)
+ (ps(t)818 = Sps(H)Sh) - f*(t, 5)
+ (Ps(t)gTS — STPS(t)g) -g*(t, s)

Lindblad equation arises after applying this derivation into formula (2.16)

and assuming that:
t 4
/ g(t, s)ds —/ g (t,s)ds =0
0 0

t t
- [ fsis =~ [ s =+
0 0
which results in:

%pg(t) — 7 (25ps()S" = $13ps(t) - ps()57S) (2.29)

The usual form of the Lindblad equation however takes into account two more
factors: firstly, it disregards the assumption that the commutator in (2.13)
vanishes; secondly, it allows more than one channel of interaction between
the environment and system - the interaction term is therefore:

H =) S,®B'+SiB (2.30)

q
so finally, the full form of the Lindblad equation reads:

d N

—ps(t) = =i [ Hs(t). ps(t)] + 3 7 (28405(1)5] = S1Sups(t) = ps(1)S]S,)

(2.31)
where ¢ is the index that runs through all the operators describing the influ-
ence of the environment on reduced system. The role of v, is a decoherence
rate for each of these operators [66,69-72].
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2.4 Non-Markovian time evolution

In general, the Markov assumption cannot be applied to every quantum
system - if the relaxation rates of the system itself and its environment are of
similar magnitude, there is a backflow of information from the environment
to the reduced system, which has to be taken into account. The proper way
to analyse such open systems is to consider them in a non-Markovian regime
- tracing not only the system of consideration’s past but the environment as
well. The master equation of a system coupled to the environment, without
distinction between the Markovian and non-Markovian system-environment
dynamics, can be written in the form:

t

G0l = =i lHO. (0] + [ Koot (2.32)
where H(t) - open system Hamiltonian in interaction picture, and K, -
memory kernel of the system, linear map describing the history of environ-
ment impact on the system. In the Born - Markov approximation, this kernel
is assumed in the form K ,(p(u)) = K - §(t — u)p(u), which, with the addi-
tional assumption that the interaction between the system and environment
is weak and the memory effect does not occur, allows to write the master
equation in Lindblad form (2.31).

However, referring to the fact that the time evolution of a system must
be described by some completely positive map ¢, such that:

p(t) = $i(p(0)) = > Ap()p(0)AL(). (2.33)

Then, one may obtain the time-local version of the Lindblad equation, suit-
able also for systems with non-Markovian dynamics. In the equation above,
flk(t) is some time-dependent Kraus operator, whose characteristic feature
is to satisfy the condition of preserving the trace of the density matrix. In
other words, >, A(t)Al(t) = I. Omitting the obviously local-in-time part
of the master equation, —i [H(t), p(t)], and transforming the remaining part
in the following way:
d t

G0 = [ Ko

t

= | Kiudu(p(0))du

_ / Kyuud7 (p(1))du (2:34)
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one can notice that under the condition that operator ¢; ' exists - which
denotes that the time evolution is invertible - the master equation can be
written in local form, which by no means excludes the systems with non-
Markovian dynamics. Such a master equation translates to the expanded
form of the Lindblad equation:

-2 %T(t) (S,i(t)@k(t)p(t) + p(t)S] (1) Sk(t) — 28k (t)p(t) A]‘g(t)) .

The time dependency in decoherence rates v, (t) and environment interaction
parameters Si(t) stores information about the past of the system [73].

2.4.1 Two-level system

A similar result can be achieved by analyzing the simplest non-Markovian
system: a two-level atom (described by Hamiltonian Hg) coupled to the
bosonic reservoir (Hg). The total Hamiltonian of the problem reads:
H=Hs+Hg+V
Hs = wyot6~
H B — Z wkg;ilsk
k

- Z gi (67 by + 578 (2.36)

In the equations above, the 67, 6~ denote respectively ralsmg and lowering
operators in the system of interest’s Hilbert space, and bk, by are creation
and annihilation operators of a boson with energy wy.

Determination of a time evolution can be done in a framework defined
by [74]. Let us assume the following state notation:

Yo = 0)s ®|0)n
=|1)s®[0)s
=10)s ® |1x)B

and initial state in a form:

®(0) = cotbo + 1 (0)1y + Z Ck<0>wk



2.4. NON-MARKOVIAN TIME EVOLUTION 93

This state will evolve into state ®(t):

B(t) = covbo + 1 ()vn + Y en(B)y”,
K

and the equation describing this evolution in the interaction picture can be
written as:

d -
0 =iV (H2(). (2.37)

The time-dependent form of the interaction Hamiltonian can be derived by
transforming all the component operators into their interaction picture forms,
namely:

V() =3 g (7 (Dbe(t) + 6~ (ML) (2.38)

&i(t) — U:I:ezl:iwot
Ek(t) = i)k@iiwkt
bi(t) = bl e,

In this place, it is important to explain, why the amplitude ¢y remains con-
stant in time. The particle number operator is defined as:

N=6""+) bl (2.39)
k

and it commutes with Hamiltonian - in other words, remains constant in
time. In the state associated with amplitude ¢g, |0)s ® |0)p there are no
particles - it is so so-called vacuum state - therefore no particle exchange can
occur, for there is no place for these particles to come from.

The equation (2.37) can be expanded into a set of interconnected differ-
ential equations for particular amplitudes:

d : 1(wo—w

ECI(t) = —1 zk:gke (wo—wrlte, (t) (2.40)
d ‘
%ck(t) = —igpe Womwrlte (1), (2.41)

The procedure of solving such a set of equations requires a "forceful" solution
of the second equation |75]:

t
cp(t) = —igk/ ¢ (T)e” o= qr (2.42)
0
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54
(2.43)

and inserting this form into the first equation results in

t
_Cl :_71292 i(wo— wkt/ Cl( ) i(wo wk)TdT
0

This outcome can be differently expressed with reservoir correlation function
(2.44)

f(ta —t1):
—01 / flt—=1)ei(r
(2.45)

which can be given as
=1 ngbk t2)bj (1 \OB><OB\] fenlta=t)

[tz —t1)
or, by using J(w), the spectral density of reservoir

(t2_t1) :/J(w)ei(wow)(tg t1)d ]

The open system analysis aims to determine the time-dependent form of
the density matrix describing only the reduced system. This matrix, in its

(2.46)

(2.47)

implicit form, reads
{1 — les()? COC"{(t)}
e ()]

which can be differentiated over time, to describe its evolution As the am-
' , dtCD = 0. With this

plitude ¢ is constant in time, its derivative equals zero
(2.48)

fact taken into account, one can formulate this matrix derivative as:

cg~%c’{(t)]
tat)  Sla@®)? ]

d
*
Co ﬁcl

Eﬂs

Then, by introducing the following parameters
d

(t) = {_%|Cl(t)|2
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and applying some calculations, one can represent the equation (2.48) in a
form similar to the Lindblad equation:

Do) = —2Biaro= ps) + (2.49)

dt
#(0) (57ps(0)5 = 565 ps0) 4 pstt) )

where S(t) plays the role of time-dependent Lamb shift parameter, and ~(t)
describes the decoherence rate.

2.4.2 Composite system in the non-Markovian environ-
ment

Let us analyse the composite quantum system in the non-Markovian envi-
ronment in the context of spin chains, composed of spins s = % A chain con-
taining N spins can be described in a 2"-dimensional Hilbert space, spanned
by the basis:

{11),12),13)..., 12% = 1), [2%)}

where:
1 1 1 1
|].> = | TT TT> = ’812 = 5,822 = 57 ‘_‘75§71 — §7S]Z\7 — §>
1 1 1 1
2) =1 ..t =s7 = 5,322 =5 S = 5,3% = —3)
1 1 1 1
|2N> = ’ \l”\l/ \l/\l/> = ‘Slz = _§7SQZ = _57 '-'7Sﬁ—l = _573]Z\7 = —§>

The Hamiltonians of the spin system and its environment can be written as:

2N

Hg =Y Ei;li) (il (2.50)
]
k

and interaction as:

V= f: (ﬁé " J;ET) (2.52)

n
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where B = Yok gklA)k. Therefore, the total Hamiltonian of the open system
reads:
H=Hs+Hp+V.

Since the transformation to the interaction picture is cumbersome and re-
quires complicated calculations, it is customary to apply some simplifications
while considering this kind of problem. One of the possible approaches is to
utilize the low excitation approximation [76,77]. This method is settled
on the reduction of Hilbert space of the spin system to the subspace spanned
by ground state, |g) (usually state |1) from the list above) and set of all states
with one excitation, {|n)}, where:

;N
_ —inl
’TL)— \/lele |1l>
1) =Tt i Tv)

This reduces the Hamiltonian of the system and the interaction between the
system and environment to the form:

Hso = Eolg){gl + Euln) (nl
N

Vo= (lo)(nlB + n){g|B").

n

The general state of the system reads:

k

@) = <Co|9> + cn(t)|n>> 10) + > Fi(®)lg)[1)

where the state |0x) represents empty reservoir, and the state |1;) collects
different modes wy of the reservoir. The time evolution of such system is
again described by the system of interconnected equations:

de(t) = —i (wncn(t) + ijgkfk(t)>
Lfe(t) = —i (wkfk(t) - mil gka(t))

By assuming that energy of ground state £, = 0 and switching to the inter-
action picture, one may rewrite these equations as:

Len(t) = =iy gre' @t fi(t)
k

N .
%fk(t) = — Zl gkefl(wm*wk)tcm(t)



2.5. DECOHERENCE o7

From now on, the solution, supported with the normalization condition:

< (Z ea®2+ 3 |fk<t>|2) =0

DolealPF + ) 1ABF =1-¢

=1

follows the same path as in the case of a two-level system - firstly, the formal
solution for the second equation is postulated to be:

N t
fr(t) = —i Z/ GiCn (T) e @m =R 7
m=1v0

and being inserted into the first equation it gives:

d Nt ’
ONOTS oY G S
m=1 k

This formula can be then supplemented with the spectral density of the
reservoir, as in (2.46):

%cn(t) =-> /0 e (T) f(t — 7)dT.

m#n

Further considerations are highly dependent on the frequency distribution of
modes in the reservoir and may require a numerical approach. However, the
final step is to determine the time-dependent form of the reduced density
matrix.

2.5 Decoherence

Quantum coherence is a property of quantum systems that allows them to be
in the superposition state. It is a source of correlations that are impossible
to create in classical physics. Quantum coherence is crucial in the formation
of entangled states, therefore in technological quantum applications, no dis-
tinction is made between coherence and entanglement in terms of quantum
resources. However, the interaction between the system and the environment
leads to an inevitable loss of coherence - some correlation between the sys-
tem’s and environmental degrees of freedom arises, and it comes at the cost
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of correlation loss within the system itself. One way of visualizing it is to
look at the environment as the measuring factor: during the study of the
open system at one point, the environment’s degrees of freedom are traced
out, and one can notice that some states exhibit a certain stability over time;
yet, information of the superpositions of these states is gradually lost, to the
point of no correlations in the system of interest. This phenomenon is called
decoherence.

To express this phenomenon both qualitatively and quantitatively one
may refer to the decoherence function. Once again, the description of
the open system is done by the Hamiltonian consisting of three parts, re-
spectively, for the system of interest, environment, and interaction between
these two: ) R R R ) )

H=Hs+ Hg+ Vsg = Hy+ Vsg.

The interaction term Vg is defined by some specific set of vectors |n) € Hg
coupled to the operator acting in Hilbert space of environment:

Vsp =Y [n)(n|®B,=> A,®B,

with the requirement that B, = le The operators A, are examples of pro-
jections, and can be defined in a way that they commute with the Hamilto-
nian of the system of interest, and in consequence, with the total Hamiltonian
of a whole open system, as they are only specified for Hg:

|:I:[S7An:| = [[A{OaAn] = |:1T:IO+‘A/SE7A71 =0.

This mirrors the fact that these operators are the representations of conserved
quantities, and result in mean system energy, constant in time:
d

%<1€[5> =0.

By switching to the interaction picture, one can express the interaction
Hamiltonian as:

V(t) = e Vape 00 = 3" A, @ By (b),

Bn (t) — eiHotBnef’iHQt’

and time evolution unitary operator as:

U(t) = exp (—i /;Zfln ® Bn(s)ds) :
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The initial state can be assumed in the form:

[$(0)) = > caln) @ |50,

n

where |fy) is some arbitrary initial state of the environment. This state
evolves according to the formula:

[(1) = U@I$(0)) = D caln) @ |8a(1)), (2.53)

where
16,(8)) = exp (—z' / a(s)ds) ) =VOlG).  (254)

The state |¢(t)) in (2.53) is clearly an entangled one - there are interac-
tions present between the n-th eigenstate of a system and some specific state
of the environment - |3,). As a result, the environment captures and stores
some information about the system of interest. This fact is also reflected in
the form of a reduced density matrix, as shown below:

ps(t) = Trplp ()W) = D eachln)(m] - (Bu(t)|5a(t)-

n,m

Properties of a state vector indicate that (3, (t)|8.(t)) = 1 for all times ¢ and
possible indices n - therefore the diagonal elements of density matrix pg(t),
associated with the populations of particular states |n), remain constant in
time. In general, however, this cannot be said for the off-diagonal elements of
this matrix, related to correlations between individual states. Time variabil-
ity of elements (n|ps(t)|m) is characterized by the overlap of environmental
state vectors |5,(t) and |5,,(t), expressed by formula:

(Bu(t)|Bn(2)) = €T ®.

The function Iy, (¢), [yn(t) > 0 for all m # n, describes the behaviour of
the off-diagonal elements of the density matrix and is called the decoher-
ence function. An alternative way to define this function is to use the
expressions derived from (2.54):

Lo (t) = W[V H(2) - Va(t)-

The explicit form of a decoherence function is strongly dependent on
the coupling model of system-environment interaction, intrinsic properties of
system and environment, and initial state. However, in general, it is expected
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that I',,,,(t) rapidly decreases in time. This results from the irreversible
dynamics of system-environment interactions and the dissipation of quantum
correlations specific to the system of interest. Therefore, for a sufficiently long
time (namely for times longer than the characteristic time of the system,
7D = +[Emas — Emin]), the density matrix evolves into the diagonal form:

ps(t) = Y lea(t)PIn)(nl,

that indicates the lack of quantum correlations, and entanglement among the
others [66, 78|.



Chapter 3

Spin Systems in Quantum
Computing

3.1 Spin chains

Just like in the classical information theory the bit is the most fundamen-
tal unit of information, the qubit is the most fundamental unit in Quantum
Information Science. Qubit - which is short for "quantum bit" - is a quan-
tum system spanned on two orthogonal states. There are numerous ways to
realize the qubit - one can use a light polarization (horizontal or vertical), Ry-
dberg atom (in ground or excited state), or the direction of a spin magnetic
momentum for a particle with s = % spin - so-called "spin up" (mg = g) and
"spin down" (mg = —2%) states. Especially the latest way is gaining popu-
larity, as the spins can be connected into larger chains, which increases their
computational utility and allows one to make use of the bonding exchange
interactions in quantum informatics procedures. Spin chains have proven to
be the means for successful implementation the state transfer [79-81], quan-
tum computation [82,83] and quantum cryptography protocols [84]. The
relatively low complexity of manufacturing the spin systems devices, their
compactness, and low cost also contribute to the growing interest in these
structures. From the point of view of quantum computing based on open sys-
tems, a big advantage of spin systems is their long decoherence and relaxation
time (48,85, 86].

Spin chains are the one-dimensional systems of particles with non-zero
spin, held together by the exchange interactions. Spin itself is a physical
property of quantum objects, which provides them with intrinsic magnetic
moments. Exchange interactions result equally from the Pauli exclusion prin-
ciple and from the electrical repulsion of particles with the same charge.

61
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Such interactions are relatively strong (of the order of several dozen milielec-
tronovolts), yet short-ranged; in the macroscopic structures of ferromagnetic
nature they cause the formation of areas of homogeneous magnetization (so-
called magnetic domains). The energy of exchange interaction between two
spins can be described by the equation:

where J is the so-called exchange integral, the energy of coupling between
the spins, and its sign determines the magnetic ordering in the ground state.
Pairs with negative exchange integral will prefer anti-parallel (antiferromag-
netic) ordering, for the positive sign of the integral one should expect parallel
(ferromagnetic) ordering in the state with the lowest energy. The operator
S consists of three components, corresponding to spin projections on three

mutually perpendicular axes, S = [SX Sy 57 ], which can be constructed

employing the Pauli matrices 0%, oY, 0%:
b _ I -
S = 50 j=XY Z.

Pauli matrices for spin s = % are:
0 1 0 —i 1 0
X _ Y __ Z _
i O A B
and for spin S = 1:

1 1
0 z 0
1 0

9
I
)
)
q
|
o~
o
|
-~
)
|

The general formula for elements of the Pauli matrix for arbitrary spin S:

(mislo™ [ms) = \/S(S + 1) = mlgms - Gty mg 1 + Ot 1.m5)

(sl ms) = —i - \/S(S + 1) — migins - (Guymest — O s1ms)
(mlo?|ms) = 2-ms - Oy mg

where mg is the value of Z-projection of the spin vector, from the set mg €
{-S,-S +1,....5 — 1,5}. Construction of the operators for many-body
quantum systems is done using the direct product with unity operators of
appropriate dimensionality (2 x 2 for spin s = %, 3 x 3 for S =1, and so on),
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for example, to obtain X-projection of spins in the two-spin system, one has
to calculate the following operators:

S =S8%eI, Sf=I5"

There are several models of Hamiltonians for spin chains, depending on
the degree of anisotropy between the exchange interaction (in all the models
below, one can also exceed the upper limit of summation to N and adapt the
following boundary condition N + i = ¢ to obtain the closed (circular) spin
chain):

a) Ising model:
N-1

H =-J> S/SZ,
i=1
Semiclassical model of exchange interaction, suitable for material with
high anisotropy, where one direction of spin angular moment interacts
much stronger than the remaining two, or when the strong crystal field
forces spins to align with a particular direction. This model, due to
its classical nature, does not allow entangled states to form without
additional effects, therefore, it will not be further elaborated here.

b) XXX Heisenberg model:
N-1

Hxxx = =7 (5555, + 878, + 8252,
i=1

Fully isotropic model, in which all the spin components interact with
equal strength.

¢) XXZ Heisenberg model:

N-1 N-1
Hyxz = —Jx 3 (SXS%,+ SYS%.) = J2 > S78%,

=1 =1

Model for materials, in which one component (usually parallel to the
external field) interacts differently than the other two.

d) XYZ Heisenberg model:

N-1 N-1 N-1
Hyyz=—Jx » SXSX =Y SYSh, —Jz > SPSZ,

i=1 =1 i=1

Model for materials with fully anisotropic exchange interactions.
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Here is worth emphasizing that restricting interactions to only nearest neigh-
bours in the spin chain is an explicit approximation - it is obvious that spin
in the chain senses also the presence of the magnetic momenta of further
neighbours, and this fact contributes to the total energy of chain; however,
the exchange interaction decreases with increasing distance, therefore inter-
actions with further neighbours can be neglected to some extent.

3.1.1 Spins in an external magnetic field - Zeeman effect

If the particle with non-zero spin is located in an external magnetic field,
additional energy arises, coming from the interaction between spin (which
makes the particle a specific magnetic dipole) and the field. The presence of
these interactions manifests itself as the shift of the particle’s energy levels.
Such an occurrence is called the Zeeman effect [88]. In physics, it is
accustomed that the direction of the external magnetic field is aligned with
the z-direction of the coordinate system. Therefore, to reach the energy
minimum for the parallel arrangement of magnetic field and spin (serving as
a vector of a magnetic dipole, in analogy to the similar, classical situation)
it is assumed that only the z-component of spin interacts with the field.
Additional energy is then expressed by the formula:

N

i=1

In the equation above, 7 is the gyromagnetic ratio and pp is Bohr magneton.
However, the problems considered in Quantum Computation regarding the
interactions between spins and external magnetic field are treated using a
special unit system in which v = up = 1. Therefore the formula from (3.2)
is reduced to:

N
H;=-> B-S7 (3.3)
=1

Index ¢ enumerates the spins in a chain [3].

3.1.2 Dzyaloshinskii - Moriya interaction

The Dzyaloshinskii - Moriya (DM) interaction constitutes an additional con-
tribution to the exchange energy, resulting from the spin-orbit coupling in
structures with broken inversion symmetry. It is an additional exchange in-
teraction between the excited state of one ion and the ground state of the
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second - the first ion is excited by spin-orbit interaction. The formula describ-
ing such effect can be derived as a second-order correction in the perturbative
analysis of spin-orbit interaction, and expressed as [89,90]:

N—-1
oy = Y (Dx(SYS%, — 285 + Dy(S25%, - §¥84,)
=1

+D2(8¥ 8%, - SV LK) (3.4)
The DM interaction exhibits itself in so-called spin canting - a non-zero net
magnetic moment of an antiferromagnet in temperature close to absolute
zero. This effect originates in slight tilts of magnetic momenta from the di-
rection of the antiparallel ordering, provided by antiferromagnetic exchange
interactions (which should lead to zero net magnetic moment alone) - these
tilts are caused exactly by DM contribution and result in a change of ground
state energy [91]. Moreover, DM interactions are suspected to be the source
of skyrmions - statically stable vortex-like magnetization regions in ferromag-
netics and thin magnetic films [92,93|. They are also crucial in the emergence
of the magnetoelectric effect in multiferroics [94].

The Dzyaloshinskii - Moriya parameters can be arranged in the form of a
vector, D= [Dx, Dy, Dz]. Such vector is closely connected to the symmetry
of a spin structure:

a) if there is an inversion center exactly in the middle between two in-
teracting nodes of spin structure (spin chain), Dzyaloshinskii - Moriya
interaction does not occur, D = 0;

b) if there is a mirror plane exactly in the middle between two nodes,
perpendicular to the line connecting the nodes, the vector D will be
parallel to this plane;

c¢) if there is a mirror plane that contains both interacting nodes, the
vector D will be perpendicular to this plane [95,96].

d) if the line between two interacting nodes in a crystal lies along the [110]

lattice direction, D must be aligned with the [110] lattice vector, which

translates to its form equal to [%, —%, O} - such an interaction occurs

in materials which crystallize in pyrochlore structure [97].

Dzyaloshinskii - Moriya effect is commonly found in chiral magnets, such
as a-Fe;O3, MnCO3, CoCOg3, or CdCryOy.
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3.1.3 Kaplan - Shethkman - Entin-Wohlman - Aharony
interaction

In the materials, in which the Dzyaloshinskii - Moriya interaction appears,
there can be observed also additional symmetrical helical interaction. Since
this interaction is usually of one order of magnitude smaller than DM it was
difficult to observe and often neglected in theoretical analysis. This interac-
tion was first described in Kaplan’s seminal paper [98] and then explained
by Shetkhman, Entin-Wohlman, and Aharony [99]. This effect was then
named Kaplan - Shetkhman - Entin-Wohlman - Aharony interaction (KSEA).
It was confirmed to occur for the materials such as BayCuGe,O7, [100],
LayCuOy [101] or YbsAss [102]. Hamiltonian of KSEA interaction can be
written in the form:

—

N-1
I:IKSEA = Z 5_; . f : Sj+1 (35)
j=1

where T is a symmetric KSEA tensor, given as:

R I'sxx I'xy I'xz
= |(I'xsy I'yvy Tyz

I'xz Tvz Tyzz
so the explicit formula for KSEA energy reads:

N-1
Hispa = 3. (rxy(sjf SV 4 8Y 8% ) + Txs(SXS%, + 5755 ) (3.6)

j=1
Ty (8 SZ, + S78Y0) + TxxSF %, + Ty SY 8 + 225782, )
However, in most cases the terms associated with I'xx, I'yy, and 'z can

be incorporated in exchange integral, and therefore are neglected; the KSEA
takes a simplified form:

N-1

Hispa = Z (FXY(SJXSA;;1 + SJYSJ)EA) + FXZ(gj(SJZ+1 + gJZSJ)grl)
j=1
Ty (8 S, + $752,))) (3.7)

3.1.4 Three spin interaction

The assumption commonly accepted when describing the interaction of mag-
netic momenta, that only two spins interact at the same time is only an
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approximation - in the case of some phenomena it is necessary to refer to
multipartite spin interactions [103,104]. One of the most common models in
the literature regarding multipartite magnetic interaction is the three spin
interactions (TSI) model, given by Hamiltonian:

N-1
Hrsr =k <SjX_ISjZS;i_1 + S;/—lsj'zs;;J)
j=2

and are common in complex magnetic structures, especially containing tran-
sition metal ions, for example, CsMngsMg 7oBr3 [104], Eu,Sry_,S [105],
Eu,Sr_,Te [106].

3.2 Entanglement in the spin system - overview

This section serves as a concise review of the works regarding quantum en-
tanglement in spin systems. The papers referred to here were published in
the last fourteen years (2010 - 2024) and constitute the currently recognized
level of knowledge about quantum correlations in these systems.

The most often discussed type of entanglement in the thermal, station-
ary state of the quantum spin system. Luczak and Butka [107] investigated
the impact of electric field and magnetic flux on entanglement between spins
s = % of quantum dots, arranged at the corners of an equilateral triangle.
This system was described by the Hubbard model, which was then simplified
to the XXX Heisenberg model with antisymmetric exchange interactions, re-
sulting from the presence of the external electric field. As an entanglement
measure, the concurrence was used. The authors proved that the electric
field can serve in such a system as a means to control the entanglement. The
spin coupling due to antisymmetric exchange interactions may be linear (in
weak field) or quadratic (in strong field) function of the field - it is the conse-
quence of the Stark effect. What is more, for the particular field orientation
one may achieve the state, in which two spins are maximally entangled, while
the third remains separable (entanglement monogamy) - for small fields this
orientation coincides with the direction pointing forward the separable spin,
which does not hold for bigger fields. Moreover, the impact of the magnetic
flux was determined - it forces even distribution of the bipartite entanglement
between the spins. Furman et al. [108] analysed the appearance of entangled
states in finite, one-dimensional chains of spins interacting by dipolar cou-
pling in the external magnetic field. The concurrence was employed as an
entanglement measure. It was found out that for a magnetic field notice-
ably larger than dipolar coupling in terms of interaction energy, the thermal
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state is separable - entanglement occurs when these two types of interaction
are similar in magnitude (Zeeman energy can be also one or two orders of
magnitude smaller to obtain this effect, however, the entanglement will be
lower). The authors considered the relation between the temperature of en-
tanglement loss and applied magnetic field and found out that the relation
between the heat capacity, temperature, and magnetic field is visibly different
for entangled and separable states, and therefore may serve as an entangle-
ment witness. Sadiek and Kais [109] compared two seven spins systems -
a two-dimensional section of triangular lattice and a one-dimensional linear
spin chain, in terms of thermal bipartite and multipartite entanglement un-
der the influence of temperature range close to absolute zero. Both systems
were described by the XY Heisenberg model with an external magnetic field.
Bipartite entanglement was expressed by concurrence and entanglement of
formation, multipartite entanglement was measured by the so-called robust-
ness of entanglement and with a geometrical method. In both cases, one- and
two-dimensional structures, authors managed to find non-zero entanglement
in the high magnetic field, however with relatively small magnitude and sus-
ceptibility to a decrease in value with increasing temperature. What is more,
the authors determined the critical temperatures - temperature, in which en-
tanglement rapidly decreases to zero - for bipartite entanglement of nearest,
next-nearest, and third-order neighbours, as well as for multipartite entan-
glement in both of the compared systems. In the special case, XX model
(Jx = Jy), both types of entanglement vanish at the same temperature, yet
for anisotropic models (Jx # Jy ), multipartite entanglement decreases faster
as the temperature increases. In general, the closer to each other the two
spins are, the higher their critical temperature is, it may be however slightly
increased with the strong external magnetic field. The authors also proposed
supplementation of structure with a magnetic dopant (one of the spins was
replaced with a similar particle with a different type of interaction), which,
according to their calculation, may have the potential to noticeably raise
the temperature of entanglement decay. This effect, alongside the strong
magnetic field, could allow for manufacturing a quantum information system
resistant to temperature increase. Del Cima et al. [110]| considered the an-
tiferromagnetic chain described by the XXX Heisenberg model, expressing
the entanglement quantitatively by the minimal distance (counted accord-
ing to Hilbert - Schmidt norm) between the analysed state and subspace of
separable states, defined utilizing Peres - Horodecki criterion. Their analysis
resulted in finding a relation between the decoherence temperature and the
value of exchange integral describing the model. Najarbashi et al. [111] anal-
1

ysed the thermal entanglement in a triangular system of S = 5 and S =1

spins. Four different systems were investigated and compared, all described
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by the XXZ Heisenberg model with an external magnetic field. The authors
described the entanglement using concurrence and carried out their research
to obtain the following dependencies: concurrence vs. temperature and con-
currence vs. magnetic field. Their result was that the sign of magnetic field
has no importance for the entanglement, only the magnitude of said field.
They also found a correlation between the anisotropy parameter ‘5—)2(, mag-
netic field, and type of spins in structure and temperature of total entangle-
ment decay. Milivojevié [112] analysed three spin systems, described by XXX
Heisenberg model with different types of three-spin interactions and external
magnetic field. By applying entanglement fidelity, the author analysed the
states in terms of the creation of the states of maximal entanglement, GHZ,
and W states. The paper shows the possibility of exploiting the magnetic
field as a detector of W-type entanglement. Park [113] investigated thermal
entanglement and thermal discord in a two-spin XYZ Heisenberg system with
Dzyaloshinskii-Moriya (DM) interactions. The author managed to determine
the temperature of sudden entanglement loss (T¢), which suggests, that this
temperature may also indicate the phase transition. The study was divided
into two parts: one focused on antiferromagnetic (J,, . < 0) and the other
on ferromagnetic (.J,, . > 0) systems. In antiferromagnetic systems, the en-
tanglement decreases exponentially with temperature, and quantum discord
is characterized by exponentially damped behaviour, however, discord does
not reach zero. The temperature of total entanglement loss increases along
the DM exchange coefficient. In the ferromagnetic system, both entangle-
ment and quantum discord are equal to zero even for small temperatures
(close to absolute zero). This observation suggests that in this class of mate-
rials investigated quantum resources cannot be utilized. Redwan et al. [114]
studied the impact of exchange interaction of Calogero-Moser type (inter-
actions in the systems where their components oscillate around equilibrium
positions, so the exchange interaction tends to depend on the distance be-
tween the spins; in this paper, this relation was assumed to be J(R) = %)
in a two-spin system with non-uniform magnetic field and unidirectional DM
interaction on entanglement in thermal state and possibilities of quantum
teleportation. The entanglement was characterized by the negativity while
the quality of quantum teleportation was by the fidelity - the quantity that
expresses the similarity between the initial (p;) and final (pr) state of quan-
tum teleportation protocol. Fidelity is given by the formula:

F(pr, pr) = (mpm/ﬁf

and takes its value in the range of 0 to 1: the fidelity equal 1 indicates that
the final state perfectly reproduces the initial state, while 0 means that the
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final state is orthogonal to the initial state, therefore all the information
about it was lost during teleportation and protocol failed. Authors managed
to find the critical value of spin distance, above which the entanglement in
the thermal state rapidly decreases; moreover, the DM interaction was shown
to be a positive factor in terms of entanglement; also anisotropy of magnetic
field can be used as an entanglement enhancer in some set of parameters. In
terms of quantum teleportation fidelity, there were certain sets of parame-
ters, that ensured the teleportation with maximal fidelity; as it turns out,
the appropriately low temperature and short distance between spins is cru-
cial to provide the effective teleportation medium. Lima [27] examined the
one and two-dimensional arrangement of spins, described by XXZ Heisen-
berg model with DM interactions. Analysis of entanglement was supported
by von Neumann entropy. The author concluded that entanglement entropy
tends to zero as the temperature declines; additionally, the paper contains
a comparison between two formalisms used in the analysis of such struc-
tures: Modified Spin Wave (MSW) and Schwinger Boson Theory (SBW).
The same author, in a different paper [115] approached the analysis of en-
tanglement in two systems: triangular and honeycomb lattice of spins. The
exchange interaction was described by the XXZ Heisenberg model, and as
an entanglement measure, von Neumann entropy and relative entropy of en-
tanglement were applied. By using spin wave approximation, determination
of the relation between temperature or exchange integral and entanglement
was achieved, and results showed the impact the frustration occurring for
antiferromagnetic exchange has on the entanglement. Niezgoda et al. [116]
analysed the ground and thermal state of various spin chains (long-range
Ising interactions, XXZ Heisenberg model, and Majumdar - Ghosh model)
as a means to prove the original approach to obtaining the information from
a single element of density matrix. The entanglement was expressed by the
correlator, resulting from Bell inequality. As the paper was not focused on
entanglement, the results were not interpreted in depth, however, the effec-
tiveness of the proposed approach was confirmed. Li et al. [117] studied the
XXZ model of two spins, s = % and S = 1, in terms of entropic uncertainty
and its behaviour under the increasing temperature or external, inhomo-
geneous magnetic field. The analysis was conducted on the thermal state.
Besides the uncertainty, also entanglement was investigated, and measured
by negativity. In general, quantum entanglement, as a quantum correlation,
increases while the entropic uncertainty decreases, and a thorough exami-
nation of this phenomenon in the considered model was the purpose of the
authors. Their results confirmed that external magnetic field and temper-
ature have a degrading effect on the entanglement, and exchange integral
effectively reduces the entropic uncertainty, and can to some extent prevent
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the loss of entanglement due to temperature or magnetic field. Fedorova and
Yurischev [118] analysed the two spin XYZ Heisenberg model, with three
components Dzyaloshinskii-Moriya (DM) and Kaplan - Shekhtman - Entin
- Wohlmann - Aharony (KSEA) interaction, in the external magnetic field.
Their work was settled on the division of states due to symmetry, and anal-
ysis of entanglement in each symmetry family. The amount of entanglement
was described by concurrence and entanglement of formation. Besides de-
veloping a formula to calculate the entanglement in a particular symmetric
group, they also described the impact of DM and KSEA factors on the entan-
glement. Galisova and Kaczor [119] conducted an investigation of magnetic
properties in a hybrid model - planar Ising lattice with interconnected trigo-
nal pyramids of Ising/Heisenberg XXZ spins; one of the analysed parameters
being the thermal entanglement between spin in pyramids, expressed in en-
tanglement concurrence. Their analytic approach and numerical simulations
resulted in determining the concurrence for particular sets of parameters.
Huang [120] described the two-spin Ising model, with DM interaction and a
non-uniform magnetic field. The measure of entanglement adopted in the pa-
per was the concurrence. Investigation on thermal entanglement in this case
revealed that the magnetic field has a destructive impact on the entangle-
ment, and its anisotropy only enhances this effect. DM interaction changes
the temperature of entanglement loss. Khedif et al. [121] investigated the
two spin system described with XYZ model and z-oriented DM interaction,
to determine the impact of model parameters such as temperature, exchange
interaction, and DM coupling factor on the non-classical correlations, entan-
glement, and quantum discord, in state of thermal equilibrium. The former
was described by negativity, the latter with local quantum uncertainty (LQU)
and uncertainty-induced nonlocality (UIN). The research results allowed the
authors to deduce that increasing the DM factor corresponds to the increase
of LQU and UIN and that the total entanglement loss does not translate to
loss of all quantum correlations - quantum discord remains even above the
temperature of entanglement decoherence. Elghaayda et al. [122] described
the thermal entanglement in a pair of spins coupled not by exchange in-
teraction, but by dipolar magnetic coupling, with the inclusion of DM and
KSEA interaction, in the external magnetic field. Besides the logarithmic
negativity, applied to evaluate the entanglement, researchers used also local
quantum uncertainty (LQU) and uncertainty-induced nonlocality (UIN) to
examine the correlations beyond the entanglement. The most important con-
clusion derived from their investigation is that the KSEA interaction may,
to some extent, reduce the loss of entanglement due to thermal decoherence.
Tae-Hung et al. [123] considered the four-qubit chain of spins interacting by
XY Heisenberg model, with DM interaction taken into account, in terms
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of preserving the non-classical correlations in thermal state and under the
impact of some quantum communication channels. As a measure of these
correlations, Local Quantum Uncertainty (LQU) was applied. The authors
found out that temperature has a negative impact on the correlations, how-
ever, this effect can be overcome with sufficiently high exchange interactions
or DM coefficients. The following decoherence channels were investigated:
phase damping channel, depolarizing channel, and phase flip channel. Two
former turned out to decrease the LQU with the increase of decoherence fac-
tor 7, while the latest one reaches minimal LQU for v = 0.5, and for higher
decoherence parameters one can witness the growth in quantum correlations.

In recent years, the research focused on the time evolution and dissipa-
tion of entanglement in quantum spin systems is gaining popularity. Given
that the actual layouts for Quantum Informatics purposes cannot be sepa-
rated from the environment, the approach of open quantum systems theory
is common - there are plenty of analyses for spin systems coupled to Marko-
vian or non-Markovian reservoirs. Xu et al [124] analysed the time evolution
of entanglement in a system of seven Ising spins arranged on a triangular
lattice in the presence of various, time-dependent magnetic fields (of step,
exponential, hyperbolic, and periodic type of time dependence). As the ex-
ternal magnetic field impacts the thermal equilibrium state, also evolution
of thermal state entanglement was also considered. The authors investigated
the bipartite entanglement between the nearest and next-nearest neighbours
in their model, treating the rest of the spins as a non-Markovian reservoir.
Authors found that the behaviour of the entanglement in such a model is
ergodic; the system exhibits some controllability for some types of time-
dependent magnetic fields, however, it holds only for fields of small magni-
tude. A high magnetic field introduces disturbances in the time evolution of
entanglement. Entanglement also adjusts the frequency of its changes to the
frequency of the external field in temperatures close to zero, nevertheless the
higher the temperature is, the lower the amplitude of entanglement. Mah-
moudi et al. [125] prepared an analysis of entanglement, mutual information,
and quantum discord dynamics in closed spin chains of spins %, interacting
in accordance with XX Heisenberg model and in the presence of three-spin
interactions. As the research was focused on bipartite quantum correlations,
two neighbouring spins from the chain were selected, and the rest played the
role of a supposedly non-Markovian environment. The model in question can
be exactly solvable using the fermionization technique - joint Jordan-Wigner
and Fourier transformation, that maps the problem onto the momentum
space. As the solution depends on the initial state, the maximally entangled
state of two considered spins was selected as such (\/L5 (] t4) + €] 11))), com-
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plemented with the ferromagnetic state of the remaining spins (all of them
were pointing in the same direction). As the entanglement measure, the
concurrence was chosen; the authors investigated also the mutual informa-
tion, Z(pap) = S(pa) + S(pp) + 3o _, Aalogy)a, where S(p) indicates von
Neumann entropy of state p, and A, are the eigenvalues of the psp den-
sity matrix; and the behaviour of quantum discord. They managed to find
a point, where the non-Markovian dynamics (periodic losses and recoveries
of quantum correlations) turn into Markovian (exponential loss of quantum
correlations) - the limiting point is when the three spin interaction factor
reaches the half of exchange interaction, Jrs; = 0.5Jggrs: Jrsr below this
value results in non-Markovian behaviour, Jps; above - in Markovian. The
authors also proved that quantum correlations in the environment are also
sensitive to the Markovianity of the problem. Sivkov et al. [126] conducted ab
initio calculations and spin Hamiltonian analysis on antiferromagnetic chains
of Co deposited on CugN/Cu(110) substrate. These particular materials were
chosen due to the fact, that they exhibit quantum correlations, entanglement
included, in relatively high temperatures (20K - 100K). Moreover, the insu-
lating properties of the substrate limit the decoherence to the environment.
The analysed spin chains were up to seven spins in length and the first spins
was subject to a switchable magnetic field along Z axis and magnetic pulses
along X axis of a few teslas magnitude and 2 - 4 picosecond duration time.
Von Neumann entropies of singular spins indicated that the expected total
magnetization of the chain during spin-flip (caused by magnetic field switch-
ing) is equal to zero, (Sz) = 0, which is a premise for non-zero entanglement.
The research reveals the substantial difference in time scales of spin switching
in chains with even and odd numbers of spins. Strong quantum entangle-
ment appears during spin switching and decays during relaxation. Hama et
al. [127] proposed a model of two spin ensembles, connected to the common
bosonic reservoir, to investigate the relation between the number of spins in
such an ensembles and the time behaviour of quantum entanglement. The
spin domains were described separately by the Ising Hamiltonian, and the
interaction between them was realized through the reservoir - the absorption
of boson from the reservoir was associated with the raising of down-spin in
one of the domains, while the change from spin-up to spin-down was related
to the creation of boson in the reservoir. Time evolution was calculated by
the Lindblad equation. The initial state was an antiparallel polarization of
domains - all spins in the first domain were in the up state, while all spins of
the second were in the down state; the reservoir was initialized in a state of
thermal equilibrium. The entanglement was expressed by logarithmic nega-
tivity. Analysis of obtained results allowed authors to formulate the following
conclusions: despite initializing the second domain in the ground state (all
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spins down), the interaction with the reservoir and the first ensemble results
in some excitations in its spins, with the rate of such excitation depending
on the difference between the numbers of spins in domains. This leads to
the creation of a new equilibrium state for the entire system; the entangle-
ment between the domains in the thermal state turned to be a function of
spin number in the first domain: it increases for n from 1 to 5, and for the
larger number of spins decreases monotonically. The authors also indicated
potential materials, for which such a model can be applied experimentally,
GaAs among others. Kuzmak [128] analysed the entanglement dynamics of
the N-spin % system described by Ising Hamiltonian with all ranges of inter-
action. The system was initially assumed in state ¢(0) = | + +...+), where
[+) = cos?| 1) +e“sing| |) and its dynamics resulted from unitary evolution,
which was postulated in accordance with the proposed Hamiltonian. The en-
tanglement between the selected spin and the rest of the chain was examined,
and in the end, to express this feature quantitatively, the geometrical mea-
sure was applied, using the average value of spin, E = 1 (1 —|(0z)]). In
the further part of the paper, the analysis was supplemented with the im-
pact of an external, transverse magnetic field. The dynamics of the problem
turned out to strongly depend on the initial state geometry - the author
determined the range of polar angle 6, for which the extended period of max-
imal entanglement can be observed, and proved that the number of spins
in the chain also has a significant impact of entanglement value; however,
the entanglement showed to be independent on azimuth angle ¢. To in-
vestigate this independence, the manifold of entangled states was explored;
the research revealed that the entanglement drops, when the curvature of
the manifold increases - therefore, in aim to preserve the system in a highly
entangled state, the mentioned manifold should have possibly the smallest
curvature. Kolovsky [129], to test the validity of Born-Markov approxima-
tion for different than the usual type of environment, analysed the quantum
two-level system coupled to the Bose-Hubbard chain, which served in this
analysis as an environment. This model was chosen due to the fact, that in
opposition to the commonly assumed bosonic reservoir, which can be seen
as an ensemble of linear quantum oscillators, the Bose-Hubbard chain has
strong ergodic properties. These properties manifest as a tendency to create
the entanglement not only between the modes of the chain but also between
the states of chain and coupled system of interest. This entanglement was
inspected by analysis of the time behaviour of von Neumann entropy. The
author proved that the Born - Markov approximation can be indeed applied
also to the proposed model, and pointed out an additional advantage of the
ergodic environment in terms of open system analysis - it is relatively easy to
modify the assumptions to reach the non-Markovian model. Mahmoudi [130]
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researched the entanglement dynamics in a one-dimensional XX Heisenberg
spin chain with three-spin interaction (TSI) and DM superexchange also
taken into consideration. The whole system underwent the unitary interac-
tion and then was reduced to two spins, between which the entanglement
was determined - therefore the dynamics of the system were non-Markovian
in initial assumptions. The initial state was the maximally entangled state
of the two first spins of the chain, coupled with the separable, ferromagnetic
state of the rest of the system. The author observed the expected decrease of
entanglement due to decoherence (entanglement sudden death), however, the
non-Markovian nature of the problem results in periodic increases in entan-
glement. The amplitudes of subsequent peaks decrease exponentially, which
is expected, nevertheless, the rate of amplitude decrease may serve as an in-
dicator of how non-Markovian the dynamics really are. Using this tool, the
author managed to determine, that DM interactions enhance the entangle-
ment regain, which leads to the conclusion, that materials with sufficiently
high DM interactions may be characterized by low decoherence. Also, TSI
contributes to the preservation of non-Markovian behaviour in the system,
however, they must satisfy two conditions: TSI cannot exceed DM and half of
the exchange integral for closest neighbour interactions. Otherwise, the TSI
would contribute to the Markovian type of dynamics. Tchoffo and Tene [131]
considered the entanglement dynamics in a two-qubit system, described by
XXZ exchange interaction, with anisotropic magnetic field and DM interac-
tions. All the parameters of the Hamiltonian were time-dependent and of a
harmonic nature. The environment was assumed to be Markovian, by mod-
eling the time evolution of a system with the Lindblad equation. The paper
covers both analytical solutions and numerical investigations; the conclusions
from the two approaches are as follows: due to the dependence of the param-
eters of the Hamiltonian on time there was observed a slight enhancement
of the entanglement during the decoherence. Moreover, the manipulation of
the magnetic field anisotropy allows for the introduction of periods of sud-
den increases of entanglement concurrence during the time evolution of the
system. Hashem et al. [132] investigated a system of two spins, connected
by exchange interaction described by XYZ Heisenberg model, with exter-
nal magnetic field and KSEA and DM antisymmetric exchange taken also
into consideration. The system evolved under the intrinsic decoherence - its
time evolution was described by the Milburn equation. The research aimed
to compare the behaviour of three entanglement measures, Bell nonlocal-
ity, concurrence, and entropic uncertainty during such an evolution. The
initial states were | 11)(l4 | and 3|®T)(®T| (see Bell basis in sect. 1.2).
Both initial states exhibit the oscillatory changes in entanglement; moreover,
the DM and KSEA interaction proven to be the crucial factor influencing
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the period of the change. By controlling the magnetic field, DM and KSEA
interaction one may reach the high entanglement value and slow down its de-
cay due to decoherence, which, according to the authors’ assumptions, may
increase the precision of measurements on entangled systems. Noorinejad
et al. [133] investigated the time evolution of entanglement in a system of
three spins interacting in accordance with the XX Heisenberg model, taking
into account also the three-spin interaction. The bipartite entanglement was
analysed, between the first and second and first and third spin, while the
remaining spin acted as a non-Markovian environment. The authors applied
concurrence to express the amount of entanglement, and used the W state,
W) = \/ig (| ™) + | 141 + [ 4171)), as an initial state. Their investigations
revealed that with the adopted assumptions the evolution of the entangle-
ment is periodic, and the W state is perfectly revived - there are no quantum
correlations loss in such an evolution. Sadiek and AlQasimi [134] analysed the
time evolution of entanglement in a two-dimensional, triangular finite lattice
of seven spins. Their idea was to treat the central spin of such an arrange-
ment as an impurity; six remaining spins interacted in accordance to XYZ
Heisenberg model with particular exchange interaction coefficients (however,
by using certain values, the authors tested also XXX Heisenberg and Ising
model), while the impurity interacted with the rest by adjustable, different
exchange integral. Researchers assumed Markovian interaction between the
system and environment and modeled the evolution using the Lindblad equa-
tion. The considered initial states consist of maximally entangled, partially
entangled and separable, pure states. Entanglement was expressed by the
concurrence. Based on the results of numerical simulation authors deduced
that the introduction of impurity and increasing its exchange interaction
parameter leads to entanglement formation between the impurity and sur-
rounding spins, however, it comes at the cost of entanglement between the
original spins (so-called monogamy of entanglement). Moreover, by chang-
ing the anisotropy parameter (namely, going from XXX to XYZ model) one
can make the entanglement between the impurity and original spin stronger
and more stable. Kaczor and Jakubczyk [135] examined the entanglement
evolution in the following model - one cell of simple cubic with spins s = %
on the corners, doped with additional spin S = 1 in the center. The rest
of the lattice serves as a bosonic (magnonic) reservoir. As a consequence of
focusing on bipartite entanglement (between two spins s = % and between
spins s = % and S = 1), the dynamics of the system as a whole was hybrid
- the remaining spins of the cell constituted the non-Markovian surround-
ing, while the rest of the lattice serves as a Markovian environment. The
exchange interaction was described using the XXX Heisenberg model, the

external magnetic field was also included in the description. The initial state
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of a system was proposed as an equivalent of W state for corner spins - uni-
form superposition of states with one magnetic excitation in each corner -
expanded with state |Sz = 0) for central spin S = 1. Change of the system in
time was calculated based on the Lindblad equation, the concurrence served
as an entanglement measure. The investigation revealed that the evolution
of entanglement in a dissipative environment will have a dumped (due to
decoherence) periodic course, in which peaks can be decomposed on three
Gaussian modes. This holds also for non-dissipative time evolution and is
probably a result of internal magnon exchange, in a cell isolated from the rest
of the lattice. The magnetic field turns out to not have any influence on the
entanglement evolution, while exchange interaction between the spins s = %
and S =1 is a factor that increases the frequency of entanglement changes.
Appropriate manipulation of this parameter allows one to obtain two types
of entanglement and, depending on the needs, maximize one or the other.
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Chapter 4

4.1 Introduction

The following section contains an analysis of the entanglement between two
spins for the most common models of interactions in spin chains of varied
lengths - in other words, it may serve as a catalogue of entanglement in spe-
cific spin structures, under particular environmental conditions. The analysis
proceeds in two ways: firstly, the thermal entanglement is determined - the
stationary solution for a state in thermal equilibrium with the environment.
In general, the outcome determination method begins with formulating an
appropriate Hamiltonian and finding its eigenvalues Ei, Fs, ... Eonv, where
N is the number of spins in the chains, and eigenvectors |¢1), [@2), ..., |pan).
Based on them, the density matrix is defined by the formula:

PT = ZP ) - 195){(¢5] (4.1)

where p(E;) is the probability that the system is in the state with energy E;.
Such a probability for the thermal equilibrium results from the Boltzmann
distribution:

1 E;
p(E;) = 7 exp <_k:B]T) , 4= Zexp < kBT>

As a quantitative means to express the entanglement, the concurrence is
applied. It is given by the formula:

C = max{0, VA = VA = vha = Vi)

where the \y > A3 > Ay > \; are the eigenvalues of the following matrix R :

R = p(aY ®0Y) ol (O'Y ®oy)

81
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where the ¢ is Pauli Y-matrix and p is a reduced density matrix covering
only those two spins between which the entanglement concurrence is deter-
mined - Hilbert space A in the equation below contains all the remaining
spins:

p="Tra(pr).

The concurrence will often be calculated for nearest neighbours unless stated
otherwise. As the models in question are characterized by translational sym-
metry, it does not matter between which spins the entanglement is calculated,
as long as they are next to each other in the chain. Nevertheless, for the sake
of clarity, the calculations are carried out for entanglement between the first
and second spin in the chain.

The second part of the analysis is conducted to determine the time be-
haviour of the entanglement when the system in question is located in a
Markovian, dissipative environment. Time evolution, appropriate for such
condition, is governed by the master Lindblad equation:

% (t) = =i [£,p(t)| + D(p(1)) (42)

where D(p) is a dissipator. This dissipator can be defined as:

N

D(p) =m Z L(5])+ 7 ’ L£(55)

j=1

which translates to the following situation: the system can receive the energy
for raising any of the spins from the environment with ratio v, or lower any
of the spins and release excess energy to the environment with ratio vy -
and Markovian assumption allows to neglect the tracking of the environment
state, so the equation above refers only to the density matrix of the system
itself. Superoperator (as it depends not solely on the operator in argument,
but also on the density matrix) £(A) is called Lindblad operator and defined
as:

L(A) = ApAT — %ATAp — pATA.

As the time behaviour of the system strongly depends on the initial state,
the following initial states are analysed:

o for N =2:

wa) =110, bom) = <= (114} +1 449
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e for N = 3:

1
[Ya) =[111), IvB) = %(I T+ N+ 1)

o for N = 4:
[a) = [ 1111,

(IR + AR + |11 + [ 4411)

DN | —

WB) =

o) = %ﬂ T+ T + TR + AT + D) + [ HAT)

e for N = 5:
[ha) = T,

) = 2 (T + [ PHL) & | T + 1A + | L11)

i) = = (TR + [ THAD + | THUD) + | 1) + | 1D
L) LT + [T + ) + [ W)

e for N = 6:
o) = | 111111,

i) = = (T + [ 11D + [ 111411)

TR 4+ | TP + [ L)

o) = = (T + | T + | THUD) + TP + | T
PRI A+ [T + [ T + ] ) + ] 1)

LT + TR 4+ [ LR + [ ) + | A1)

) = % (TR + [ PRI + | THA) + [ PR + 1)

LA 1R [T + ) + | 1)
FLAT A+ TTAL + LT + L) + )
L) A+ LA + LA + LA + | )
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These states are selected for their accessibility. All components of the fi-
nal states possess the same magnetization, and each contributes an identical
component to the superposition. Consequently, their preparation involves
applying suitable magnetic excitation to the ferromagnetic state. More-
over, all the initial states are chosen to be pure states, ie. p(t = 0) €

{la)(Wal, [¥8) (5] }-

4.1.1 Remarks on dissipative time evolution in spin chains

Let us assume, that the state in question p is an eigenstate, so [I:I , p} =

0; therefore the first term in (4.2) vanishes, and overall time evolution is
governed solely by the dissipator:

N

i Z [’Vlﬁ ) + LSy )} - (4.3)

To simplify the problem, yet still derive some interesting conclusions, one
can restrict the consideration to a single component of the sum from (4.3):

Di(p) = 715(3;) + 725(5*(1—)

From this point we allow ourselves to omit the index ¢ in S operators for the
sake of clarity, so the explicit form of the above equation with this convention
will be then:

DY(p) = 2115t pS™ = (89 p+pS~51)+27257 pS™ —7a(STS p+pSTST).

The j, k-the element of the dissipator matrix (the derivation is done in a
calculational basis) is given by the formula:

GIDURY = Y (20 (1S5 (mlpapln) (9l S;, ) (alk)

l,m,n,p,s,q

— S DML Sy [0 (Plps.gls) alk) — 71 (Glpm 1) (m] S, 1m0 (p|SS,|5) (alk)
+ 292010 (mlpn p|n) (PISS, ] 5) (gl k)
=2 (7180 (m[ Sy 1n) (Plps.als)(alk) = v2(ilpimll) (m]Sy 10 (S5l ) (alk))
where p, is @, b-th element of the density matrix p, and S;t,b - the element for

spin raising/lowering operator. Appealing to the property of scalar product
for basis vectors, (a|b) = d,, one can simplify the formula above to the form:

D?,k = Z (2715;,mem,”57:,k S Sm nPnk — ’ylpj,mS;L,nS:;k

m,n

+2’725 mpmnsnk S mSmnpnk 72pjmsmn5n k)
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~N\T A
Moreover, (S*) = S~ for any spin in the chain (and their elements are

real, so the hermitian conjugate reduces only to transposition), therefore the
notation can be simplified further, by marking S, = S,

,D?’k = Z (271Sm,jpm,nsn,k - ’YlSj,mSn,mpn,k - lepj,mSm,nSk,n

m,n

+272Sj,mpm,n5k,n - ’YQSm,jSm,npn,k - 72pj,mSn,mSn,k) .

In a calculational basis, acting with the operator S, on a state results in zero,
if the spin in the ¢ site of the chain was in the | state. If the mentioned spin
was in the T state, it changes the spin into the | state, while the other spins
remain unchanged. In matrix representation, this observation translates to
the fact that in each column and each row, only one element is equal to one,
and all the others to zeros. It allows then to rewrite the equation above as:

D?,k = Z (2’71Sm,jpm,nsn,k - 718j7m5j,mpj,k - P)/lpj,ksk,nsk,n

m,n

+2725jmPmnSkn — V25m,jSm,jPik — V2PikSnkSn k) -
Here, one needs to consider four cases:
1. both spins in g site in the states |j) and |k) are in 1 state:
Sim=1 = m=j—20"
Sgm=1 = n=k—2"
Sm,j = Sk =0 for all m,n
D;{k = 27%2Pmn — 27105k (4.4)
2. spin in ¢ site in state |7) is in 1 state, spin in |k) is in |:
Sim =1 <= m=j—211
Spp =1 = n=k+27"
Sm.j = Skn =0 forall m,n
D?,k = —(m1+7) Pik (4.5)
3. spin in g site in state |j) is in | state, spin in |k) is in 1:
Smj =1 m=j+27"
Spn=1 = n=k—27"
Sim = Snk =0 forall m,n

Dy =—(n+7) pik (4.6)
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4. both spins in ¢ site in the states |j) and |k) are in | state:
Smj=1 < m=j+2"
Spkp =1 = n=Fk+20"
Sim = Skn =0 forall m,n
Df ). = 271Pmn — 27205k (4.7)

This reasoning allows us to simplify the expression for dissipator in the
case of spin systems interacting with the Markovian environment via magnon
exchange:

EXAMPLE: Let us assume that we are dealing with a spin chain of four
spins. We number the states from [0) = | |lJ)) to [15) = | T111). One
can easily check that there is a perfect correspondence between the number
of states represented in a binary system and the state form in the calcula-
tional basis - 1 corresponds to the binary digit 1 and | to the binary digit
0. We would like to know the time evolution of the ps7 element on a cal-
culational basis. Using the previously obtained results, we must convert the
,coordinates” of this element to binary format:

510 - 01012

710 - 01112

As we assumed that |0) = | {/J)), we need to rewrite these states in 1,|
notation. Hence:

15) = [ 1141)
7) = [1111)
The order of position runs from the right to the left:

1. first spins - both in 7 state:
Dslw = 27246 — 271P5,7
2. seconds spins - different states:
Di () = —(m +72) - ps7
3. third spins - both in 1 state:

Dgg = 2%2p13 — 27157
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4. and fourth spins - both in | state:
Dé,? = 27v1p13,15 — 272057
The final result:
Ds7(t) = D37 (t) + D3 7 (t) + D3 7(t) + D5 £()

d

Eﬂw(t) = 272p46(t) + 272p13(t) + 271013.15(t) — (571 + 372)ps7(t)  (4.8)

To complete the picture, it should be noted that the unitary evolution of
the non-eigenstate is governed by the first component of the Lindblad equa-

tion, the commutator [ﬁ[ , p]. To solve the equation of unitary evolution,

the best strategy is to represent the density matrix in the basis of Hamilto-
nian eigenstates - this convention assures us that only diagonal elements of
Hamiltonian are non-zero. Without loss of generality, one can write:

=i s

d

e = —il(alHply) — (alp]y))

d .
Epw,y = _Z(H:v,rpmvy - pw,yHy,y)

Pay(t) = pay(0) - g (Haz =)t

which illustrates harmonic (wavelike) evolution for elements of non-eigenstates
(of course, this result holds only in Hamiltonian eigenbasis; to examine the
behaviour of density matrix elements in a calculational basis, additional
transformation is necessary - however, translation of this transformation onto
the outcome is that the wavelike behaviour of density matrix elements does
not result from one, but from the combination of harmonic functions).

To summarize the consideration above, one may notice that the Marko-
vian time evolution governed by the Lindblad equation may proceed in two
ways: in the case of a non-eigenstate as an initial state, the change of the
entanglement concurrence will include the wavelike behaviour due to system
attempts to reach the eigenstate, coupled to the exponential decay of entan-
glement resulting from the interaction with the environment. Although the
initial state is an eigenstate from the start, its concurrence will decrease with
the rate of combined exponents, a solution of the Lindblad equation, similar
to (4.8).
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4.2 Study of the thermal and dynamic entan-
glement in most common spin systems

4.2.1 Exchange interaction only
XXX Heisenberg model

The simplest spin chain of N spins is XXX Heisenberg model (one may also
encounter the simpler, XX model, which excludes the interaction of one,
usually SY, component), described by the Hamiltonian:

N
=73 (585, + 88, + 8787))

i=1

with boundary conditions, which will be applied in the following considera-
tions, that N + 1 = 1. The matrix form of this Hamiltonian for two spins in
calculational basis reads (4 = 1):

H =

which translates to the following eigenvalues and eigenvectors:
Ey=—J a) = [ 1)
Ey=—J az) = 1)
Bo=—J )= = (1) +14D)

Bi=3 o) = 2= (110 = | ).

Using these eigenvalues and eigenvectors, the thermal state was prepared for
numerical calculations; similar calculations were carried out for systems with
a larger number of spins. The results of numerical calculations of the concur-
rence entanglement dependence on the exchange integrals and temperature
are presented below, starting from a two- to eight-spin system. The calcu-
lations have been done for the nearest neighbours, next-nearest neighbours,
and for next-next-nearest neighbours (the lower index of C' in the chart title
indicates the order of neighbours).
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C(JX,T): Two spins

1
09
08

Figure 1: Entanglement concurrence as a function of exchange interaction and temper-
ature in two-spin chain described by XXX Heisenberg model.

C(Jy,T): Three spins

Figure 2: Entanglement concurrence between the nearest neighbours as a function of
exchange interaction and temperature in a three-spin chain described by XXX Heisenberg
model.
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C(JX,T): Four spins CZ(JX,T): Four spins

Figure 3: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in the four-spin chain.

C(JX,T): Five spins CZ(JX‘T): Five spins

. 0.6
: 05

Figure 4: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in a five-spin chain.

CJ,T): Six spins C,(J,T): Six spins C,(JyT): Six spins

.3 .3+ 07
— 06

Figure 5: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours (cen-
ter), and next-next-nearest neighbours (right) as a function of the exchange interaction and temperature
in a six-spin chain.
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C(J,.T): Seven spins C,(J,T): Seven spins C4J,,T): Seven spins

Figure 6: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours (cen-
ter), and next-next-nearest neighbours (right) as a function of the exchange interaction and temperature
in a seven-spin chain.

C(J,,T): Eight spins C,(J,.T): Eight spins C,(Jy,T): Eight spins

0

Figure 7: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours (cen-
ter), and next-next-nearest neighbours (right) as a function of the exchange interaction and temperature
in an eight-spin chain.

CONCLUSION: In the XXX model, the entanglement occurs only be-
tween the closest neighbours, and only for negative values of the exchange
integral, which can be proven by applying the PPT condition to two spin
case - for brevity, the following notation is used:

J —-3J
Z =3 -exp (_kBT> + exp <_/€BT>

1 J 1 (=3
pr=exp (o Pr= x| o

so the thermal state can be simply expressed as:

P1 0 0 0

0 pi+p2  p1—p2 0

T = 0 & -%—pz P1 2?2 0
2 2

0 0 0 p
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The same matrix, after a partial transposition, reads:

P1 0 0 0

pF B 0 P1-5P2 p1 ;P2 0
= £ 2

T 0 P1 2p2 P1 2p2 0

0 0 0 p

Its partially transposed (with respect to the second subsystem) form reads:

D 0 0 pP1—p2
r 0 pl-;-m 0 (2)
PT = 0 0 pl-;pz 0
b1 ;pz 0 0 D1

and will represent a separable state if and only if all its eigenvalues are
positive. They are as follows - three of them are ’%, which are by definition
positive, and w which is positive only when p; > £. This condition
translates into the following inequality for the exchange integrals:

1
—ksT In(3) < J

which is satisfied for all positive J, and that corresponds to the ferromagnetic
alignment of the spins. However, as we seek for nonseparable states, we need
values that violate this statement - so the condition for entanglement reads:

1
J < =7ksT - In(3)

and holds only for antiferromagnetic materials, whose exchange interactions
are strong enough to compensate for the entanglement decay due to tem-
perature. Similar calculations can be repeated for other cases, leading to
analogous conclusions.

For the even number of spins in the chain, the maximal entanglement
decreases with the attachment of additional spins - see Figs. 1, 3, 5; for odd
number, this entanglement increases (Figs. 2, 4), and both entanglements
converge to a certain value for larger numbers of spin in the chain (Figs. 6, 7)
- the explanation of this effect may be attributed to magnetic frustrations!.
In antiferromagnetic spin chains with the odd number of spins (as its contri-
bution will be larger in shorter spin chains and negligible in longer ones) and
the parity effect, the phenomenon discussed in article [126], among others.

'In antiferromagnetic chain spins force on their neighbours the anti-parallel orientation
- frustration occurs, when left neighbour of particular spin forces different orientation that
the right one. It is a common phenomenon in spin chains with an odd number of nodes.



4.2. CATALOGUE 93

XXX HEISENBERG INTERACTIONS OF HIGHER ORDER:
To examine the effect of higher order exchange interaction in XXX Heisenberg
model, the following Hamiltonian was postulated (n > 1):

N 1 -
- —JZ (S5, - 280 + 88 - 38%a) + 8282, - 152))

for 4 and 5 spins in the chain, and

1

N
A . 1. 1 4 AV A 14 A
H=-J) (S;((Si)il - ﬁsﬁz + Esﬁs) + 57 (5% — 55312 + ﬁsﬁa)

+SZZ(S’ZZ4-1 SH—Q + Sz+3>>

for 6, 7 and 8. The parameter n scales the force of exchange interaction
between neighbors of higher order, since the farther the spins are, the weaker
they interact. The following results were obtained for n = 2 and n = 4:

e forn = 2:

C(JX,T): Four spins + 2nd ord. int. cz(JX,T): Four spins + 2nd ord. int.

0.45 09
0.4 08
0.35 07

Figure 8: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in a four-spin chain described by XXX
Heisenberg model with higher-order exchange interaction.
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CZ(JX'T): Five spins + 2nd ord. int.

C(Jy.T): Five spins + 2nd ord. int.

0.25 0.25
0.2 0.2
0.1 01
0.5- 1
0.05 2 0.05
3 T

0 4

-5
0 0 S 5 0

JX

Figure 9: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in a five-spin chain described by XXX
Heisenberg model with higher-order exchange interaction.

C(Jy,T): Six spins +2nd & 3rd ord. int. C,(JyT): Six spins +2nd & 3rd ord. int. C,(J,T): Six spins +2nd & 3rd ord. int.

Figure 10: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours
(center), and next-next nearest neighbours (right) as a function of the exchange interaction and tempera-
ture in a six-spin chain described by XXX Heisenberg model with higher-order exchange interaction.

CJyT): Seven spins + 2nd & 3rd ord. int. o C, (4, T): Seven spins + 2nd & 3rd ord. int. C,(Jy,T): Seven spins + 2nd & 3rd ord. int.
0.01 1

0.009 09
0.008 08
0.007 07
0.006 1 - 06
0.005
0.004
0.003
0.002

0.001

Figure 11: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours
(center), and next-next nearest neighbours (right) as a function of the exchange interaction and tempera-
ture in a seven-spin chain described by XXX Heisenberg model with higher-order exchange interaction.



4.2. CATALOGUE 95

C(J,,T): Eight spins + 2nd & 3rd ord. int. C,(J,.T): Eight spins + 2nd & 3rd ord. int. C,(J,,T): Eight spins + 2nd & 3rd ord. int.
% ight spi 20y ght spi 3y ight spi

04 05 /5
035 045
5
04
03
035
4
03
025 3
4
2

3T

Figure 12: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours

(center) and next-next nearest neighbours (right) as a function of exchange interaction and temperature
in eight-spin chain described by XXX Heisenberg model with higher-order exchange interaction.

e forn = 4:

C(J,.T): Four spins + 2nd ord. int. C,(Jy,T): Four spins + 2nd ord. int.

Figure 13: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in a four-spin chain described by XXX
Heisenberg model with higher-order exchange interaction.
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C(JX,T): Five spins + 2nd ord. int. CZ(JX,T): Five spins + 2nd ord. int.

0.25 1

Figure 14: Entanglement concurrence between the nearest neighbours (left) and next-nearest neighbours
(right) as a function of the exchange interaction and temperature in a five-spin chain described by XXX
Heisenberg model with higher-order exchange interaction.

C(J,,T): Six spins +2nd & 3rd ord. int. C,(JyT): Six spins +2nd & 3rd ord. int. C,(JyT): Six spins +2nd & 3rd ord. int.
0.45 1 0.06

Figure 15: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours
(center), and next-next nearest neighbours (right) as a function of the exchange interaction and tempera-
ture in a six-spin chain described by XXX Heisenberg model with higher-order exchange interaction.

CyT): Seven spins + 2nd & 3rd ord. int. C,(JyT): Seven spins + 2nd & 3rd ord. int. C,(Jy,T): Seven spins + 2nd & 3rd ord. int.

02 14 06 .
05 0.5
0.15
04 04
01 057 1 Hos 08 1 Hos
2 02 2 02
0.05 3T 3T
01 01
0 4 0 4
0 -5 0 -5 ’ i 0
0 s 5 0 5 5
JX JX

Figure 16: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours
(center), and next-next nearest neighbours (right) as a function of the exchange interaction and tempera-
ture in a seven-spin chain described by XXX Heisenberg model with higher-order exchange interaction.
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C(J,,T): Eight spins + 2nd & 3rd ord. int. C,(J,.T): Eight spins + 2nd & 3rd ord. int. C,(J,,T): Eight spins + 2nd & 3rd ord. int.
% ight spi 20y ght spi 3y ight spi

Figure 17: Entanglement concurrence between the nearest neighbours (left), next-nearest neighbours

(center), and next-next nearest neighbours (right) as a function of the exchange interaction and tempera-
ture in an eight-spin chain described by XXX Heisenberg model with higher-order exchange interaction.

CONCLUSION: The introduction of higher-order exchange interaction has
no impact on the entanglement between the nearest neighbors in the spin
chain; however, it may lead to entanglement arising between next-nearest or
further spins. For the next-nearest neighbours and small factor n, the entan-
glement occurs only for ferromagnetic ordering (positive exchange integral)
(Figs. 8,9, 12) - however, this entanglement is not present in a six-spin chain
(Fig 10) and very weak in seven-spin (Fig. 11). For the next-next-nearest
neighbors, once again the antiferromagnetic exchange integral provides the
entanglement (Figs. 10, 12); however, this quantum correlation does not ap-
pear in the seven-spin chain. For a larger n factor, the entanglement between
the next-nearest neighbors completely vanishes (Figs. 13 - 17) and between
the next-next-nearest neighbors occurs only in a six-spin chain (Fig. 15) and
is relatively low compared to its counterpart for smaller n.

DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE EN-
VIRONMENT:

The results of numerical calculations of the loss of entanglement due to the
interaction with the Markovian-type environment are presented in Figs. 18
- 20. State labeling follows the convention adopted in Section 4.1. As the
chosen states are all eigenstates of XXX Hamiltonian, individual plots are
not specified by the Hamiltonian parameters but by the dissipation rates.
This is because Hamiltonian parameters are not significant for the evolution
described by the Lindblad equation in this particular case.
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Figure 18: Time evolution of entanglement in two- (left) and
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C(t) - 3 spins, XXX Model

—

—g

45 =0.01, 7, =0.01
15 =0.01, 7
N
N

5
t[Arb. U]

three- (right) spin chains described by

C(t) - 5 spins, XXX Model

—

t[Arb. U]

Figure 19: Time evolution of entanglement in four- (left) and five- (right) spin chains described by XXX
Heisenberg model.
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C(t) - 6 spins, XXX Model

0.35

0.3}

0.25

0.2

cw)

015
011

0.05F

t[Arb. U]

Figure 20: Time evolution of entanglement in six-spin chain described by XXX Heisenberg model.

CONCLUSION: As the states 14 represent the ferromagnetic ordering
of the spins in the chain, all of them are characterized by zero entanglement
and do not appear as a result of interactions with the environment. Analysis
of the other states reveals that the highest initial entanglement is obtained
for a single nonlocalized magnetic excitation in a chain; however, the closer
the number of excitations is to the half of the whole chain number of spins,
the slower the loss of entanglement is (Figs. 19, 20). This suggests that with
a sufficiently long timescale of environment interaction, states with a large
number of excitations will show a higher entanglement despite the initial
entanglement being lower.

XXZ Heisenberg model

To carry out the analysis further, the next considered Hamiltonian is the one
describing the anisotropic XXZ Heisenberg model:

N
H=—Jxy (SXS{i + S}”S};l) — J;8757,,

i=1
which for two spins has the following matrix representation:

—Jz 0 0 0
0 Jz —2Jx O
0 =2Jx Jz 0
0 0 0 —Jz

H =
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with the eigenvalues and eigenvectors shown below:

E,=—-Jy lag) =

Ey = —Jyg lag) =
By Jy—20x  ag) = —
Bre Jyt2lx aw) = —

V2

|11
Y

—= (74 +141)

(1) = [41)-

The results of numerical calculations of the entanglement concurrence for the
spin chains containing different number of spins are shown by colour maps

below:

C(Uyd): Two spins, T=1

V.

C(JyJ,): Two spins, T=2

Figure 21: Entanglement concurrence as a function of Jx and Jz
two-spin chain, for various temperatures.

C(JX,JZ): Three spins, T=1 C(JX,JZ): Three spins, T=2

yar] L
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X X

C(Uyd,): Two spins, T=3

C(JX.JZ}: Three spins, T=3

1 2
08 |
06
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0.2- /
0
0 . Iz
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0 5
5
Ix

integrals of XXZ Heisenberg model in

Figure 22: Entanglement concurrence as a function of Jx and Jz integrals of XXZ Heisenberg model in

a three-spin chain, for various temperatures.
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C(Jyd,): Four spins, T=2

C(JX,JZ): Four spins, T=1

C(dyd): Four spins, T=3

1-
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Figure 23: Entanglement concurrence as a function of Jx and Jz integrals of XXZ Heisenberg model in
a four-spin chain, for various temperatures.

C(JyJ,): Five spins, T=1 CdyJ,): Five spins, T=2 C(JyJ,): Five spins, T=3
035 0.12

0.08
0.06
0.04
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Figure 24: Entanglement concurrence as a function of Jx and Jz integrals of XXZ Heisenberg model in
a five-spin chain, for various temperatures.

C(JyJy): Six spins, T=1 C{Jy.J): Six spins, T=2 C(UyJy): Six spins, T=3
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Figure 25: Entanglement concurrence as a function of Jx and Jz integrals of XXZ Heisenberg model in
a six-spin chain, for various temperatures.
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CONCLUSION: As it was stated before, the temperature has a nega-
tive effect on the entanglement and this trend will continue throughout the
catalog. For the even number of spins in the chain described by the XXZ
Heisenberg model (Figs. 21, 23, 25), the Jx sign has no impact on the entan-
glement - only its magnitude has, so the higher this parameter is, the higher
the entanglement concurrence. However, for the odd number of spins (Figs.
22 and 24), the preferable sign of the Jx integral is positive - the chains with
the positive Jx factor, in general, are characterized by higher entanglement
degree than systems with negative Jx - this feature nevertheless disappears
for longer spin chains and the disproportion between the entanglement for
the positive and negative exchange integrals Jx vanishes. Higher entangle-
ment in the thermal state occurs for the systems with a negative J; sign;
it may however still be non-zero for the systems with a small positive Jz,
depending on temperature and Jx value.

DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE EN-
VIRONMENT:

The figures below illustrate the time evolution of the nearest-neighbors en-
tanglement in spin chains interacting with the Markovian environment:

C(t) - 2 spins, XXZ Model (J, =1, J, = 2) C(t) - 3 spins, XXZ Model (J, =1, J,, =-2)

— U, 9p =0.01, 4 =0.01
7y =0.01
~y = 0.05
7y =0.05

t[Arb. U] t[Arb. U]

Figure 26: Time evolution of entanglement in two- (left) and three- (right) spin chains described by XXZ
Heisenberg model.
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Figure 27: Time evolution of entanglement in four-spin chain described by XXZ Heisenberg model.

0 C(t) - 5 spins, XXZ Model 0 C(t) - 5 spins, XXZ Model
— Uy =10, =1, 7, =001, 3, = 0.01 — g dy = 1,0, =-0.5,7,=0.01,

045 , —001]1 045

04f 04f berdy = 1dy =720 75 =0

it dy = 1,0, =05, 7, =0.05, 7, =005
035f .05, 7, =0.05|
P
03 gy = 1,9, 22,9, = 0.05, 4, = 0.05
g 0.25 g 0.25 f.

0.2
0.15

0.1
0.05

0 u
0 1 2 3 4 5 6 7 8 9 10 10
t[Arb. U] t[Arb. U]

Figure 28: Time evolution of entanglement in five-spin chain described by XXZ Heisenberg model.
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C(t) - 6 spins, XXZ Model C(t) - 6 spins, XXZ Model
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Figure 29: Time evolution of entanglement in six-spin chain described by XXZ Heisenberg model.

CONCLUSION: The plots above clearly indicate that the most de-
coherence resistant layout for the spin chain occurs when the J; exchange
integral is lower in magnitude than its X-direction counterpart Jy (previous
investigation imposed a sign of the exchange integrals - the highest entangle-
ment occurs for systems with positive Jx and negative .J, values). However,
this property reveals itself fully for the initial state with more than one mag-
netic excitation (Figs. 27 - 29) - while it is present in states with one flipped
spin, the difference between the individual values of .Jy is insignificant. In
states with two or three flipped spins for J;/Jx = -0.5 higher values of entan-
glement are observed during its decay in comparison to, for example, Jz/Jx
= -1; although it is worth noticing that in this case the entanglement decays
more stably.
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XYZ Heisenberg model

In the most general case, all spin components interact with their counterparts
with different exchange integrals. This is the idea behind the XYZ Heisenberg
model - Hamiltonian in question is:

N
=% (—stfsﬁl — RS - stfggl> ,
i=1

which, in the case of two spins, can be represented by the following matrix:

—Jz 0 0 Jy — Jx
[:[— 0 JZ _JX_JY 0
0 —Jx —Jy Jz 0
Jy — Jx 0 0 Jz

As one can see below, all the eigenvectors are maximally entangled - however,
the thermal state in general is a mixed one, so it may not be entangled:

Bi=dy=Jx=Js o) = 2= (11h)+] )
Ba=Js—Jv=Jz  loa)= (1) = 1)
BamJz=Jx=Jv g == (1) +1 1)
Bimdz+dx+dy  laa) = —= (1) = | 40).

V2

The results of the numerical calculations of entanglement concurrence in the
thermal state vary for different sets of exchange integrals. In the form of the
colormaps, they are presented in Figs. 30 - 39. Since it is already established
that temperature has a negative impact on entanglement, from now on it
will be set to 1 in an arbitrarily unit system:
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C{JyJy): Two spins, Jy = -1 C(Jy7): Two spins, J, = -1 CWJyy): Two spins, J, = -1

Figure 30: Entanglement concurrence as a function of: Jy and J; exchange integral at Jx = —1 (left),
Jx and Jz exchange integral at Jy = —1 (center) and Jx and Jy exchange integral at Jz = —1 (right),
all for two-spin chain.

C(Jy.d): Two spins, J, =1 C(Jyd,): Two spins, Jy =1 CWydy): Two spins, J, =1

Figure 31: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jx = 1 (left),
Jx and Jz exchange integral at Jy = 1 (center) and Jx and Jy exchange integral at Jz = 1 (right), all
for two-spin chain.

C(JyJ,): Three spins, J =-1 C(dyd,): Three spins, J,, = -1 ClJyJy): Three spins, J, = -1

Figure 32: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jx = —1 (left),
Jx and Jz exchange integral at Jy = —1 (center) and Jx and Jy exchange integral at Jz = —1 (right),
all for three-spin chain.
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C(Jyn,): Three spins, J, =1 CWJy5): Three spins, Jy, = 1 C(Jyny): Three spins, J, =1

01

Figure 33: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jx = 1 (left),
Jx and Jz exchange integral at Jy = 1 (center) and Jx and Jy exchange integral at Jz = 1 (right), all
for three-spin chain.

C(Jyn,): Four spins, Jy = -1 C(JyJ,): Four spins, J, = -1 ClJydy): Four spins, J, = -1

Figure 34: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jx = —1 (left),
Jx and Jz exchange integral at Jy = —1 (center) and Jx and Jy exchange integral at Jz = —1 (right),
all for four-spin chain.

C(J,.J): Four spins, J, = 1 C(Jyd): Four spins, J, =1 C(Jy,dy): Four spins, J, =1

Figure 35: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jxy = 1 (left),
Jx and Jz exchange integral at Jy = 1 (center) and Jx and Jy exchange integral at Jz = 1 (right), all
for four-spin chain.
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C(Jy.J,): Five spins, J, = -1 C(Jyd,): Five spins, J, = -1

C(Jyody): Five spins, J, = -1

Figure 36: Entanglement concurrence as a function of: Jy and J; exchange integral at Jx = —1 (left),

Jx and Jz exchange integral at Jy = —1 (center) and Jx and Jy exchange integral at Jz = —1 (right),
all for five-spin chain.

C(Jy.J,): Five spins, J, =1 C(JyJ,): Five spins, Jy =1

ClJydy): Five spins, J, =1

Figure 37: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jxy = 1 (left),

Jx and Jz exchange integral at Jy = 1 (center) and Jy and Jy exchange integral at Jz = 1 (right), all
for five-spin chain.

CJyJy): Six spins, J, = -1 C(JyJp): Six spins, J, = -1 CWJyy): Six spins, J, = -1

Figure 38: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jx = —1 (left),

Jx and Jz exchange integral at Jy = —1 (center) and Jx and Jy exchange integral at Jz = —1 (right),
all for six-spin chain.
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C(Jy.J,): Six spins, J, =1 C(Jyd,): Six spins, J, =1 C(Jyody): Six spins, J, =1

Figure 39: Entanglement concurrence as a function of: Jy and Jz exchange integral at Jxy = 1 (left),
Jx and Jz exchange integral at Jy = 1 (center) and Jx and Jy exchange integral at Jz = 1 (right), all
for six-spin chain.

CONCLUSION: In the case of the XYZ model and the even number of
spins in the chain, it can be found that the most favorable situation in terms
of high entanglement occurs when the product of all directional exchange
integrals is negative, Jx - Jy - Jz < 0 (compare Figs. 30, 31, 34 and so on).
However, for a positive product of integrals, the entanglement is considerably
lower but still present. As expected, the entanglement favors higher values of
the exchange integrals. For the odd number of spins slightly different effects
can be observed: the highest entanglement occurs for the system with all
exchange integrals positive (see, for example, Fig. 32), one negative integral
and two positive results in lower entanglement, and the lowest appears in
systems with two or three negative exchange integrals (Figs. 36, 37). An
increase in number of spins eliminates this discrepancy and causes similar
entanglement to occur in systems with high exchange integrals, regardless of
their signs (compare Figs. 36 and 38 or 37 with 39).

DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
In order to study the entanglement dynamics in a dissipative environment,
several different Hamiltonians were used. However, as a compromise be-
tween the conciseness of the thesis and results diversity, only the following
three generic, characterized by the corresponding parameters were selected
to represent the most characteristic features of entanglement dynamics:

HAi JXIO.5; Jy:—2; JZ:1
Hp: Jx =1; Jy =0.5; Jz = -2

HCZ JX:—0.5; Jyzl; JZ:2

There are two technicalities to note:



110 CHAPTER 4.

e plots for Hg and H¢ for 7vp = vy are not shown in Figure 40 - they
overlap the plot for H 4;

e timescale on the upper left plot in Fig. 44 is shortened - after total
decay of entanglement it never appears again, so the decision was made
to clearly show the divergence of the plots for different decoherence
parameters - similarly, the times were shortened in figures 46 and in
the lower part of 47.

C(t) - 2 spins, XYZ Model

1
N — . Hy 7p = 0.01, 7, =001
09 . \\\\\ — g, Hpr 7p =0.01, 9, =0.01
gl —- g Hy 7p = 0.01, 5, = 0.05
L Q. 7
038 NI - g, Hgy 7p = 0.01, 7, = 0.05
\ \‘;\~ . b
o . e g He. 7p = 0.01, 7, =0.05
. RN — g Hp7p = 0.05, 7, =005
\ ™.
061 \ DN
N N
Sost AN .
RS
AN NS
N >
0.4 R XN
~ RN
031 o N
~ S,
N o
0.2F ~
~
~
01F RN
~
~
0
0 2 4 6 8 10
t[Arb. U.]

Figure 40: Time evolution of entanglement in two-spin chain described by XYZ Heisenberg model, for
various exchange parameters.
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C(t) - 3 spins, XYZ Model (HA) C(t) - 3 spins, XYZ Model (HB)
1 : : : 1 : : : ‘
— g 7p = 0.01, 7, = 0.01 — g 7p = 0.01,7, =001
09 — g, 7p = 0.01, 7, =0.05 09f — g, 7p = 0.01, 7, = 0.051
Vg 7p = 0.05,7, =001 Vg 7p = 0.05, 7, =0.01
087 — Vg, 7p = 0.05, 7, = 0.05| | 081 — g, 7p = 0.05, , = 0.05 |
07t
06|

Nl

0
t[Arb. U] t[Arb. U]

C(t) - 3 spins, XYZ Model (Hc)

— g 7 = 0.01,7, =001

n
09 — g 7p = 0.01, 7, = 0,051
Vg 7p = 0.05, 7, = 0.01
08y o0 70 =005, . = 0,05
o Y B Tp V9 T g

I

0
t[Arb. U.]

Figure 41: Time evolution of entanglement in three-spin chain described by XYZ Heisenberg model, for
Hamiltonian H 4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian He (lower plot).
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C(t) - 4 spins, XYZ Model (HA) C(t) - 4 spins, XYZ Model (HB)
0.5 T T 0.5 T T T
— g, 7p =0.01,7, =001 — g, 7p = 0.01, 7, =0.01
0.45 — g, p = 0.01, 7, =0.05 0.45 — g 7p = 0.01, 7, =005
0 Vo Tp = 0.05,9, = 0.01] | 04 Vg 7p = 0.05,7, =0.01) |
- b Yp = 0.05, 7, =0.05 . —g, 7p = 0.05, 7, = 0.05

CHAPTER 4.

0.35 | 0.35
0.3 0.3
00251 N 50251
0.2 | 02
0.15 | 015
0.1 | 0.1
0.05 0.05
0 0
0 2 4 6 8 10 0 2 4 6 8 10
t[Arb. U.] t[Arb. U]
C(t) - 4 spins, XYZ Model (H.)
0.5 i
— g, 7p = 0.01, 7, =0.01
0.45 g0 7 = 0.01, 7, = 0.05
Yo, v = 0.05, v =0.01
0.4 ‘,B - n”
— Vg 7p = 0.05, T = 0.05
0.35
0.3
o025
0.2
0.15
0.1
0.05
0

t[Arb. U.]

Figure 42: Time evolution of entanglement in four-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Heo (lower plot)
for initial state ¥pg.
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C(t) - 4 spins, XYZ Model (HA) C(t) - 4 spins, XYZ Model (HB)

0.45 T 0.35 T
— g 7p = 0.01, 7, =0.01 — ¢, 7p = 0.01, 7, =0.01
04t — g, 7p =0.01, 7, = 0.05|] — g, 7p = 0.01, 5, =0.05
. 7p = 0.05, 7, = 0.01 03 g 7p =005, 7, =001/]
0.35 —1c 7p = 0.05, 7, =0.05+ — ¢, 7 = 0.05, 7, = 0.05
0.25
0.3 ” ”
A0.25 n | _ 0.2 1
o 53
0.2 015}
0.15
0.1
0.1
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0.05 I 1
0 - o LU A
0 2 4 6 8 10 0 2 4 6 8 10
t[Arb. U.] t[Arb. U.]

C(t) - 4 spins, XYZ Model (Hc)
0.35 T T T
—/¢. 7p = 0.01, 7, =0.01
. 7, =0.01, 7 =005
03 v =008, =001]
o Tp T U9 7, T
—1/¢. 7p = 0.05, 7, =0.05
0.25
0.2
o
0.15 1 1
011 1
0.05 1
Ml L A
0 2 4 6 8 10

t[Arb. U]

Figure 43: Time evolution of entanglement in four-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian He (lower plot)
for initial state ¥¢.



C(t) - 5 spins, XYZ Model (HA) C(t) - 5 spins, XYZ Model (HB)
0.4 T T 0.4 T ! - .
— g, 7p =0.01,7, =001 =1y, 7p = 0.01, 7, =0.01
0.35 — g, 7p = 0.01, 7, = 0.05 | 0.35 — g 7p = 0.01, 7, = 0.05| |
Vg, Yp = 0.05, 7, =0.01 Vg 7p = 0.05, 7, = 0.01
03 — /g, 7p = 0.05, 7, = 0.05 0l — g 7p = 0.05, 7, = 0.05
0.4y
0.25 1 0.25F
0.3
< 0 ] g o2}
o o 02
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0 0.5 1
0.05 1 0.05f /\ ]
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0.4

C(t) - 5 spins, XYZ Model (Hc)

— g = 0.01, T = 0.01
— g = 0.01, T = 0.05

g 7p = 0.05, 7, =0.01
— g 7p = 0.05, 7, =0.05
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Figure 44: Time evolution of entanglement in five-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Heo (lower plot)

for initial state ¥pg.
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C(t) - 5 spins, XYZ Model (HA) C(t) - 5 spins, XYZ Model (HB)

0.3 T 0.3 T
—4g 7p =001, 7, =001 —Yc p = 0.01, 79,2001
— Y. 7 =001, 7, =005 — e 9 =001, 7, =0.05
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C(t) - 5 spins, XYZ Model (Hc)
0.3 T T T
—g 7p = 0.01,7,=0.01
—¢, 7p = 0.01, 7, =0.05
0.25 Vg Tp = 0.05, 7, = 0.01/4
—: 7p = 0.05, 7, =005
0.2
5/0.15 l
0.1 1
0.05 - 1
0
0 2 4 6 8 10

t[Arb. U]

Figure 45: Time evolution of entanglement in five-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Heo (lower plot)
for initial state ¥¢.
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C(t) - 6 spins, XYZ Model (HA) B)

C(t) - 6 spins, XYZ Model (H,
0.35 T 0.35 T T

— Vg 7 =001, =001 — Vg 7p =001, 7, =0.01
— g7 = 001,7, =005 | — g 7= 001, 7, =005 |
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C(t) - 6 spins, XYZ Model (Hc)
0.35 T

—g Tp = 0.01, o= 0.01
8 Tp = 0.01, Y= 0.05

Vg %p = 0.05,7, = 0.01

—1),

—,

0 0.2 0.4 0.6 0.8 1
t[Arb. U]

Figure 46: Time evolution of entanglement in six-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Heo (lower plot)
for initial state ¥pg.



4.2. CATALOGUE 117

C(t) - 6 spins, XYZ Model (HA)
0.25 T T T

C(t) - 6 spins, XYZ Model (HB)
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C(t) - 6 spins, XYZ Model (Hc)
0.25 T T T T T T T

—g 7p = 0.01,7,=0.01

—¢, 7p = 0.01, 7, =0.05

Ve p = 0.05, 7, =0.01
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0 . . .

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Figure 47: Time evolution of entanglement in five-spin chain described by XYZ Heisenberg model, for

Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Heo (lower plot)
for initial state ¥¢.
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0.2

C(t) - 6 spins, XYZ Model (HA)

0.2

CHAPTER 4.

C(t) - 6 spins, XYZ Model (HB)
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C(t) - 6 spins, XYZ Model (HC)
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Figure 48: Time evolution of entanglement in six-spin chain described by XYZ Heisenberg model, for
Hamiltonian H4 (left upper plot), Hamiltonian Hp (right upper plot) and Hamiltonian Ho (lower plot)
for initial state ¢ p.

CONCLUSION: For two-spin chains (Fig. 40) the time evolution for
different Hamiltonians differs only when the spin-raising and spin-lowering
effects of interaction with the environment are taken into consideration with
different decoherence coefficients, and even in this case this divergence is min-
imal. For three spins (Fig. 41) there is, however, a significant discrepancy
between the time evolution with different Hamiltonians - both H4 and H¢
result in complete decay and reconstructions of entanglement, while in the
system described by the Hamiltonian Hp entanglement does not reach zero
before its ultimate decay, even for high decoherence coefficients. This relates
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to the conclusion of the XXZ model, as the Hp exchange integral J; is neg-
ative, while Jx and Jy (counterparts of Jx in the XXZ model) are positive,
as it was indicated to be favorable to obtain high entanglement in XXZ. In
the case of four spins in the chain and one magnetic excitation (Fig. 42) sim-
ilarly, the Hamiltonian Hp turned out to be the most beneficial, as all of the
selected Hamiltonians result in a mostly exponential decay of entanglement,
for Hp time of total decoherence is the longest. In the case of ¢¢ state (two
excitations) in a four-spin chain, all selected Hamiltonians result in mostly
harmonic (fast alternating increases and decreases) evolution of entanglement
(Fig. 43). The amplitudes of the entanglement peaks fall exponentially over
time, yet, for significantly small decoherence factors, the total time of the
loss of entanglement is relatively long - only in the case of Hamiltonian H¢
does not exceed 10 arbitrary units. For five-spin chains with one excitation
(Fig. 44) the evolution of the entanglement runs abruptly, with a sudden
decrease at the beginning and small temporary increases in the case of Hp
and, less effectively, in Heo. For two excitations (Fig. 45, only Hp provides a
stable, mostly harmonic time evolution of entanglement; other Hamiltonians
result only in single jumps of entanglement in seemingly random moments.
In the case of six spins in the chain, both states with one, two and three
excitations (Figs. 46, 47 and 48)) evolve with a sharp initial decrease of en-
tanglement and sporadic entanglement increases. To summarize the results,
one can note that the most favorable entanglement evolutions are obtained
for the Hamiltonian H g, which coincides with the conclusion drawn from the
analysis of the XXZ model. The decay and rebirth of entanglement under
specific environmental conditions is also noteworthy. We have demonstrated
that it is feasible to select the parameters of the system and the environment
in such a manner that the designated subsystem achieves entanglement, for
instance, during specific time intervals (as depicted in Figs. 43-48).

4.2.2 External magnetic field

For further investigation, we restrict ourselves to the XXZ model, as the
previous results provide a clear recipe for relatively high entanglement that
is resistant to the environment: in this model, J; must be negative and
smaller in magnitude than the integral Jx, which in turn should be as high
as possible and positive.

Uniform magnetic field

The spin chain in the external, uniform magnetic field is described by fol-
lowing Hamiltonian (with an assumption of XXZ Heisenberg character of
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exchange interaction):

N
H= =T (8285, + 8YSL.) - J7875%, + BSE.

=1

The representation of this Hamiltonian in computational basis for two spins

reads:
—Jz + 2B 0 0 0
i 0 Jz —2Jx 0
0 —2Jx Jz 0
0 0 0 —-J; — 2B

with the following eigenvalues and eigenvectors:

FEy=-Jz+2B o) = [ 1)
Ey,=—-Jz -2B log) = | L)
Bo=Jz—2Jx  las)= <= (11 +1 1)
EvmJr+20x Jas) = —= (1) — | 11).

V2

Similarly, the eigenstates and eigenenergies can be calculated for longer
chains and then used to prepare the thermal state of the system. The results
of calculations of the dependence of the entanglement in this state on the
system parameters are shown in Figs.49 - 53. The colormaps in Fig. 50 are
presented as rotated through some angle to make it more readable):

C(JyB): Two spins, J, = -1 C(JyB): Two spins, J, = -2 C(Jy,B): Two spins, J, = -3

Figure 49: Entanglement as a function of external magnetic field and Jx exchange
integral, for various values of Jz integral, in two-spin system.
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C(JyB): Three spins, J, = -1 C(Jy,B): Three spins, J, = -2 C(JyB): Three spins, J, = -3

Figure 50: Entanglement as a function of external magnetic field and Jx exchange integral, for various
values of Jyz integral, in three-spin system.

C(4B): Four spins, J, =1 C(dB): Four spins, J, = -2 C(JyB): Four spins, J; = -3

Figure 51: Entanglement as a function of external magnetic field and Jx exchange integral, for various
values of Jyz integral, in four-spin system.

C(JX,B): Five spins, JZ =1 C(JX.E): Five spins, JZ =-2 C(JX,E): Five spins, JZ =-3
04
0%
03 03
03
025 03
1 1 025 1=
025
08 0z
02
“02
015
015
015
01 o
/ ot 01
005 / 5 005 00
B

Figure 52: Entanglement as a function of external magnetic field and Jx exchange integral, for various
values of Jyz integral, in five-spin system.
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C(JyB): Six spins, J, = -1 C(JyB): Six spins, J, = -2 C(JyB): Six spins, J, = -3

Figure 53: Entanglement as a function of external magnetic field and Jx exchange integral, for various
values of Jz integral, in six-spin system.

CONCLUSION: For the even number of spins in the chain (Figs. 49,
51 and 53), the external magnetic field clearly has a negative impact on en-
tanglement, lowering the concurrence with its growth. A different situation
occurs for odd-numbered spin chains - in these systems, maximal entangle-
ment appears for some small, nonzero magnetic field, which is most visible
for high J; exchange interaction.
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DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
The following section covers the time evolution of spin systems in the uniform
magnetic field, exposed to the influence of the Markovian environment:

C(t) - 2 spins C(t) - 3 spins

0.7

— U B=0,7,=001, 7, =001 — 5 B=0,7, =001, 7, =0.01
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08 \ - - g B=2,7,=001, 7, =001|] - - g, B=2,7,=0.01, 7, =0.01
07 . g B =0, 7, =0.01, 5, = 0.05] Y B =0, 75 =0.01, 7, = 0.05]
. - - Vg B =27, =0.01, 7, = 0.05] - - Y B=2,7, =001, 7, =0.05
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_ M- - g B =2, 7, = 0,05, 5, = 0.05 _ - g B =2, 7, =0.05, 7, = 0.05| |
Gos : g
04
03 ~
0.2
04r N
o N
0 2 4 6 8 10 6 8 10
t[Arb. U] t[Arb. U.]

Figure 54: Time evolution of entanglement for two- (left) and three- (right) spin chain with and without
external magnetic field. The dashed line indicates the presence of a magnetic field, solid line indicates its
absence.
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Figure 55: Time evolution of entanglement for four-spin chain with and without external magnetic field.



124 CHAPTER 4.
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Figure 56: Time evolution of entanglement for five-spin chain with and without external magnetic field.

C(t) - 6 spins

0.35 - 0.25 9(1) -6 spins ‘
— U, B=0,7,=0.01,7, =001 0o B=0,5,2 001, 7, =001
¥ B=2,7,=0.01,7, =001 Ve, B=2, 7, = 0.01, 7, =0.01
— g B=0, 7, =0.01, 7, =001 — g, B=0, 7, =001, 3, =0.05
- - g B=2,7,=0.01,7, =001 02y - - 0 B =2, 7, =001, 3, =0.05| |
g B=0,7,=0.01, 7, =0.05|| ‘ g B=0, 7, =0.05, 7, =005
- - Vg B=2,7,=0.01,7, =005 - - 0 B=2, 9, =0.05, 3 =0.05
— g B =0,7,=0.05, 7, =005 o045t |
- - g B=2, 7, =0.05, 7, =005 _
5]
011 1
0.05F 1
: An ]
10 0 2 4 6 8 10
t[Arb. U] t[Arb. U]

Figure 57: Time evolution of entanglement for a six-spin chain with and without external magnetic field.
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CONCLUSION: The results presented above (Figs. 54 - 57) indicate
that the magnetic field has no impact on the time evolution of the entangle-
ment - solid lines (no field) exactly overlap dashed lines (nonzero magnetic
field). Despite only presenting the singular value of a magnetic field in the
analysis above, the investigation was repeated for various fields with identical
results and only confirmed the conclusion. It should also be noted that peri-
odic behavior in the evolution of entanglements emerges for the | V) states,
implying that the source of this periodicity could be an interaction between
spin deviations.

Non-uniform magnetic field

In recent years, several articles have been published [120,131,136] in which
spin systems with different magnetic fields applied to each spin were analyzed
in terms of quantum entanglement. This non-uniformity was suspected to be
a relevant factor in controlling the entanglement in the thermal state. The
results of calculations done in the frame of a similar approach are presented
below.

Hamiltonian in question (to avoid ambiguity, only chains with an even num-
ber of spins will be analysed):

N
H =3 (~Ix(S¥S% + S Sk1) = J287 8% + BA+(-1)*'h)S?)

=1

where A € (0,1). In simpler terms, the odd spins are subjected to the
field B + hB, while even spins are subjected to B — hB. As shown in the
previous section, the static magnetic field has no impact on entanglement
time evolution in a Markovian environment, and that is why only the thermal
state was analysed in our study. The results of the calculations are presented
in Figs. 58 - 60:
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C(JyB): Two spins, J, = -1,h = 0.25 C(Jy,B): Two spins, J, = -1,h = 0.33 C(Jy,B): Two spins, J,=-1,h = 0.5

C(JX,BJ: Two spins, JZ =-1,h=0.75 C(Jx,Bj: Two spins, JZ =-1,h=09
0.8 08

Figure 58: Entanglement concurrence as a function of magnetic field B and Jx exchange integral for
different magnetic field non-uniformity coefficients h (see Hamiltonian above) - 0.25 (left upper plot), 0.33
(middle upper plot), 0.5 (right upper plot), 0.75 (left lower plot) and 0.9 (right lower plot). The model in
question is two-spin chain described by XXZ model with exchange integral J; = —1.

CWyB): Four spins, J, = -1,h = 0.25 C(JyB): Four spins, J, =-1,h = 0.33 C(yB): Four spins, J,=-1,h =05
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C(Jy.B): Four spins, J, =-1,h =0.75

C(JX,B): Four spins, Jz =-1,h=0.9

Figure 59: Entanglement concurrence as a function of magnetic field B and Jx exchange integral for
different magnetic field non-uniformity coefficients h. The model in question is four-spin chain described
by XXZ model with exchange integral J; = —1.

C(JyB): Six spins, J, = -1,h =0.25 C(JyB): Six spins, J, =-1,h =033 C(JyB): Six spins, J,=-1,h =0.5

025 025

015

005

C(Jy.B): Six spins, J, =-1,h =0.75 C(JyB): Six spins, J, =-1,h = 0.9

Figure 60: Entanglement concurrence as a function of magnetic field B and Jx exchange integral for
different magnetic field non-uniformity coefficients h. The model in question is a six-spin chain described
by XXZ model with exchange integral J; = —1.
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CONCLUSION: As one can see (Figs. 58 - 60), non-uniformity of
the magnetic field can enhance the quantum correlations in states of low
entanglement ("lifting” of the entanglement alongside the increase in non-
uniformity for high magnetic field B and larger in magnitude Jx ), however,
comparison of plots with corresponding results from the previous section (for
example Fig. 51 with Fig. 59) clearly shows, that in the systems with high
thermal entanglement, the non-uniformity of the magnetic field becomes less
and less relevant - maximal entanglement is the same for uniform and non-
uniform magnetic field.

Time-dependent magnetic field

Since the static magnetic field does not change the evolution of entanglement,
the question arises of whether a time-dependent magnetic field does? To test
this hypothesis, a model with two types of magnetic field was proposed:
one static to determine the quantization axis, and another time-dependent,
perpendicular to the first one. Hamiltonian in question is therefore:

N
H= Z (_‘]X(SiXSi)j-l + Sz‘YSKrl) - JZS,;ZSZ-ZJrl + ByS? + By - sin(wt) - 5’1X)

=1

(based on a previous investigation, the following parameters’ values are as-
sumed: Jy = 4, J; = —2 and By = 1). The results of calculating the
time evolution of the entanglement in the Markovian-type environment are
presented in Figs. 61 - 69:

C(t) -2 spins, J, = 4,4, = 2, B =1 () C(t) - 2 5pins, J, =4, 4, =2, B =1 (1))

0.9
0.8

0.7 \

0.6

0.5
0.4 Ve
0.3

0.2

0.1

\

t[Amb. U]

Figure 61: Time evolution of entanglement concurrence for a two-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¥p.
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C(t) - 3 spins, J, =4,J, =2, B =1 ()

t[Arb. U]

129

C(t) - 3 spins, J, =4,J,=-2,B =1 ()

t[Arb. U.]

Figure 62: Time evolution of entanglement concurrence for a three-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: 5.
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C(t) - 4 spins, J, =4, J, =2, B =1 ()

2

\\40\’\ [\6

t[Arb. U.]

Figure 63: Time evolution of entanglement concurrence for a four-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¢¥pg.

CONCLUSION: The general conclusion from the analysis of the right
graphs of the figures 61 - 69 is that the higher the number of spins in the
chain, the less beneficial it is to apply the time-dependent field. The blue
plot, representing the system without this field, shows the evolution with the
highest peaks of entanglement and the longest time of total entanglement de-
cay, especially for the six spins (Figs. 67 - 69), but also for two spins with one
excitation in the initial state (Fig. 61). The curves representing the systems
with the time-dependent field may temporarily exceed it slightly, but they
experience larger and more rapid declines as the field amplitude increases.
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C(t) - 4 spins, Jx =4, JZ =.2, Bo =1 (¢c) C(t) - 4 spins, JX =4, Jz =.2, |30 =1 (¢c)

0 2 4 6 8 10
t[Arb. U.] t[Arb. U]

Figure 64: Time evolution of entanglement concurrence for a four-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¥¢.

C(t) - 5 spins, Jy =4,J,= 2, B =1 (s C(t) - 5 spins, J, = 4,4, = 2, B =1 (1)

]
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Figure 65: Time evolution of entanglement concurrence for a five-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¢p5.

Similarly, for four spins with two excitations in the initial state (Fig. 64)
the same fact is observed; however, it is noteworthy that in this case a high
magnetic field initially provides a more favorable decrease of entanglement,
which may find its use in applications with very short operation time). For
shorter chains, the impact of the time-dependent field for the examined an-
gular frequency (w = 1) is negligible, so it is worth observing whether the
change in this parameter can affect the behavior of the entanglement or not.

Generally, the states can be divided into two groups - those for which a
better result is obtained for small frequencies (i.e. w = 0.1) - those are ¥
(single flipped spin) for two (Fig. 61), four (Fig. 63), five (Fig. 65 and six
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C(t) - 5 spins, JX =4, Jz =2, B'J =1 (¢c) C(t) - 5 spins, JX =4, Jz =2, Bo =1 (zl;c)
0.5 0.4
—B,=1,w=01
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Figure 66: Time evolution of entanglement concurrence for a five-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: 1¢.

C(t) - 6 spins, J, =4,J,=2,B =1 () C(t) - 6 spins, J, = 4,4, = 2, B =1 (sg)
0.35 0.35
—Bx =1, w=01
—B, =1, w=0.25
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Figure 67: Time evolution of entanglement concurrence for a six-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¢¥p.

(Fig. 67) spins in the chain, and also for ¢p (three excitations) in six-spin
chain (Fig. 69); and those, for which the most favourable is to apply the
field of high frequency (w = 2) - this effect is visible for example in state g
in three-spin chain (Fig. 62) and states with two excitations, 9¢, for chains
with four (Fig. 64) and five (Fig. 66) spins in them. In the initial part of
time evolution for 1)¢ in the six-spin chain also this frequency provides better
results, however, the field with low frequency in this particular case turned
out to be characterized by longer decoherence time.

To summarize, the time-dependent magnetic field may enhance the en-
tanglement only for short spin chains (except for two spin chains, this may



132 CHAPTER 4.

C(t) - 6 spins, Jy=4,J,=-2,B =1 (¢c) C(t) - 6 spins, Jy=4,J,=-2,B =1 (11;5)

L D
6 8 10 0 2 4 6 8 10
t[Arb. U.] t[Arb. U]

Figure 68: Time evolution of entanglement concurrence for a six-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¥¢.

C(t) - 6 spins, J, =4,J,= 2, B =1 (s C(t) - 6 spins, J, = 4,4, = 2, B =1 ()
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Figure 69: Time evolution of entanglement concurrence for a six-spin chain in the time-dependent
magnetic field - the plots show entanglement behaviour for different angular frequencies (left) or magnetic
field amplitudes (right). Initial state: ¢p.

be related to boundary condition - interaction between the last and the first
spin - imposed on all the longer chains), and the frequency of the field should
be adapted to the number of excitation. An odd number of flipped spins
required a field of low frequency, and for an even number of flipped spins one
should aim at the higher-frequency field.
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4.2.3 Dzyaloshinskii—-Moriya interaction
Unidirectional DM interaction

To take into account antisymmetric exchange, we analyze the simplest and
probably most common interaction of this type, namely the unidirectional
Dzyaloshinskii-Moriya interaction. Hamiltonian of such model reads:

N
H= (_JX(SZXSZ{(H + SYSYL) = J2S7SE0 4+ Dy(SKSH, — 5T SEY)) -

i=1

In the computational basis of two spins, the matrix representation of the
Hamiltonian presented above is:

—Jz 0 0 0
]:I_ 0 Jz —2Jx +2iDy 0
0 —2Jx — 21Dy Jyz 0

0 0 0 —Jz

The eigenstates and corresponding energies, upon which the thermal states
will be constructed, are:

Ey=—-Jz 1) = [11)
_ 7 2 2 __Ix—iDy 1
Ey=Jy; —2\/J% + D2 ) = 2<J§(+D%)IN>+\@HT>

_ / 12 2 _ Jx +1iDz L
By =Jz+2 JX+DZ |a2>_\/m|T\L>+\/§|~LT>
Ey=—Jy aa) = | L)

The numerical calculations of entanglement as a function of the DM coeffi-
cient Dy and exchange integral Jx are presented in color maps in Figs. 70 -

74:
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C(Jy.D,): Two spins, J, = -1 C(Jy,D,): Two spins, J, = -2 C(dy.D,): Two spins, J, = -3

Figure 70: Entanglement as a function of Dzyaloshinskii - Moriya interaction coefficient
Dz and Jx exchange integral, for various values of Jyz integral, in two-spin system.

C(Jy.D,): Three spins, J, = -1 C(y,D,): Three spins, J, = -2 C(Jy.D,): Three spins, J, = -3

Figure 71: Entanglement as a function of Dzyaloshinskii - Moriya interaction coefficient
Dy and Jx exchange integral, for various values of Jz integral, in three-spin system.

C(Jy.D,): Four spins, J, = -1 C(Jy,D,): Four spins, J, = -2 C(JyD,): Four spins, J, = -3

Figure 72: Entanglement as a function of Dzyaloshinskii - Moriya interaction coefficient
Dz and Jx exchange integral, for various values of Jz integral, in four-spin system.
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C(dy,D,): Five spins, J, = -1 C(Jy.D,): Five spins, J, = -2 C(Jy,D,): Five spins, J, = -3

Figure 73: Entanglement as a function of Dzyaloshinskii - Moriya interaction coefficient
Dz and Jx exchange integral, for various values of J integral, in five-spin system.

CJy.D,): Six spins, J, = -1 C(Jy.D,): Six spins, J, = -2 Cy,D,): Six spins, J, = -3
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Figure 74: Entanglement as a function of Dzyaloshinskii - Moriya interaction coefficient
Dy and Jyx exchange integral, for various values of Jz integral, in six-spin system.

CONCLUSION: All of the above plots, Figs. 70 - 74 indicate that
as the absolute value of the Z-component of DM interactions increases, the
entanglement in the thermal state drops. The maximum entanglement is
obtained for Dy = 0.
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DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
This section covers the time evolution of spin systems that, in addition to ex-
change interactions, also exhibit unidirectional antisymmetric superexchange
interactions of DM type, located in the Markovian environment. The results
of numerical simulations are shown in Figs. 75 - 78:
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Figure 75: Time evolution of entanglement concurrence for two-spin (left) and three-spin chain (right)
in the presence of unidirectional DM interaction of Z-type. Both initial states are characterized by single-

flipped spin (¥ p).
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Figure 76: Time evolution of entanglement concurrence for a four-spin chain in the presence of unidirec-

tional DM interaction of Z-type. The left plot depicts the time evolution of the state with one magnetic
excitation in a chain and the right - the state with two excitations.

C(t) - 5 spins
04 (t) -5 sp
} — /g D, = 0,7, =001, 7, =001
035 -1 D, =0, 7, =005, =005
— g D, =2,7,=001,7,=001
03 \\ ==tg, D;=2,75=0.05, v, =0.05
“ g D;=5,75=0.01, 7, =0.01
1 g D, = 5,7, =005, =0.05
0.25 Y
.
\
= Y
o 02
0.15 |\
)
\ )
.
AY
0.1 “\
\
0.05
0O——— ——
0

Figure 77: Time evolution of entanglement concurrence for a five-spin chain in the presence of unidirec-
tional DM interaction of Z-type. The left plot depicts the time evolution of the state with one magnetic
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Figure 78: Time evolution of entanglement concurrence for a six-spin chain in the presence of unidi-
rectional DM interaction of Z-type. The left upper plot depicts the time evolution of the state with one
magnetic excitation in the chain, the right upper plot - with two excitations, and the lower - with three.

CONCLUSION: In the majority of situations considered, the DM inter-
action along the Z axis has a negative impact on the system’s entanglement.
In some states, however, this type of interaction does not affect the decoher-
ence. For example, in the case of three spins and the initial state with one
excitation (Fig. 75, right plot), a four-spin chain and two excitations (Fig.
76, right plot), and, to some extent, in the case of five and six spins in the
chain, for initial state with two flipped spins (Figs. 77, right and 78, upper
right plot). However, in some cases, the time evolution of the entanglement
exhibits an unusual behavior: the initial state with three excitations for the
six-spin chain (Fig. 78, lower plot) is characterized by evolution with peri-
odic increases and decreases of entanglement for various values of the DM
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Dy component. However, the highest entanglement peaks occur for a sys-
tem without this interaction and are lower for higher coefficients of D,. The
most interesting behaviour can be seen for five spins and one flipped spin in
the initial state. As it turns out, some non-zero Dy factor can improve the
entanglement evolution, extending the decoherence time of the system. To
better illustrate this effect, the additional plots are shown below (Fig. 79).
Although the effect may not be significant, the fact that the plots for Dy =1
and Dy = 2 for this particular state exceed the plot for Dy = 0 may prove
to be a beneficial phenomenon in quantum computing.

C(t) - 5 spins C(t) - 5 spins

o

85 9 95 10
t[Arb. U.]

Figure 79: Time evolution of entanglement concurrence for the five-spin chain in the presence of unidi-
rectional DM interaction of Z-type, for different values of Dy that in Fig. 77 (left). Close up on the plots
to illustrate that the non-zero Dy coeflicient in this case results in raising the entanglement plot above
the one corresponding to Dz = 0 (right).

Multidirectional DM interaction

To generalize the analysis of the impact of the DM interaction on entangle-
ment in the spin system, all three components should be taken into account.
The Hamiltonian corresponding to such case reads:

H=> (=Jx(S5S%, +8FSh) — IS¢ ST,

=1

+Dx (7 8% — 8785) + Dy (S5 — S S74) + Dz (S5 Siy — S Si))-
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For example, this Hamiltonian for two spins in matrix representation corre-
sponding to calculational basis is of the form:

—Jz Dy +1iDx —Dy —iDx 0
I{I— Dy —iDx Jyz —2Jx +2t1Dyz; Dy +iDx
’éDx—Dy —2J)(—22DZ JZ —Dy—iDX
0 Dy —iDx  iDx — Dy —Jy

As the eigenvalues and components of eigenvectors of such matrix, in gen-
eral, are rather complicated functions of all the five parameters appearing in
Hamiltonian, they are not listed here. Nevertheless, the computational tools
give the possibility to determine them without any problem, as well as the
thermal state density matrix. The analysis is based on the results obtained
in this way. The numerical simulations of concurrence as a function of the
DM coefficients Dy, Dy, D, are presented below, in the form of colormaps:

C(D,.D,): Two spins, D, = 0 C(Dy,D,): Two spins, D =0 C(D,.D,): Two spins, D, =0
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Figure 80: Entanglement as a function of two Dzyaloshinskii - Moriya interaction coefficients, while the
third one remains equal to zero (from the left to the right: Dz = 0, Dy = 0, Dx = 0). System in
consideration: two-spin chain.
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C(Dy,Dy): Three spins, D, =0 C(Dy,D,): Three spins, D, = 0 C(Dy,D,): Three spins, D, =0
03 03 03
025 025 025
1 1- 14
08 102 081 02 08+ | o2
06~ 06+ 0.6~
015 015 0.5
0.4 04 0.4~
o1 01 01
02 5 02+ " g 02+ 5
e P P
0> - e 005 o - pd 005 o < 005
5 — 0 5 —— o 5 T "0
~——_ / —~—__ - —— s
D. o ’ D. 0 y b 0
5 % 5 2 5 1
D, 5 Dy 5 D 5

Figure 81: Entanglement as a function of two Dzyaloshinskii - Moriya interaction coefficients, while the
third one remains equal to zero (as above). System in consideration: three-spin chain.
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Figure 82: Entanglement as a function of two Dzyaloshinskii - Moriya interaction coeflicients, while the
third one remains equal to zero. System in consideration: four-spin chain.

C(D,,D,): Five spins, D, = 0 C(D,.D,): Five spins, D, =0 C(D.D,): Five spins, Dy =0
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Figure 83: Entanglement as a function of two Dzyaloshinskii - Moriya interaction coefficients, while the
third one remains equal to zero. System in consideration: five-spin chain.
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€(Dy.Dy): Six spins, D, =0 C(D,.D,): Six spins, D, = 0 €(D,.D,): Six spins, D, =0
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Figure 84: Entanglement as a function of two Dzyaloshinskii - Moriya interaction coefficients, while the
third one remains equal to zero (from the left to the right: Dy = 0, Dy = 0, Dx = 0). System in
consideration: six-spin chain.

CONCLUSION: Although some asymmetric properties can be seen in
some plots, in general, neither the DM interaction component is a benefi-
cial factor for entanglement in spin systems; the highest concurrence occurs
clearly for all Dy, Dy, Dy equal to zero.

DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
In this section, the time evolution of entanglement is analyzed for systems
with three-dimensional Dzyaloshinskii-Moriya antisymmetric exchange in a
dissipative environment. Five Hamiltonians were taken into account, and
their labelling is as follows:

Hy:Dx =0;Dy =0;D; =0 (control case)

Hy:Dx=1;Dy =1;D; =1 (isotropic case)
Hp:Dx =2;Dy =1;D7 =1 (X-direction factor higher than other)
He:Dx =2;Dy =2;D7 =1 (X- and Y-direction factor higher than Z)
Hp:Dx =1;Dy =1;Dz =2 (Z-direction factor higher than other)

As their impact on the decoherence process is trivial, only one set of dissi-
pation rates is analyzed, namely vp = 0.01 and vy = 0.05. The results of
numerical simulations are presented in Figs. 85 - 88:
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Figure 85: Time evolution of entanglement concurrence for two-spin (left) and three-spin chain (right) in
the presence of three-dimensional DM interaction. Both initial states are characterized by single-flipped

spin (¢'B).
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Figure 86: Time evolution of entanglement concurrence for a four-spin chain in the presence of three-
dimensional DM interaction. The left plot presents this evolution for the initial state with one flipped spin
(state ¥ p), the right one - for two flipped spins (state 1¢).
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Figure 87: Time evolution of entanglement concurrence for a five-spin chain in the presence of three-
dimensional DM interaction. The left plot presents this evolution for the initial state with one flipped spin
(state 1), the right one - for two flipped spins (state 1¢).
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Figure 88: Time evolution of entanglement concurrence for a six-spin chain in the presence of three-
dimensional DM interaction. Initial states are: state with one flipped spin (ip, upper left plot), state
with two flipped spins (¢, right upper plot) and state with three flipped spins (¢)p, lower plot).

CONCLUSION: With the sole exception of the three-spin case (Fig.
85, right plot), the most beneficial in maintaining entanglement in systems
which undergo Markovian evolution are systems without Dzyaloshinskii -
Moriya interaction, as all the figures above demonstrate the negative impact
of DM antisymmetric exchange on entanglement. Excluding the blue plot,
all others run similarly and no clear trend is showing; the greatest discrepan-
cies between plots for selected Hamiltonians occur in the two-spin case and
disappear for longer spin chains.

4.2.4 Kaplan - Shekhtman - Entin-Wohlman - Aharony
interaction

Unidirectional KSEA interaction

The most commonly analysed case of KSEA interaction is the one restricted
to Kxy component, described by the following Hamiltonian:

N
H =" (—Jx (S5, + 8V SY,) — J2S75%, + Ky (S¥SY, + 57 5X,)) .

=1
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The matrix form of this Hamiltonian for two spin chain reads:

—Jyz 0 0 — 21K xy
- 0 Jz;  =2Jx 0
0 —2Jx  Jz 0
QiKXY 0 0 _JZ

and gives rise to following eigenvalues and eigenvectors:

Bi=-2xy =Tz o)== (1) +il 1)
Br=Ji=2s  loa) =S5 (1)
Ba=Jz+2lx o)== (1h) - 110

By=2Kxy —J;  law) = —= (111) — i 1))

V2

This results, as well as their counterparts for longer chains were used to
prepare the thermal states and the entanglement concurrence was calculated
for particular sets of system parameters. The results of numerical simulations
are shown in Figs. 89 - 93, whereby in the 89 and 92 the rotated reference
frame is used to better visualize the entanglement:

€y Kyy): Two spins, J, = -1 CdyKyy): Two spins, J, = -2 ClyKyy): Two spins, J, = -3

08
07
08
0s
04
//‘,5 03

/

/
/ 02

/0
/ Ky 01
5

Figure 89: Entanglement as a function of Jx exchange integral and Kxy KSEA coefficient in two
spin chain described by XXZ Heisenberg model with Kaplan - Shekhtman - Entin-Wohlman - Aharony
interaction for thermal state.
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C(dyKyy): Three spins, J, = -1 C(JyKyy): Three spins, J, = -2 C(JyKyy): Three spins, J, = -3
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.
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:

JX

Figure 90: Entanglement as a function of Jx exchange integral and K xy KSEA coefficient in three-spin
chain described by XXZ Heisenberg model with KSEA interaction for thermal state.

CyKyy): Four spins, J, = -1 CJyKyy): Four spins, J, = -2 CyKyy): Four spins, J, = -3

Figure 91: Entanglement as a function of Jx exchange integral and Kxy KSEA coefficient in four-spin
chain described by XXZ Heisenberg model with KSEA interaction for thermal state.
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Figure 92: Entanglement as a function of Jx exchange integral and Kxy KSEA coefficient in five-spin
chain described by XXZ Heisenberg model with KSEA interaction for thermal state.
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€y Kyy): Six spins, J, = -1 CdyKyy): Six spins, J, = 2 CyKyy): Six spins, J, = -3
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Figure 93: Entanglement as a function of Jy exchange integral and Kxy KSEA coefficient in six-spin
chain described by XXZ Heisenberg model with KSEA interaction for thermal state.

CONCLUSION: From the point of view of entanglement in the thermal
state, the impact of KSEA interactions is highly dependent on the number of
spins in the chain. However, for two (Fig. 89) and six-spin chains (Fig. 93)
it decreases the entanglement concurrence in the thermal state. For three,
four and five spins in the chain (Figs. 90 - 92) the opposite effect can be
observed. However, it is true only for systems for which the thermal state
exhibits a high degree of entanglement. Comparing Fig. 24 and 92 one can
notice that for the negative Jx exchange integral, which generally results in
lower entanglement than its positive counterpart, the impact of the KSEA
interaction is negative. The best result is obtained for Kxy = 0.

DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
In the following section, the results are presented for determining the evolu-
tion of entanglement for systems described by the XXZ Heisenberg Hamilto-
nian (the values of the Jy = 4, J; = —2 integrals are chosen following the
results from the previous calculations). The results of numerical simulations
for various spin chain lengths with KSEA interaction of different strengths
put into Markovian dissipative environment are presented in Figs. 94 - 97:
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Figure 94: Time evolution of entanglement concurrence for two-spin (left) and three-spin chain (right)
in the presence of unidirectional KSEA interaction of XY-type. Both initial states are characterized by
single-flipped spin (¢'p).
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Figure 95: Time evolution of entanglement concurrence for a four-spin chain in the presence of unidirec-
tional KSEA interaction of XY-type. The initial state was characterized by one (¢ 5, left) or two flipped

spins (¢¢, right).
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Figure 96: Time evolution of entanglement concurrence for a five-spin chain in presence of unidirectional

KSEA interaction of XY-type. The initial state was characterized by one (¢ g, left) or two flipped spins
(d)Ca I‘lght)
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Figure 97: Time evolution of entanglement concurrence for a six-spin chain in the presence of one-
dimensional KSEA interaction. Initial states are: state with one flipped spin (¢ 5, upper left plot), state
with two flipped spins (¢, right upper plot) and state with three flipped spins (¢)p, lower plot).

CONCLUSION: With some exceptions, generally the XY-type KSEA
interaction did not turn out to be beneficial in terms of preserving entan-
glement under the influence of the Markovian environment. The points of
entanglement for the systems with non-zero KSEA coefficients overcome the
entanglement for the systems without this interaction taken into account -
for example, in a three-spin chain with one excitation from the ferromag-
netic state (Fig. 94, right), where appropriately high KSEA interactions and
adapted sampling allow the use of slightly higher entanglement, or in case
of four spins and one excitation in initial state (Fig.95, left), where simi-
lar property can be utilized, here however for low KSEA interaction. In all
other analyzed cases, the KSEA interaction shortens the decoherence time
and leads to more rapid changes in entanglement - faster decreases and in-
creases to low values. The more significant the interaction of the KSEA is,
the greater the discrepancy between the total number of spins in the chain
and the number of flipped spins in the initial state - if the number of spins
"up” is close to the number of spins "down”, the plots for small Kxy resemble
the plots for systems without this effect (see, for example, Fig. 96, right or
97, the low one) - however, this is lost for higher number of spins.
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Multidirectional KSEA interaction

The general Hamiltonian describing the XXZ Heisenberg chain with KSEA
interaction reads:

N
H—= Z —Jx (8 S%, + 87 Si) = J2S7 S
=1

+Exy(S¥ Sy +SY S+ Ky 2(SY SE+57 8] 1)+ Kzx (57881 +S7550)).

which for two spin chains translates to the following matrix representation
in the calculational basis:

—Jz Kzx —iKyz Kzx —1Kyy —2iKxy
1.:[: Kzx + 1Ky, Jz —2Jx —Kzx +1Kyg
Kzx +iKyy —2Jx Jz —Kzx +1Kyy
2iKxy —Kzx —iKyz; —Kzx —1Kygz —Jz

Similarly as in the case of three-dimensional DM interaction, also here all the
eigenvalues and components of eigenvectors are functions of all five param-
eters of Hamiltonian and therefore again the derivation of density matrix is
entrusted to computational software. The results of numerical calculations
of the entanglement concurrence are shown as color maps in Figs. 98 - 102:

C(KyyKy,): TWo spins, K,y = 0 C(KyyKzy): Two spins, K., =0 C(Ky,K,y): Two spins, K, =0
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Figure 98: Entanglement concurrence in XXZ Heisenberg chain of two spins with KSEA interactions as
a function of: Kxy and Ky z(left), Kxy and Kzx (centre) and Ky and Kzx (right).
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Figure 99: Entanglement concurrence in XX7 Heisenberg chain of three spins with KSEA interactions
as a function of: Kxy and Ky z(left), Kxy and Kzx (centre) and Ky and Kzx (right).

C(Kyy:Ky): Four spins, K, =0 C(KyyKzy): Four spins, Ky, =0 C(KyzKzy): Four spins, Kyy =0

v Kax vz
06 035
04
02 03
0
-5
025
. ’ )
KXV

e
— Kyz

55

015

Figure 100: Entanglement concurrence in XX7 Heisenberg chain of four spins with KSEA interactions
as a function of: Kxy and Ky z(left), Kxy and Kzx (centre) and Ky z and Kzx (right).

C(KyyKy): Five spins, K, =0 C(Kyy Ky ): Five spins, Ky, =0 C(KyKyy): Five spins, Ky = 0

045
1 04
08 a4
035 o
06
04 03 042
0.2
025 04
0,
5
02
038
015
0 " 5 036
Kr _— 01
7 DK 034
N 2x

5 s

Figure 101: Entanglement concurrence in XXZ Heisenberg chain of four spins with KSEA interactions
as a function of: Kxy and Kyz(left), Kxy and Kzx (centre) and Kyz and Kzx (right).
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Figure 102: Entanglement concurrence in XXZ Heisenberg chain of six spins with KSEA interactions as
a function of: Kxy and Ky z(left), Kxy and Kzx (centre) and Ky and Kzx (right).

CONCLUSION: The results above show that each KSEA interaction
component has a different impact on entanglement concurrence in the ther-
mal state. Firstly, it is once again confirmed that with an increase in Ky,
the entanglement in the thermal state vanishes, which corresponds to the
results of the previous section. High values of the K7 x component are unde-
sirable for two spin chains (Fig. 98) but may enhance entanglement in chains
of odd number of spins (Figs. 99 and 101). In the case of two spins, the Ky
component has a strictly positive impact (it enhances the entanglement when
high enough); however, for longer chains, the behavior of the entanglement
as a function of this particular parameter became more complex. For high
values of Kx, it became a negative factor for entanglement. For values of
Kz x close to zero, this behaviour turns around and Ky enhances the en-
tanglement with increasing. It is most visible in chains of even number of
spins (see Figs. 100 or 102, the rightmost one). For the odd number of spins
in the chain, the entanglement increase property of K x reveals itself only
for low values of Ky .

4.2.5 Three Spin Interaction
TSI interaction only

Hamiltonian describing the XXZ Heisenberg chain with three spin interaction
is in general given by the following formula:

A

H="Y (=Jx (553, +SFSk,) — JzS7S7,)

'MZ

s
Il
—

N—-1
+h ( X §78% +SY1523+1)

Jj=2
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and the simplest chain in which this type of interaction is present is a three-
spin chain. The matrix representation of such a Hamiltonian in a calcula-
tional basis is:

[—3J7

0

OO OO oo

0 0 0
Jz 2k —2Jx 0
2k —2Jx Jz 0
0 0 Jz
2k —2Jx 2k —2Jx 0
0 0 —2k —
0 0 —2k —
0 0 0

0 0 0
2k —2Jx 0 0
2k —2Jx 0 0

0 —2k—-2Jx —2k-2Jx
Jz 0 0

2Jx 0 Jz —2k —2Jx
2Jx 0 —2k —2Jx Jz
0 0 0

0
0
0
0
0
0

0
~3Jz)

and it can be diagonalised to obtain the following eigenenergies and eigen-
vectors:

E1 - —3JZ

Ey=2J0x+ Jz; — 2k

Es=2Jx+ Jz; — 2k

Ey=2Jx+ Jz+ 2k

Es =2Jx + Jz + 2k

Es=J; —4Jx — 4k
E; =Jz; —4Jx + 4k
by ——3Jz

jau) = 111)
a2) = = (| 71 = [ 749)
aa) = = (1 11 = [ 111)
o) = 7 (1 114) = | 41)
s) = = (| 114 = [ 141)
a6) = = (1 1+ W) + | 140
or) = = (LD + 10 +1 1)
Jas) = | L.

Using these eigenvalues and eigenvectors, the thermal state was constructed
and the set temperature and the different values of Jx and k the concurrence
was calculated. The results are presented in colormaps below (the reference
frame in Fig. 103 is rotated to better visualize the function):
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Clykyg): Three spins, J, = -1 Cdykyg): Three spins, J, = -2 CWykrg): Three spins, J, = -3

Figure 103: Entanglement concurrence in XXZ Heisenberg chain of three spins with TSI as a function
of exchange integral Jx and k - three-spin interaction coefficient.
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Figure 104: Entanglement concurrence in XXZ Heisenberg chain of four spins with TSI as a function of
exchange integral Jx and k - three-spin interaction coefficient.
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Figure 105: Entanglement concurrence in XXZ Heisenberg chain of five-spins with TSI as a function of
exchange integral Jx and k - three-spin interaction coefficient.
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Figure 106: Entanglement concurrence in XXZ Heisenberg chain of six-spins with TSI as a function of
exchange integral Jx and k - three-spin interaction coefficient.
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CONCLUSION: As for several previously analyzed factors, Three Spin
Interaction (TSI) impact on the entanglement depends on the parity of the
chain. For four (Fig. 104) and six (Fig. 106) spins in the chain, this impact
is clearly negative; the higher this interaction strength, the lower the entan-
glement in the state of thermal equilibrium. However, for an odd number
of spins in the chain, this effect differs - paired with a positive Jx exchange
integral, a high value TSI tends to increase the entanglement in the thermal
state. It is clearly visible in Fig. 103 and to a lesser extent in Fig. 105, that
for negative Jx TSI remains the factor that reduces the entanglement in the
thermal state.
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DYNAMICS OF ENTANGLEMENT IN THE DISSIPATIVE
ENVIRONMENT:
In this section, the results of calculations of the entanglement time evolution
for the systems described by the XXZ Heisenberg Hamiltonian with TSI effect
are presented. The exchange integrals are set to J; = —2, Jxy = 4, based
on the results of the previous sections. Various chain lengths, as well as TSI
of different strengths, together with the Markovian dissipative environment
were taken into account:
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Figure 107: Time evolution of entanglement concurrence for three spin chain with Three Spin Interaction
(TSI) for initial state with one flipped spin (¢ 3).
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Figure 108: Time evolution of entanglement concurrence for four spin chain with Three Spin Interaction
(TSI) for initial states: with one flipped spin (¢5, left) and two flipped spins (¢ ¢, right).
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Figure 109: Time evolution of entanglement concurrence for five spin chain with Three Spin Interaction
(TSI) for initial states: with one flipped spin (¢p, left) and two flipped spins (¢¢, right).

CONCLUSION: For short spin chains, the presence of TSI is unde-
tectable in terms of the time evolution of entanglement (Figs. 107 and 108,
as well as the states with one flipped spin from Figs. 109 and 110) - the
time evolution of entanglement does not differ for systems with this effect
and systems without it. For longer spin chains and a low number of spin
excitations in the initial state, only the high values of TSI become a negative
factor for entanglement preservation. For five- and six-spin chains and two
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Figure 110: Time evolution of entanglement concurrence for six spin chain with Three Spin Interaction

(TSI) for initial states: with one flipped spin (¢'5, left upper one) and two flipped spins (¢, right upper
one) and with three flipped spins (¢p, lower one).

excitations in the initial state, TSI begins to play an important role; that is,
the higher the magnitude of TSI is, the shorter the time of total decoherence,
and the plot of entanglement concurrence as a function of time moves closer
to the initial time. The most interesting result can be seen in Fig. 110 -
namely, the krs; = 1 provides a better result than krg; = 0 - however, this

discrepancy is negligible when compared to the entanglement concurrence of
both plots.



Summary

This work has been written to determine the impact of system parameters on
the entanglement between parts of spin chains. The study concerns isolated
systems and their quantum correlations in thermal state and time evolution
of the entanglement in chains coupled to the environment with a bosonic,
Markovian nature. Chains of different lengths are considered, and various
effects are taken into account: three types of Heisenberg exchange (XXX,
XXZ, XYZ), uniform and non-uniform or constant and time-dependent mag-
netic field, Dzyaloshinskii - Moriya (DM) and Kaplan - Shekhtman - Entin
Wohlmann - Aharony (KSEA) type of superexchange or Three-Spin Interac-
tion (TSI). The analytical part of this thesis is based on original computa-
tional procedures created to determine and diagonalize the thermal density
matrix and then calculate the entanglement in such a state. Also, the soft-
ware tools were created to numerically solve the Lindblad equation, that
governs the time evolution of an open system coupled to a Markovian envi-
ronment, and to reduce the density matrix to indicate, between which spins
the entanglement is investigated.

The study of the entanglement between spins of an isolated system in
a thermal equilibrium state reveals the following conclusions: the systems
described with the Heisenberg XXX model (isotropic exchange interaction)
require the negative exchange integral to exhibit any degree of entanglement.
With the temperature increase, the absolute value of the exchange integral
necessary to provide a desired value of entanglement also grows. In the XXZ
model, the most beneficial conditions for thermal entanglement occur for
the negative value of J; exchange integral and the high value of Jx inte-
gral, regardless of the sign of the former. For the XYZ model, the most
advantageous conditions for high entanglement are for specific combinations
of exchange integral signs - for example, the chains consisting of an even
number of spins benefit from the negative product of exchange integral in
perpendicular directions. A conclusion true for all the analysed models is
as follows: the longer the chain is, the smaller the bipartite entanglement
is (which is a direct consequence of entanglement monogamy), however, for



shorter spin chains, the system with an even number of spins manifests higher
entanglement for the same set of parameters than are shorter, odd-numbered
counterparts. A uniform magnetic field turned out to have a negative impact
on the entanglement in the thermal state for chains with an even number of
spins, and for short chains with an odd number of spins, the maximal value
of entanglement is reached for some non-zero magnetic field. This value is,
however, small and decreases as the chains lengthen; therefore, this effect
vanishes for longer chains. Introducing the non-uniformity in a magnetic
field can have a slight entanglement-enhancing property; it appears, how-
ever, only for systems with low to medium entanglement in the uniform field
- systems with high entanglement remain unaffected by this non-uniformity.
Unidirectional DM interactions have an almost generally negative impact
on the entanglement - in some analysed cases it slightly enhances the en-
tanglement. Still, this phenomenon occurs rarely (is observed only in five
spin chains) and with negligible intensity. Moreover, the analysis of three-
dimensional DM interactions shows that no direction of this superexchange
interaction is desired from the point of view of high entanglement. Unidirec-
tional KSEA interaction impact depends on the length of the chain - short
chains, from three to five spins in them, exhibit higher entanglement for a
larger absolute value of the KSEA coefficient, regardless of its sign. For two-
and six-spin chains, the opposite effect is observed: entanglement decreases
with the growth of this parameter. A similar, more general result can be
seen in three-dimensional KSEA interaction analysis: K xy component, the
one investigated in the section concerning only one component of this inter-
action, confirmed its negative impact on the two- and six-spin chain. Other
components have a more complex impact: Ky enhances the entanglement
in all the cases, but its positive effect diminishes for longer chains. Kjzx
impact differs depending on whether the chain cardinality is odd or even -
in the latter case it positively affects the entanglement, in the former - it
negatively. Finally, the TSI effect also turns out to be dependent on chain
parity - chains of odd cardinality benefit from it, while chains with an even
number of spins lose the entanglement due to the presence of this interaction.
Nevertheless, all these parity-dependent effects vanish for long spin chains.
Numerical simulations of open system behaviour in terms of entanglement
provide other information about the investigated topic. In terms of system
parameters’ impact on the entanglement behaviour, the following conclusions
are formulated: the general observation is that in all cases entanglement dis-
appears exponentially, with an additional effect - wave-like behaviour of the
entanglement in time - resulting from the transition between the eigenstates.
This occurrence may cause temporary entanglement increases, and it is solely
dependent on the system Hamiltonian (as it dictates the structure of energy



levels). The study of the change in entanglement during the evolution of the
spin chain described only in terms of the Heisenberg exchange interactions
reveals that the most resistant to the environmental influence are the systems
in which the J; integral is negative and smaller in absolute value than the Jx
integral. The sign of the latter does not affect in any way the decoherence of
the system. A similar conclusion holds also for the XYZ Heisenberg model -
when Jx and Jy in the Hamiltonian are positive, the systems exhibit some-
how shorter decoherence time than their counterparts with negative values of
these integrals. In such systems, even when the chain loses the entanglement
totally (sudden entanglement death), under the appropriate conditions, there
may be a temporary entanglement re-establishment, called sudden entangle-
ment rebirth. The time-independent magnetic field has no impact on the
entanglement evolution; however, the field varying periodically in time may
be a beneficial factor for shorter chains. Still, whether applying this field en-
hances the entanglement depends on the angular frequency of the field and
its adjustment to the model parameters - initial states with an odd number of
magnetic excitations (relative to the fully ferromagnetic state) benefit from
the lower frequencies, states with an even number of excitations - from the
higher. The presence of the DM and KSEA interaction almost universally
turns out to be a negative factor in terms of preserving the entanglement,
and TSI slightly increases the entanglement in longer chains; however, the
discrepancies between the decoherence times in chains with and without this
effect is negligible. In all the analysed chains, only the high values of this
effect result in a more rapid entanglement decrease; for the chains in which
the TSI coefficient is similar in value to the exchange integral its effect is
non-detectable. As a summary, to create a chain with high resistance to
loss of entanglement, one may resort to materials interacting under the XXZ
Heisenberg model, with a positive Jyx exchange integral, and a negative and
lower in absolute value Jy integral, with no additional factors. The particular
time-dependent magnetic field may slightly and temporarily increase the en-
tanglement concurrence, but the most important factor is still the influence
of the environment.

At the end, the author expresses the hope that the results obtained for
this dissertation will reach a wider group of readers, will be re-analysed,
processed, and in some way contribute to Quantum Informatics development
as guidelines for designing the devices for quantum computations settled on
the spin systems.
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